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The Hamiltonian for interaction of spin waves with dislocations in a magnetically ordered crystal is
found, and the contribution by processes of scattering of spin waves by dislocations to the line widths Yoj
of uniform ferro- and antiferromagnetic resonances is calculated. The dependence of the resonance line
widths on the concentration and dimensions of the dislocations is considered. It is shown that if the dislo-
cation concentration ¢ is small, then ¥, < £; at high dislocation concentrations, ¥ «£~*/%. The influ-
ence of the specimen shape on the width Vg is investigated.

INTRODUCTION

A great amount of research has been devoted to the in-
vestigation of the line width of ferro- and antiferromag-
netic resonances. Atpresent there are many well-studied
mechanisms that lead to a finite line width in ferromag-
netic resonance (FMR) and antiferromagnetic resonance
(AFMR). Inparticular,there has been a detailed investi-
gation of the temperature dependence of the FMR line
width produced by the processes of scattering of spin
waves by one another and of spin waves by phonons and
conduction electrons. The line width due to these proc-
esses approaches zero when the temperature of the body
approaches zero.

If there are defects (point, linear, or two-dimensional)
in the crystal, then scattering of spin waves by these de-
fects leads to a line width in FMR (AFMR) that is inde-
pendent of the temperature. These scattering processes
can play a decisive role in real crystals at a sufficiently
low temperature. Scattering of spin waves from rough-
nesse[s1 ]of the crystal surface was considered by Clogston
et al.

The present work is devoted to the investigation of the
contribution to FMR and AFMR line width by processes
of scattering of spin waves by linear defects, and specif-
ically on dislocations in the crystal. The dependence of
the FMR and AFMR line width on dislocation concentra-
tion in the body and on specimen shape is found.

If the FMR frequency is not too close to the minimum
frequency of Walker oscillations, and if the characteris-
tic dimensions R of the dislocations (we suppose that the
distance between dislocations is also of order R) are not
too small, so that the condition R > a(©c/upM,)"/? is
satisfied, then the FMR line width y, is determined in
order of magnitude by the formula v,~ wy(a®t), where
w, is the FMR frequency, ¢ is the dislocation concentra-
tion, a is the lattice constant, ©¢ is the exchange con-
stant (equal in order of magnitude to the Curie tempera-
ture), pp is the Bohr magneton, and M, is the magnetic
moment of unit volume. If there are in the body finer
dislocations with characteristic distances R
«< a(0c/uBM,)"/? then the line width v, approaches zero
with increase of the dislocation concentration ¢ accord-
ing to the law v, < 1/VE. This is due to the fact that the

amplitude of scattering on small-scale dislocations, as
on point defects, decreases rapidly with diminution of the
wave vector of the spin wave.

The shape of the body, or more accurately the rela-
tive sizes of the demagnetizing factors, can exert an ap-
preciable influence on the dependence of FMR line width
on dislocation concentration. Thus, for example, if the
specimen has the form of a plane-parallel plate and if
the characteristic dimensions of the dislocations, R,
satisfy the condition R > a(@c/ugM,)"/?, then the FMR
line width is inversely proportional to the square root of
the dislocation concentration, v, ~ wy( upM,/©¢)®’?

x (6%aVE), in the case in which the external magnetic
field H, is oriented almost perpendicular to the surface
of the plate (9 is the angle between the normal to the
plate and the external magnetic field), and ¥,

~ wo( uBM,/©¢)"/? aVE when H, is oriented along the
surface of the plate. In the rest of the angular range,
Yo woazg. Investigation of the angular dependence of the
size of v, gives, in principle, still another possibility
for the experimental determination of the characteristic
dimensions of dislocations in a body.

In this paper it is also shown that y,, the half-width
of the AFMR line corresponding to the higher frequency,
is practically independent of the size of the magnetic
field H,, whereas v, the half-width of the AFMR line
corresponding to the lower of the frequencies, ap-
proaches zero both in the weak-field region and in the
field region close to the turning-over field. The magni-
tude of v, is proportional to the square root of the dis-
location concentration £; the dependence of the magni-
tude of y, is described by two terms, proportional to £
and to V&.

The dependence of the half-widths of the AFMR lines,
Yoj» ON specimen shape has been investigated.

1. HAMILTONIAN FOR THE INTERACTION OF SPIN
WAVES WITH DISLOCATIONS

In order to determine the Hamiltonian that describes
the interaction of spin waves with dislocations, we shall
start from the general expression for the energy of a
ferromagnet. This energy, as is well known, depends on
the magnetic-moment density and the deformations in the
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body; the magnetization and the displacements occur in
the energy expression in the form of combinations that
are invariant with respect to rotations and translations
of the body as a whole.’® We have

B2
H = S {PF(Kh K, Iim) + g} dv, (1.1)
where
ox; Aps 0z, 0z, Oz,
Ki=wm—, = ) =—_— )
o on; on; Oy 0nm

p is the density of the material, h is the alternating
magnetic field, u is the magnetic moment of unit mass,
and xj and 7 are the Eulerian and Lagrangian coordi-
nates (we recall that x; = i + uj(n), where u is the dis-
placement vector).

We shall designate by p, the equilibrium value of the
magnetic moment, and we shall suppose that the La-
grangian coordinates 7j define the coordinates of the
points of the body in the equilibrium state. The small
deviations of the magnetic moment from the equilibrium
value we shall designate by m: m =y — y,; the small de-
formation fields in the body we shall describe by the dis-
tortion tensor guj/9xk. For later work it is convenient
to expand the function F, which occurs in formula (1.1),
in a series in the quantities mj, om;j/oxg, and du;/oxk:

F=Fy+F,+Fs+...,

o°F 6ul) 611;)
F= aK.aK,,)( it uags ("“‘""“"‘
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1 02F du; duj )( ouy oup, )
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0F
0K 0K,

am; dms Ou,

9F )
o 0z; 0x; 0zp
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').,'"‘m’?x? + (aK,.jaK,;
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(1.2)

The index zero in these formulas designates F and the
derivatives of F in the equilibrium state.

Since we shall be interested hereafter only in the in-
teraction of spin waves with dislocations, we have, in the
expression for F;, limited ourselves to terms linear in
the distortion tensor duj/dxy and have omitted terms of
higher order in 9uj/dui. We have further supposed that
the crystal possesses a center of inversion, and there-
fore the series for F contains no terms of the type
mj 9mj/0xk. The absence of linear terms in the expan-
sion (1.2) is due to the fact that the Hamiltonian (1.1) has
a minimum for mj = duj /oxg = 0.

Presence of dislocations in the body leads to defor-
mations of it, and these in turn lead to a nonuniform de-
viation mqg of the magnetic moment from its equilibrium
value. In order to determine these deformations and the
magnetic-moment deviations caused by them, it is nec-
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essary to solve simultaneously the equations of elastic-
ity and the equations that determine the magnetization.
Since a given magnetization deviation produces in a fer-
romagnet, thanks to magnetostriction, deformations of
the order of 21,

Juy ﬂ ~ 10-ito10-s

Oxy  po ps* Mo’
where M, = p, 1, is the magnetic moment of unit volume
and s is the speed of sound, while given deformations
lead to a magnetic -moment deviation m/pu, ~0u;/0xy,
we may in the solution of the equations of elasticity neg-
lect the magnetic properties of the medium; and we may,
in the determination of the magnetic -moment deviation
mg caused by the dislocations, consider the tensor
aui/auk given. The magnetization mq and the magnetic
field hy corresponding to it are determined by the equa-
tions
div (ha + 4npipo + 4mpomg) = 0,

Her = 0, ps =

rothg = 0,
—podu; [ Oz, (1.3)
where Hggr is the effective magnetic field acting on the
magnetic moment of unit mass p:'?!

oF 1 4
T

oF

Heyy=h— P 3 on/ozy)

o Oz

We shall suppose that the crystal is uniaxial. By use
of formula (1.2), one can obtain the following expression
for Heff:

Hey; = ha — popma + poadma — popo[ ( + ) V (nu) + f(nV)u] (q 4)
— npolb(nmg) +c(Vu) + (b + po'd) (nV) (nu) |, ‘
where o« is the exchange constant, 8 is the magnetic-
anisotropy constant, f, ¢, and d are magnetostriction

constants, and n is a unit vector along the anisotropy
axis. They are defined in accordance with the formulas

o2F
(m )0= 02 [BS:; + bnmng),

02F ) .
(01,,,.61(, o
On using expression (1.4) for Hggs and on going over

to the Fourier components

oo UPD(Gmsnl + Bustm) + cpodimns + duo*nimng).

my (l‘) = 71‘7 % my (k) eikr,

we get from (1.3):
g‘Mo . 1 02
(mg)x = Mo {[[eh2 + (2ngM, sin? 0)2]s — 258g M, sin? 6]
R

2ngMo forxz sin 20 cos \b}

[Boyz — (B + 2f)uy, — 27 sin 20 s1n uy] —

M,
(ma), = uoi : {[[eu’ + (2ng Mo sin? 0)?]'"2 — 2ng Mo sin? 6] -
h

[Boxz— (B + 2f) tx: — 2n sin 20 cos Yuy) + f(n,,, sin 20 sin \p}

—4T£pok (kmd Lt lp.ouu) k"z Ui = l(uzkk + uhk,) y
W = z(u;kh —_ u;.kz)

hs = (1.5)

where £i = gM,[(ak® + B)(ak® + B + 47 sin®6)]'/?, the

z axis is directed along n, 6 and y are the polar and
azimuthal angles of the wave vector k, and g is the gy-
romagnetic ratio. These formulas determine the nonuni-
form magnetization and the magnetic field that arise be-
cause of dislocations.
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We further represent the deviation of the magnetic
moment from its equilibrium value u, in the form

(1.6)

where mg is the deviation caused by spin waves and
connected with the Holstein -Primakoff operators by the
formulas ®!

m = my + m,,

V2usMo
Po
M
) =~ _____1’2;13 ‘a
Po

mg (k) = mg~(k) —img¥ (k) =~ a_pt,

mt(k) mg* (k) + img¥ (k oy

mgt (k) = — ——2 ayxtayg A (k1 — ks — k).

" ks

(1.7)

We get the Hamiltonian for interaction of spin waves
with dislocations if we substitute (1.6) into formulas
(1.2) and pick out the terms linear in du;/dxy, mq, and
hg and quadratic in mg:

Ha = § {madal(c — a)uig +(/ +d+ B+ b — @)
om; Im;
+ po (ﬁ + -(;—2> mimpi;, + — & li(aiuu + azllu)} pdV
1
+1{&

2 61,1 Oz,
where the quantities a; and « are connected with the
values of derivatives of the function F:
/ *F ) oo [ 1
——e ) == 16;10 —az(8:d 8;m0
kd[,ihﬁKlaKm . 5 La1 ik lm+ p) az( il km+ im! kl)
+ asbmning + dipMitm + as(Sillim + dimnntu

hshd+—g50~h”2 av, (1.8)

+ Srifm + Samntit) + asni"knznm] )
( K

— apodimOrndiji,.
6K,»,«6Kk101m,./o P00 mOEnOji

1
= 5 Po0tBmndindi; —

F 0o

(Gt ), = g osbubane
The constants a; have the meaning of constants of the
relativistic magnetostrictive interaction, the constant o
of exchange magnetostrlctlve interaction. The appearance
in the expression for (3° F/aKIJaKkl 3lmn), of the second
term, with a constant o« that coincides with the exchange
constant in the expansion of (3°F/ aKIJaKkl)o, is due to the
fact that the exchange energy, because of its invariance
with respect to rotations in the spin system, depends not
on the invariants Kjj, Kl, and Iim separately, but on
their combinations Kijjlj; “'Kig and Kijljj 'Ky, which are
invariant with respect to rotations of the spins (that is,
of pu).

On going over to Fourier components in the expres-
sion (1.8) and on using formulas (1.5) and (1.7), we get

Ko=) D(1,2)ar*e: + hac.

1,2

(1.9)

where the scattering amplitude of the spin waves is"

@1, 2) = gMo{akikoun(q) + Bluu(q) — u(a)] + (a1 — c)uu(q)
— (f+d+ B+ b—as)u..(q) — 4ng.g~%(q, ma — mouu(q))};

q = k;—k,. The Fourier components of the deformation
tensor determined by the dislocations,'®! which occur in
this formula, are

DWe note that the relativistic interaction of spin waves with disloca-
tions was written down incompletely in [*], since the change of mag-
netization caused by the dislocations was not taken into account.
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u”(q) —_ — Qitim (qo) Z b(v)T(V) ( )e—iqr(V) ,

‘7
Girm (Q°) == 2(8 — 1) 4:°01°¢n eimn
4 /2 (€imr® + rmi® + eama §n%0: + €inmqn®ni),
D @=$ wema,

C‘V

where b’ is the Burgers vector of the vth dislocation,
Cy is the contour of the vth dislocation and 7 is a unit
vector tangent to the dislocation lme, dl is an element
of length along the dislocation line, q =qq~% and £°
=1n/( + 2n) (A and 5 are the Lamé coeff1c1ents).

It is convenient to represent the amplitude of scatter-
ing of spin waves on dislocations in the form
B

n ('v)

M,
uBV obchnm(m, %2) Z

®(1,2) = (q)tiere, (1.10)
where b is the mean magmtude of the Burgers vector
over the dislocations of the body, R is the mean dimen-
sions of the dislocation, ¢pp,(k,, kK;) is a certain function
of the order of unity, dependent on the directions of the
wave vectors K, and K,, and

S ()= T‘”’ (q)-——~<§> Tme=ialdl.,

v

(1.11)

2. WIDTH OF THE FERROMAGNETIC RESONANCE
LINE

Knowing the amplitude of scattering of spin waves on
dislocations, we can find the collision integral for a spin
wave with wave vector k = 0:

%o{n} = 2n ZW(nh—no)é(so—sk)l (2.1)

k

where the bar denotes an average over the random dis -
tribution of dislocations in the body, and where ny is the
number of spin waves with wave vector k. As in 4] we
assume that the free path length of a quasiparticle is ap-
preciably larger than the mean distance R between dis-
locations.

Hereafter we shall only estimate the value of the re-
laxation time 7, of spin waves with k = 0 due to the scat-
tering by the dislocations. In accordance with this, in the
exact formula that determines 7, for n,> ny,

1 R
Yo =— =25 D) |®(0,k) |25 (0 — &r),
To X N

we shall set @(K,, K,) = 1. Then by use of formulas (1.10)
and (1.11) we get

zkn(")

(bmRmY2
Z bR)zg(v)S ) OS T2(x) 6 (

where J, is the second-order Bessel function and R*’
is the radius of the vth dislocation, which for simplicity
we consider circular.
Since, in general, € = £,/ when k ~a™(ugM,/0¢)"/?
(a is the lattice constant), it follows from formula (2.2)
that v, is determined in order of magnitude as follows.
If R > a(@c/LBM,)"? then

Yo = gMo(b [ R)? =~ gMu%.

(bR)z (2.2)

Yo = m(gMo)? £0— e1)dz,

(2.3)

In obtaining this formula, we have taken into account
that
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§ @iz ~1, § =

0
and we have supposed that the sum over all dislocations
Sl Y’ RY)%/bR)*RY’] is approximately equal to /R,
where is the number of dislocations in the body, equal
in order of magnitude to V/R®.
If, however, R < a(©c/upM,)'/?, then

Yo = gMo(usMo/ Bc)*:(a%E) .

dk 1
—0(eo— &) ~—,
N

(2.4)

In obtaining this formula, we have taken into account that

21a®™
{ R()de ~ (kRO)>.
0
From (2.4) we see that at small dislocation dimensions
the time of relaxation of spin waves on them diminishes.
This is due to the fact that at small dislocation dimen-
sions, when kR <« 1, scattering on them becomes of
‘““Rayleigh’’ type, and its cross section decreases with
decrease of the dimension R of the scattering centers.
Thus the mean frequency for collisions of spin waves
with k = 0 with dislocations decreases both for small
and for large dislocation dimensions R and attains its
greatest value when R~ a(@c/upM,) "%

(Yo) max = gMo(usMo/ Oc)'= ~ 102 sec™*

The dislocation concentration in the body EOCR'Z; in this
case it is equal in order of magnitude to (uM,/6c)a™®

~ 10" em ™2, if we suppose that M, ~10°G, ©¢ ~10°°K,
and the lattice constant a~ 10~ cm. Such dislocation
concentrations are often encountered; the estimates
show that these can give an appreciable contribution to
the line width and that it would be very desirable to ob-
serve the diminution of this ‘“residual’’ collision fre-
quency both on increase and on decrease of the number
of dislocations in the body.

Formulas (2.3) and (2.4) were obtained on the assump-
tion that the distance L between dislocations is of the
same order as the dimensions R of the dislocations. If
the dislocations in the body are distributed sparsely, so
that L > R, then by use of formula (2.2) we can obtain
the following expression for the quantity v,:

R / B¢ 2
eMi——, R ) ,
wr | i B=aln
0
wsMo\% bR / Bc
gM, < — . R< ) . 2.5)
“T\Te, ) o < (

We shall now consider, using the example of the plane -
parallel plate, the dependence of the frequency v, of
collision of spin waves with dislocations on the demagne-
tizing factors.? The frequency of uniform resonance in
such a plate can be represented in the form

&o = g[(H + BMo+- 4nMosin ©) (H + BMo) ], (2.6)

where H is the magnetic field intensity in the body and
B is the magnetic-anisotropy constant (sin 6 describes
the orientation of the external magnetic field with respect
to the surface of the plate).

By substituting the expression (2.6) for the frequency
€, into formula (2.2), we can find the following expres-

2)In the case of a sphere or of a not too anisotropic ellipsoid, for-
mulas (2.3) to (2.5) are valid but naturally differ by coefficients of
order unity for specimens of different shape.
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sion for the value of ¥, when (R/a)( ugpM,/6¢)"/? > 1:

Mo\ 3 R Mo \'
[) (HB ’ ) s ——( EJ‘) <1
\ ec al/g a B¢
sin® / upMo ‘/z] .
Yo gMoat In [a—]/;i ( 8, ) , - sind <1,

PBMO)II’

ey (H- 2 o] (2} @)

nsMo

The first of these formulas describes the FMR line width
in the case when the external magnetic field is perpen-
dicular, the last when it is parallel, to the surface of the
plate. The middle formula relates to ¢‘intermediate’’
angles. We see that with change of the inclination angle

0 there is an appreciable change in the dependence of the
FMR line width on the dislocation concentration &£.

3. WIDTH OF THE ANTIFERROMAGNETIC
RESONANCE LINE

We now consider scattering of spin waves by disloca-
tions in antiferromagnets whose ground state is deter -
mined by two compensated sublattices. We consider only
uniaxial antiferromagnets with magnetic anisotropy of the
‘‘easy axis’’ type. The Hamiltonian for interaction of
spin waves with dislocations in such an antiferromagnet
can be deduced in a manner similar to that in which we
found the Hamiltonian for interaction of spin waves with
dislocations in ferromagnets. The independent invari-
ants from which the Hamiltonian of an antiferromagnet is
constructed have the form®®?
6.1:5 al‘as BI,
o' om omt omg ow/

We shall not present all the calculations here, but shall
present only the final result for the Hamiltonian that de-
scribes the scattering of spin waves by dislocations:®’

65 0 —12

Was

H = 2 Wi (k, k') aygitayi + heCe

kjk'j

3.1)

where
¥y (k, k') = War(k, k') = On (Mo/H 4£) (fiun + fouz),
M,

VH g (Hag + 2Ho)
X[ fs (tax — Uyy + 2iray) + fo(Uax — Byy — 2iuyy)],
uin = wir(q) = i(wign + ungi), 4 =ki—ky,

Yok, k') = Wa"(k, k') = Bn

is the magnetic moment of a sublattice, Hpyp is the
field that determines the activation of spin waves in an-
tiferromagnets, ©yy is the exchange constant, equal in
order of magnitude to the Néel temperature, and the
quantities fj (of order unity) describe the magnetostric-
tion in antiferromagnets.
We write the collision integral of spin waves with dis-
locations in the form
Bs = 21 ) [k, k) |2 (s — 7s) 8 (3 (k) — e (K)),
b
whence we get the following expression for the AFMR
line width:

3.2)

Vio = 21 2 [ Wi (0, K) |2 (e(0) — ey (K)). 3.3)
k’j

In order to find the values of vj, in explicit form,
3)We note that in finding this Hamiltonian, we may disregard the

magnetic field produced by the nonuniformity of the magnetic moments,
since the static magnetic susceptibility of antiferromagnets is small.
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besides knowing the spin-wave scattering amplitudes

(k k'), we must use the expressions for the frequen-
mes of spin waves in antiferromagnets and for the AFMR
frequencies. Since transition of a spin wave of type j,
with wave vector k = 0, into a spin wave of the same
type, but with wave vector k#0, is possible only if, in
the spin-wave spectrum, account is taken of the contri-
bution from the magnetic dipole interaction, we shall
quote here these expressions for the spin-wave frequen-
cies? or for the AFMR frequencies:

et (k) _m(k){1+( ) + 250 c0s20

(k)

+ 2[ nxe® cost6 + (T) (1 + 2nx0 cos2 8) ]l/z}‘/’

£1,2(0) = 0 (0) {1+< ) ) —+ 27y0 cos? Bo

+2[“2"° cos! °°+( (0) ) (1+2nx<1c05260]‘h},/2.

where w(0) = gHAE = gVHAHE, «*(k) = w*(0) + 6f(ak)?,
wy = gH, (9, is the polar angle when k = 0), and Hp and
Hg are the anisotropy and exchange fields, respectively.
The angle 6, serves to describe the demagnetizing fac-
tors (9, = m/2 if H, is parallel to the surface of the
plate, and 6, = 0 if it is perpendicular to the surface of
the plate).

By using these formulas and the expressions (3.1) for
¥jj’(k, k') and by carrying out the integration in formula
(3.3), we can obtain the following expressions for y,, and

Yeo* I:(“BMOY—i—]
Oy /a% '
Oy

zgl [ usMo 1 ]
PBHAE On a%t

These formulas are valid if R > a(@n/upM,)" 2, the
external magnetic field is large enough so that H,
> mXoHAE, where Y, is the static magnetic susceptibility
of the antiferromagnets, and cos 6,~ 1. We note that
these formulas determine, in order of magnitude, the
AFMR line width also in the case of an ellipsoid.

If the magnetic field H, is almost perpendicular to
the surface of the plate, so that §R < a(OyN/upM,)"/?,
then

Ox2 Hap+ H, @t In

Vo Har  Hap

HAE

HAE (3.4)

Y20 =~

nMo 8o

V e
AE—H0>—‘_I_.
Hug R

Yio & gMo

ueMoy/ xollaz 6o
()Y Hsg—Hy a}t '

~ gM,
‘Y20 gMo——— (3 . 5’)
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On comparing these formulas with formulas (3.4), we
see that the AFMR line width decreases abruptly in a
narrow range of small angles.

We quote, finally, the formulas that determine the
width yj, in the case in which the magnetic field is ori-
ented along the surface of the plate:

)x/,( a2 HAE+H0\ 1 enatt H,:M,

BHo(Ho+ Hag)
Hsp— Hy )‘/‘

BH Ak .
From a comparison of these formulas with formulas
(3.4) it is evident that the AFMR line widths may in-
crease on change of the angle of inclination of the mag-
netic field from a value 6, ~ 1 to |6 —m/2|< 1.

The authors thank A. G. Gurevich and M. 1. Kaganov
for discussion of the results of the research.
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yio & gMq ( * T pHap

Y20 &~ gH sg (\ a?g
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