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The stability of the superconducting state of a bulky superconductor of the first kind located in an ex
ternal magnetic field is investigated on basis of the Ginzburg-Landau theory of superconductivity. For 
this purpose, the second variation of the thermodynamic potential of the system is calculated as a func
tional of the parameter of superconducting ordering in the vicinity of the Meissner superconducting 
state. In an equilibrium state that is stable with respect to small fluctuations, the potential has a mini
mum and the second variation is positive. The critical value of the external magnetic field strength for 
which the second variation of the potential changes sign and the superconducting state becomes unstable 
is found. 

IN a critical magnetic field He, a bulky superconduc
tor of the first kind experiences an equilibrium transi
tion from the Meissner superconducting state to the 
normal state, which is thermodynamically more con
venient at fields stronger than He. At the same time, 
in the Meissner state the main mass of the supercon
ductor is in a zero field and is therefore stable against 
fluctuations. For not too strong fields, the stability re
mains in force also in the surface layer, where the 
field differs from zero. Thus, superheating of the 
metastable superconducting state becomes possible in 
fields stronger than He, up to the critical superheating 
field Hc2 > He in which the superconducting state first 
becomes unstable. 

As already noted earlier in the calculation of the 
superheating field for super conductors of the second 
kind[1, 2J, the mathematical basis for the determination 
of the stability limit in superconductors is the Ginzburg
Landau theory of superconductivity, which is based on 
introducing the parameter of superconducting-ordering, 
which is characteristic of the general theory of second
order phase transitions [4J. The thermodynamic poten
tial of this system is represented in the form of a 
functional of the ordering parameter. In the equilibrium 
state, the potential should have a minimum. From this 
we determine the equilibrium equations for the ordering 
parameter, which describes the superconducting states 
in the magnetic field, and an investigation of the second 
variation of the potential in the vicinity of this state 
makes it possible to determine the limits of its stability. 

In the present paper we investigate, using a method 
similar to that used in[1J, the stability of the super
conducting state in a magnetic field for extremely soft 
superconductors of the first kind ( K « 1, when K is 
the Ginzburg-Landau theory parameter). For simplicity 
we consider temperatures close to critical. In this 
case, according to the Ginzburg-Landau theory [3J, the 
thermodynamic potential of the superconductor in an 
external field Ho can be represented in dimensionless 
variables in the following form: 

Q= Qa+ ~ dV(H-Ho) 2, 

(1) 

where 1/J is the ordering parameter ( 11/J I :s 1) and A 
is .the vector potential of the magnetic field, H = curl A, 
and is determined from Maxwell's equations 

rotH= 1/ 2j, div H = 0, 

6Qa i ( , ') 2A , j=-6A=--;:z-1P V1jl-1jlV1jl - 1jlljl. {2) 

From the condition that the thermodynamic potential 
il {1) be a minimum and from (2) we get the Ginzburg
Landau equations [3 J describing a superconductor in a 
magnetic field. For a superconductor filling the half
space z > 0 (the magnetic field H is directed along 
the x axis and the vector potential A along the y axis), 
these equations take the form ( ljJ = ¢* = f) 

1 d2/ df I 
"' dz' +(1-f)/=A2/, - =0, f(oo)= 1, 
r• dz z=O 

a•A=f'A ~~ =-H0 A(oo)=O. (3) 
dz2 ' dz J z=O ' 

As seen from (3), the ordering parameter varies slowly 
(the characteristic distances are ~ 1/ K >> 1), whereas 
the magnetic field decreases rapidly at distances on the 
order of unity (on the order of the depth of penetration 
in ordinary units). Therefore we can neglect the term 
with the magnetic field A2f in Eq. (8) for the function f 
throughout at distances z > 1. The corresponding solu
tion of this equation, satisfying the boundary condition 
as z - 00, can be readily obtained by quadratures: 

z> 1, /= th (xz/l'Z+~) (/o=th~). {4) 

At small distances ( z $ 1) near the surface of the 
sample, the ordering parameter f is approximately 
constant. It follows therefore from (3) that the mag
netic field is determined by the relations 

A= ~0 e-f•', H = H0e-f•'. (5) 

in the same region, in view of the inequality K << 1 we 
can put in Eq. (3) for the ordering parameter f 

z~1, f=fo+(jl, <J><fo, qJ"=x2/oA2, qJ(O) =<p'(O) =0, 

(jl=~(xHo )'(z- 1-exp[-2/0z] \. 
2 fo · 2/o J 

By making the functions (4) and {6), as well as their 
derivatives, continuous at z ~ 1 we arrive finally at 

(6) 
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the following relation between the magnetic field Ho 
and the value fo of the ordering parameter near the 
surface of the sample: 

Ho = 2'1""-'"fiV1 - fo". (7) 

As seen from (7), the solution (4), (5), and (6) of the 
Ginzburg-Landau equations (3), which describes the 
Meissner state of a bulky superconductor, exists 
formally up to the maximum field on the surface1> 

Hmax = 1/2314 K 112 or Hmax = Hc/2114 K 112 >>He in or
dinary units (accordingly fmin = 1/ 12). The problem 
is to determine the stability limit of this solution, i.e., 
the critical field Hc2 at which the second variation of 
the potential n (1) in the vicinity of this solution re
verses sign. Calculation of the second variation o2Q 
yields after some simplifications the following results2>: 

112Q= ~ ~ av{F<Ii'¢+11¢') 2-2(1-Pllli'¢1" 

+21(~V+A)/iljli 2+M[t ~ V(111jl-11¢')-(111jl-6¢')~ V/ 

+2/A(11¢+11¢') ]}, (8) 

where the variations of the field oA and oH satisfy, in 
accordance with (2), the equations 

1ot 6H = 1/21lj, rot 1\A =;= 6H, 

6j = -[/ix-1\7 (6¢ -/\¢')- (11¢ -mp')ix-tVi] 

- 2/A(Ii¢ + li'¢')- 2PM. 

From (9) it follows that oA can be represented in 
the form 

(9) 

M=-_£_V(II'IJ1-II1P'\+M' (10) 
2x f ' ' 

rot rot M' =-PM'- /A(II.p + 6¢'). (11) 

Further transformations of expression (8) for the 
second variation 6~ are based on the fact that the 
"dangerous" fluctuations olj! of the ordering parame
ter, as can be readily seen, are localized at distances 
on the order of 1/ K (on the order of the coherence 
length in ordinary units), whereas the field oA', ac
cording to (11), is concentrated near the surface of the 
sample at distances on the order of unity. Since A and 
oA' ~ 1/{/{ (see (7)), it follows that it suffices tore
tain in the integral (8) only the terms quadratic in the 
field, and linear terms can be neglected. Substituting, 
with allowance for these remarks, expression (10) into 
formula (B) and simplifying with the aid of Eq. (3) for 
the function f, we obtain after combining similar 
terms: 

1) Authors of other papers on the critical superheating field for 
super conductors, (see, for example, [5] and the literature sited 
therein) start from the erroneous premise that in the general case the 
limits of the existence of solutions of the Meissner type coincide with 
the physical superheat limit of the Meissner state, i.e., with the limits 
of its stability. This leads, in particular, to an incorrect value of the 
critical superheating field for superconductors of the second kind 
with" l!l> I. 

2> According to (2), the magnetic field is a functional of the ordering 
parameter 1/J. Therefore, in varying 1/J it is necessary to calculate 6A, 
6H, ll 2 A, and ll 2 H. However, the terms ll 2 A and /l 2 H vanish in the 
expression for /l 2 Q after integration by parts when account is taken of 
the boundary conditions llH(O) = 0 and llH(oo) = 0. 

112Q = + ~ av[( v: Y+<3P -1)u2 +A2u2 + 4/A.M'u J, 
u=11¢+11¢'. (12) 

In (12) it is necessary to substitute the already-ob
tained functions f ( z) ( 4) and A ( z) ( 5). Owing to the 
first term (Vu/K) 2 in (12), the dependence of the fluc
tuations of u ( x, y, z ) on x and y only increases the 
integrand in (12), and to determine the degree of sta
bility it is sufficient to vary I{! in the class of functions 
that depend only on z. In this case, after renormalizing 
the potential to unit surface of the superconductor, 
o2Q (12) takes the form 

if' [(1du)2 l 112Q =- J dz -- +(3P-1)u"+A2u"+4/AM'u , 
4 0 xdz J 

(13) 

and (11) is rewritten as 

d2 I 

dz" M -PM'= /Au, dd M' I =0, M'(oo)=O. (14) 
Z z=O 

The solution of the last equation of ( 14), in the same 
approximation as above (see equations (3) and (5)), 
yields 

1 "" 
M'= - 2 ~ dz'[e-fo<z+z'>+e-folz-z'l]A(z')u(z'). (15) 

0 

Formulas (13), (15), (4), and (5) determine the 
second variation of the potential, o2n, in the form of 
a bilinear functional of the fluctuation of u ( z), viz., 
o2Q = ( u, Lu), where L is a self-adjoint operator 
under the condition that du/ dz 1 z=o = 0. The problem 
consists of determining the critical value fF of the 
parameter fo (4), and accordingly H~r (7), at which 
62 n reverses sign for a certain function u ( z). Since 
the substitution u - Cu leads to the transformation 
62Q- C2o2n, it is convenient to put 

00 

S dzu2=(u,u)= 1 
0 

and to consider the functional 62 n in the class of 
normalized functions. Then, as can be readily seen 
from (13), the functional o2Q is bounded from below 
and consequently there exists a minimum of o2Q: 

minii2Q =A, 

where A is the eigenvalue of the boundary-value prob
lem 

Lu-Au =0, du J =0 
dz :z=O ' 

u(oo)=O. 

The quantity A is obviously a function of fo and for 
f~r we have A ( f~r) = 0. 

Thus, the final calculation of ft;r and of the critical 
superheat field Hc2 = H0 (f~r) (7) reduces to a deter
mination of the parameter f~r as the eigenvalue of the 
following boundary -value problem (see formulas ( 13), 
(15), (4), (5), and (7)): 

~ d2u- [3th21 "'~+ s) -1]u = -g(z)uo, 
x2 dz2 \ i2 

du I i2(1- /o2) - =0, u(oo)=O, g(z)=-----(1+2/oz)e-2/oz. (16) 
~ - X 

The function (z) in the right side of (16), in view of 
the slow variation, is taken at the point z = 0. 

The solution of (16) is 
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(17) 

where 

dv2 dv1 
D = v 1-- u2 - =canst, 

dz dz 

( 
XZ \ 

u1 (z) = con,t/ch2 --=- + ~ )• 
-y2 

(18) 

and v2 ( z) is any solution of the homogeneous equation 
(16), linearly independent of v1 ( z) and increasing as 
z - 00 , Writing down the condition uo = u ( 0), we get 
from (17): 

( dv, I \-1 r 
1 =- x2u1 (0) -- ) .l g(z)dz. 

d-.. z=O 0 

From this, with allowance for formulas (16), (18), and 
(7), we get 

Thus, in the limiting case of K << 1, for supercon
ductors of the first kind, the stability limit of the 
superconducting state in a magnetic field coincides 
with the formal limit of existence of this state Hmax 
(see above). This situation differs from that super
conductors of the second kind. As shown in [l, 2J, in the 
case when K » 1 the stability limit is H~1 < He, where 
He is the thermodynamic critical field, which coincides 
in this case with Hmax· In the field H~l there arises 
an instability against formation of vortex nuclei that 
give rise to a transition to a mixed state [6 J. The 
mechanism of the instability consists in this case of 
the fact that in the field Hcl the energy barrier that 
is overcome during the production of the nuclei vanishes 
as a result of the vanishing of the elasticity of the 
vortex filaments, which plays a role similar to the 
surface energy in the case of a superconductor of the 

first kind. The result obtained above therefore makes 
it possible to state that in superconductors of the first 
kind with K « 1 the instability in the field Hc2 is not 
connected with any critical changes of the nuclei of the 
normal phase. Since the "dangerous" fluctuation 
u = Ol/J + oij;* depends only on z, there arises in the 
field Hc2 a new stability with respect to the continuous 
transition to the normal state over the entire surface 
of the superconductor. 

It is of interest to calculate the dependence of the 
critical superheating field on the parameter K for 
arbitrary superconductors, and particularly to calcu
late the value of K at which the superheating field co
incides with He. These calculations could be readily 
extended formally to arbitrary temperatures [lJ, on the 
basis of the microscopic theory of superconnectivity [7J. 
However, in the general case these calculations can 
apparently be carried out only numerically. 
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