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The effective masses of carriers of both signs in bismuth under hydrostatic compression were deter
mined from the temperature dependence of the amplitudes of the quantum oscillations of the electric 
resistance. At 8 kbar pressure, the effective masses of the electrons decrease by approximately 
40%. The hole masses also have a tendency to decrease. The pressure-induced change of the main 
parameters of the energy spectrum of the bismuth are determined from the results of the present 
measurements and also from the published data ll- 6J. The results are discussed. 

THE reason for the great interest in the electron spec
trum of bismuth has been the recent publication of 
numerous papers devoted to an elucidation of the fea
tures of the carrier dispersion in this metal. note-
worthy among these papers are the theoretical work of 
Abrikosov and Fal'kovski1[1 J, who considered, on the 
basis of general principles, the energy spectrum of 
bismuth at its genesis, and also the theories of Lax [2J 
and Cohen c3:, who used model representations. It would 
be of interest to investigate the influence of the pres
sure on the main characteristics of the electron spec
trum of bismuth. 

In earlier investigations we measured the angular 
dependences of the periods of the electric-resistance 
oscillations (the Shubnikov-de Haas effect) in bismuth 
for both electrons and holes, up to pressures of 
15 kbar [4 • 5 J. It followed from these data that at 
15 kbar only 20% of the initial volume of the Fermi 
surface of bismuth remains, and the hole surface 
(ellipsoid) has a tendency to become spherical. 

In the present investigation we measured the effec
tive masses of the carriers of both signs under pres
sure by determining the temperature dependence of the 
amplitudes of the quantum oscillations of the electric 
resistance. At the same time, Fal'kovski]l6 J considered 
the pressure-induced deformation of the electron spec
trum of bismuth, which was calculated in [7 J. On the 
basis of his paper, and also that of Lax et al.C 2J and 
our experimental data we calculated the pressure
induced change of the main parameters of the energy 
spectrum. 

MEASUREMENT RESULTS 

The cyclotron effective masses m * = (2rrr1 &S/&E of 
the electrons and holes in bismuth, and also the Dingle 
temperature TD, were determined under a hydrostatic 
pressure up to 8 kbar from the measurements of the 
temperature dependence and the magnetic-field depend
ence of the amplitudes A of the quantum oscillations of 
the electric resistance: 

1 2n'kTm'c ( 2n2kTm*c) ( 2n2kTnm'c) (1) 
A ~ H'f, __ e_li __ sh-• eliH exp -----;/iii"""" · 

The experiments consisted of measuring the quan
tum oscillations of the electric resistance of bismuth 
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FIG. I. Typical plots of quantum oscillations of the electric resist
ance op/oH against the field at different temperatures and pressures in 
the case HIIC2 : 1-T = 4.2°K, P = I bar; 2- T = 2.2°K, P = I bar; 
3- T = 4.2°K, P = 8 kbar; 4 - T = 1.95°K, P = 8 kbar. 

by a modulation method [ 4 J in the cases H II C 2 (on the 
minor section of the electron ellipsoid) and H l C 2, 
1: ( H, C3 ) = 30 o (on the minor section of the hole 
ellipsoid) at dffferent temperatures ( 1.5:::: T:::: 4.2'K) 
and pressures (1 bar:::: P:::: 8 kbar) (Figs. 1, 2). The 
measurement procedure and the method of producing 
the pressure were described in detail in [4J. 

The results of the measurements of the effective 
masses for the electrons are as follows (H II C2): 

P, kbar: 
-Am;(P)/m:(P=l bar),%: 

4,3 
22±20 

6,5 
29±20 41 ±25 

The effec:tive masses were obtained by averaging 
15 - 20 values calculated at different temperatures and 
in different magnetic fields. The error was determined 
from the mean-square measurement error. 

The determination of the effective mass under 
pressure was made difficult by the inevitable increase 
of the temperature TD as a result of a certain deteri-
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FIG. 2. Quantum oscillations of the electric resistance in the case 
H 1 c2, 2\. (H, c,) = 30°: I - T = 3. 71 °K, p = I bar; 2 - T = 1.95°K, 
P = I bar; 3 - T = 2.66°K, P = 8 kbar; 4 - T = 1.43°K, P = 8 kbar. 

oration in the quality of the crystal, which led to a weak 
dependence of the oscillation amplitude on the tempera
ture. It must also be taken into account that in bismuth 
under pressure the period of the quantum oscillations 
increases [ 4 , 5J, and that for small cross sections of the 
electron ellipsoid they are observed in magnetic fields 
close to the quantum limit, where formula (1) is not 
exact. 

From the foregoing results we see that m~ de
creases under pressure, 

The decrease of the cyclotron effective mass for the 
electronic part of the surface under a pressure of 
1.6 kbar was observed also earlier [a~. 

The hole cyclotron mass measured by us under 
pressure also had a tendency to decrease 

[mh'[=(6.4±1.5)·10-' forP=1 bar, 
[mh'l = (5.2 ± 1.5) ·10-2 for P = 8 kbar. 

The measurements of the Dingle temperature TD 
have shown that this temperature increases with in
creasing pressure and thus the quality of the crystal 
deteriorates under hydrostatic compression, owing to 
a certain inhomogeneity of the pressure. 

DISCUSSION OF RESULTS 

1. Hole spectrum. Fal'kovskii lBJ investigated the 
influence of hydrostatic pressure on the electronic 
spectrum of bismuth, which he obtained earlier to
gether with Razina l 7 J. In the first approximation, the 
hole ellipsoid changes in similarity to itself, and the 
relative decrease of its two principal extremal cross 
sections is the same: 

dSmax, min dEF dy ----=-+-
Smax, min EF 'V . 

In second approximation, the anisotropy of the Fermi 
surface and the effective mass of the holes change: 

(2) 

dSmax _ dSmin _ = _!}EF _ ~ dy, 

Smax Smin 4~ 2y2 

dmh• =- dEF-dy 

mh y-~ 

(3) 

(4) 

Here EF is the Fermi energy reckoned from the top 
of the hole band, Ll the spin-orbit interaction energy, 
and y a quantity determined by the displacement u of 
the sublattices forming the crystal lattice of bismuth. 

From the results of [5 J and from formula (3) it might 
seem possible to calculate the change of y under pres
sure. This calculation, however, cannot be performed, 
owing to the large error in the determination of 
dSmax/Smax - dSmin/Smin under pressure L5J. 

We can estimate the change of y under compression 
by means of formula (4). From the results obtained by 
us it follows that the mass of the holes on the minimal 
cross section apparently decreases. According to (4) 
this can be observed under the condition dy < dE F 
~ EF = 0.013 eV. Thus, dy(P)/y(1 bar) s 2.5%, and 
the entire deformation of the spectrum can be explained 
as due to a decrease of the Fermi energy, neglecting 
the change in y and consequently in the parameter u 
of the bismuth lattice within the interval of our pres
sures. In this case we have in first approximation 

~E"(P) ~S(P) 
---·--
EF(P = 1bar) S(P = 1ba:rJ 

and the change of the anisotropy of the hole ellipsoid 
at the point where the band overlap is lifted is ap
proximately 2%. The effective mass of the holes de
creases by "'"3%. The experimental results agree qual
itatively with the conclusions of the theory. 

2. Electron spectrum. The decrease of the effective 
masses of the electrons with pressure, when the car
rier density decreases, is connected with the non
quadratic dispersion law for the electronic part of the 
Fermi surface of bismuth, which was observed in a 
number of investigations [2 ' 9 ' 10J. The magnetooptic 
measurements of Lax et al. [ 2J have shown that there 
is a small energy gap Eg, equal to 0.015 eV, in the 
energy spectrum of the bismuth electrons. Indeed, as 
shown theoretically, only two out of the four branches 
of the spectrum are quite close [7 J. In this case, 
neglecting the influence of the remote energy bands, we 
can obtain from the total spectrum of Abrikosov and 
Fal'kovski1, for small cross sections of the electron 
surface, the so-called two-band model[6 j first intro
duced by Lax for the interpretation of data on optical 
absorption [2]. In this model, which takes into account 
the interaction between the conduction and valence bands, 
the cyclotron effective mass at the Fermi level 
m~ ( E F) = (2rrr' ( asj oE ) extr and the areas of the small 
extremal sections of the electronic ellipsoid S ( E F) 
are functions of the electron Fermi energy E F· These 
quantities are expressed as follows in terms of the 
constants describing the spectrum: 

S(EF) = 2nmo'E.,(1 + EF / Eg), ( 5) 

(6) 

where mt" is the cyclotron mass at the bottom of the 
conduction band, which is proportional as usualluJ to 
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FIG. 3. Plot of f(P) [Eq. (7)] 
for electrons with different rates 
of change of Eg with changing 
pressure: X-

DEg 1 
DP E~(P-1 bar)= ±5·10-s bar-t, 

e-J o-4 bar-1 ; 0-Eg = const. The 
dashed straight line shows the 
plot of f(P) = I - llS/S(P = I bar) 
for holes. 

the aforementioned small gap Eg. 
It would be of interest to calculate by means of 

formula (6) the Eg ( P) dependence from the results 
of[ 4 •5 J and the present data for the effective masses of 
the electrons, and also ofC 6 ' 12J. We could not do this, 
however, owing to the large error in the determination 
of the quantity ±m;(P)/m;(p = 1 bar). 

Information on the change of Eg ( P) can be obtained 
by comparing the relations 

f(P) == 1- MF(P) I EF(P = 1 bar) (7) 

for holes and electrons, extrapolating these relations 
to high pressures. Both curves should cross the pres
sure axis at one point. The values of llE F ( P )/E F 
X ( P = 1 bar) for the electrons can be calculated 
from formula (5) and from the data ofC4 ,sJ at different 
rates of change of Eg with changing pressure. The 
results of the calculations are shown in Fig. 3. It can 
be concluded from the presented data that Eg, most 
likely, does not decrease under pressure. 

Assuming that Eg, and consequently also m~ do not 
depend on the pressure, we calculated by means of 
formula (6) the dependence of the effective mass on the 
pressure t.m; ( P )/ m~ ( P = 1 bar). The results of the 
calculations of m; and E F are shown in the table. In 
the calculation we used the following numerical values 
of the parameters of the electron spectrum at P = 1 bar: 
E F = 4.4 X 10-14 erg, Eg = 2.4 X 10-14 erg, mt/ m 0 = 2.09 
Xl0-3[zJ. 

The calculated values of llm; ( P )/ m; ( P = 1 bar) 
agree satisfactorily with the measured values given in 
the preceding section. 

In conclusion, the authors consider it their pleasant 

Experiment Calculation 

P, bar 
S(P) ·10" CGS 1- 6 S(P) 'Y< 

Ep(P)·10~'~, I 6EF(P) I 6m,(P) 
' S(t barJ ' o erg -E (tbar)'% -.-. % 

F me(tbar) 

I !.47 4.4 
1900 !.23 15±2 4 9±1 7±1 
3000 !.!5 21±3 3.7 16±2 11±2 
4300 1,.05 29±4 3.5 20±2 !6±2 
6500 0.9 39±4 3.2 27±2 21 ±2 
8000 0.85 48±6 2.9 32±4 27±4 
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