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Scattering, diffusion, and acceleration of nonrelativistic charged particles in a turbulent plasma are con­
sidered. The turbulence is assumed to be hydromagnetic and its main scale is assumed much greater 
than the Larmor radii of the accelerated particles. It is shown that if the pulsation spectrum dh2/dkcn k-11 

then for any v scattering is due to cyclotron resonance; for v > 2 acceleration is determined by the 
Fermi mechanism and for v ,s 2 the Fermi mechanism as well as cyclotron resonance are significant. 
In an unbounded plasma acceleration leads to growth of the turbulence internal scale and to a corre­
sponding decrease of the number of accelerated resonance particles. A stationary distribution is estab­
lished in a confined plasma and dissipation of turbulence energy is due to diffusion of the most energetic 
particles from the turbulent region. Turbulent diffusion and particle acceleration on the sun and in in­
terstellar space are considered. The equilibrium spectrum of hydromagnetic pulsations dh2/dk "'k-2 

is derived from the experimental data. The diffusion coefficient and energy spectra of the accelerated 
particles are calculated and the relation between the rate of turbulent energy dissipation and the param­
eters of the pulsation spectrum is estimated. 

1. INTRODUCTION 

CoMPARISON of the results of an investigation of the 
generation of cosmic rays, fast pz:otons, and nuclei in 
solar flares, as well as methods of turbulent plasma 
heating, suggests that a universal property of plasma 
turbulence in a magnetic field is the effect of turbulent 
acceleration, that is, the transfer of an appreciable 
fraction of the energy of hydromagnetic pulsations to 
vanishingly small fraction of particles. It is probable 
that the turbulent acceleration plays an important role 
in the dissipation of the pulsation energy. Thus, to ex­
plain the energetics of cosmic rays it is necessary to 
bring into play the most powerful galactic processes­
supernova explosions. In laboratory experiments, tur­
bulent acceleration sometimes hinders turbulent heat­
ing of plasma (transfer of the dissipated energy to the 
bulk of the particles). Investigations of fast nuclei of 
solar flaresl 1 J show that turbulent acceleration has a 
collisionless nature even during the early stages: the 
chemical composition of the nuclei of the flares is con­
stant and corresponds to the composition of the sun's 
atmosphere. 

The hypothesis of particle acceleration in the anni­
hilation of antiparallel magnetic fields is discussed 
widely in the astrophysical literature, [a-4 J but so far 
no satisfactory mechanism of such a process has been 
indicated. In a number of papers (see the review of 
Tsytovichl5 J) attempts were made to attribute the ac­
celeration to Langmuir oscillations. The greatest dif­
ficulty with this hypothesis is the preferred accelera­
tion of the ions. In addition, in solar flares, the time of 
damping of the Langmuir oscillations by collision (den­
sity ~ 1010 em -a, temperature ~ 1 keV) is 10-2 sec, 
which is smaller by four orders of magnitude than the 
acceleration time. This leads to energy contradictions. 

In the present paper we investigate the acceleration 
of particles by a large -scale hydro magnetic turbulence 
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-an aggregate of interacting hydromagnetic waves with 
a broad spectrum and with a main scale which is much 
larger than the Larmor radii of the most energetic par­
ticles. As is well known, waves of this type exist in 
cases of turbulent acceleration. Inasmuch as we are 
considering particles whose velocity is much larger 
than the Alfven velocity, the Cerenkov resonance does 
not play an important role and the acceleration is due to 
the Fermi mechanism or to cyclotron resonance. The 
relation between these mechanisms is investigated in 
Sec. 2. It is assumed for simplicity that the angular 
distribution of the wave vectors of the pulsations has 
no maxima at large angles to the field. In this case cy­
clotron resonance is well described by the one-dimen­
sional model (waves traveling along the field). 

In Sec. 3 we present calculations of the acceleration 
by a stationary turbulence in an unbounded plasma, with 
allowance for the reaction of the particles on the waves, 
and obtain expressions for the spectrum and total num­
ber of accelerated particles, and also for the internal 
scale of the turbulence as a function of the pulsation 
spectrum, the energy dissipation velocity, and the time. 
In Sec. 4 we estimate the stationary distribution func­
tion in a bounded plasma with allowance for diffusion. 
The concluding section is devoted to experimental ver­
ification of the theory on the basis of the results of in­
vestigations of interplanetary medium. The measured 
pulsation spectra are used to plot the expected particle 
spectra, a number of effects are explained, and new 
phenomena are predicted. 

2. TURBULENT DIFFUSION OF PARTICLES IN 
PHASE SPACE 

The study of cyclotron resonance in a plasma is 
dealt with in many papers. We therefore confine our­
selves only to a consideration of those problems which 
are connected with acceleration, scattering, and diffu-
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sian of particles. In this section we investigate these 
problems under the assumption that the spectrum of the 
turbulent pulsations is known and does not change in 
time. The plasma is assumed to be cold (pressure p 
« H2/87T ), and the fraction of the accelerated particles 
is assumed small. It is assumed that the main turbu­
lence scale L is much larger than the Larmor radii of 
the fast particles, and therefore the amplitudes of the 
resonance pulsations increase with increasing particle 
energy. If the angular distribution of the wave vectors 
of the pulsations has a maximum along the force lines 
of the average field H or is isotropic (as will be as­
sumed henceforth), then the main contribution to the 
scattering and to the acceleration will be made by 
waves traveling at small angles to the field (at a speci­
fied particle velocity, resonance with such pulsations 
corresponds to the longest wavelengths). 

The quasilinear approximation equations for this 
case were derived in [GJ. In our case, the equation 
from [6J for the fast-particle distribution function 
averaged over the pulsations is 

2 
at _ e2 >: (· V,- CJiU. a a ) at- 2M2c2 .:..!. -~ {)v, V-L- v-L-iiv- . 

1=1 ....1..,_ z 

x<I> (I v,- cri~l) (!!_- v.~. _!_!__ \ (1) av-L lv,- CJ;UI av, J, 

where e and M are the mass and charge of the proton: 
c is the velocity of light; v 1 and Vz are the particle 
velocities perpendicular and parallel to the average 
field H; a1 = 1, a2 = -1, and <P(Ivz- aiul) is the spec­
tral function of the turbulence dh2/dk with k = 
= nH/ /vz- aiu /. The two signs of a correspond to the 
two propagation directions of the waves, whose absolute 
velocity is u = H/v'47Tp (p-density of the cold plasma). 

Since we are considering particles with v » u, we 
can expand (1) in powers of u. This expansion is no 
longer valid for small Vz ~ u. We shall show somewhat 
later (see formulas (6) and (7)) that this circumstance 
introduces no appreciable error in the results. Per­
forming this expansion, we obtain 

_!j_ __ e' {( v, a a) (at v.1. a1) 
at- M2c2 -c~Tu-L-U_L··a--;, <D(Iv,l) OV.J. -Hav, 

., r 1 a v -L aj 
+ U" • ~ au -L ~;T <D ( I v, I ) ik-L 

+ 1 _,.,__a __ u-L_a_\O<D(I~IJ .':':!:_ ~--]_1. 
\ L'_L au -L ov, / av, v,' au, J . 

Let us consider now different effects described by 
Eq. (2). 

(2) 

A. Scattering and diffusion. In the zeroth approxi­
mation in U2, putting V 1 = V sin e and Vz = V COS e (the 
angle e is reckoned from H), we have 

at._ e' 1 a . I <D(vcose) I at. 
~------sme --at M2c2 sine ae v cos e ao . 

(3) 

Equation (3) describes pure scattering. Its solutions 
constitute a stationary isotropic distribution as well as 
a discrete set of exponentially damped angular har­
monics. The first harmonic f01 and the damping time 
T s corresponding to it (which is maximal) characterize 
the isotropization of the angular distribution. If the 
pulsation spectrum has a power-law form (dh2/dk 
= h~L(kL)-11 where L is the main scale), we get 

1 ( H \' 1 v )1-v 
Ts = A1QH ho ) \ QHL ' (4) 

where .\.1 is the first eigenvalue of the operator 

1 a a 
- -. ---sine 1 cos e 1 v-1- . 

sm o ae ae 

When 11 = 1, the eigenfunctions are Legendre polynomi­
als in cos e. In particular, fo1 =cos e and .\.1 = 2. 
When v > 1, the diffusion coefficient with respect to e is 
proportional to I cos e /11 - 1 and tends to zero as 
e- 7T/2 (i.e., at small longitudinal velocities). There­
fore, generally speaking, it is necessary to distinguish 
between isotropization under initial distributions that 
are symmetrical and asymmetrical with respect to 
e = 1T /2. In the former case, the isotropization takes 
place independently in both hemispheres, and in the 
second it should be accompanied by transfers of parti­
cles from one hemisphere to other, with the diffusion 
coefficient tending to zero at the boundary e = 1T /2. 
This equation calls for an additional investigation and 
is of great importance for the calculation of the diffu­
sion coefficient of particles along the force lines. In 
the present article we investigate spectra of pulsations 
with 11 :S 2 (see item B of this section), and we consider 
only the case with 11 = 2. It is clear that if effective ex­
change of particles between hemispheres takes place at 
this value of 11, then the exchange will be even more 
effective when v < 2. 

Putting in (9) ll = 2, fo = exp (-A.t/A.lTs)<P, and cos e 
= x, we get 

(5) 

in the region of small x (I xI < x0 ~ u/v) there is a finite 
probability that the particles will pass through the point 
Xo, owing to the Fermi collisions. We shall show that in 
the presence of an arbitrarily small probability of such 
a transition, the isotropization time is close to (4) also 
for an asymmetrical initial distribution. 

Assume that when I xI > x0 the function zp is de­
scribed by Eq. (5), and when I xI < x 0 « 1 we have x0 zp" 
+ A.zi' = 0. Let us construct the harmonics that are asym­
metrical in e. If zp ~(x) is the symmetrical harmonic 
with the smallest eigenvalue .\. = .\.1, then when I xI » x 0 

Eq. (5) is satisfied by the function 

x>O 
x<O 

In the region I xI « I Xo I the asymmetrical solution is 
of the form zp = ax. Indeed, the damping time zp1 (-) is 
Ts, and the time of establishment of the stationary mode 
in a layer of width 2Xo, for a specified difference in val­
ues of zp on the edges, is of the order of ~Ts/Xo « Ts 
~t~e diffusion coefficient when lxl < Xo is XoTs). Thus, 
1t 1s necessary to join together the solution zp1 = zp].'o>(x) 
at I xI » Xo with <P 1 = ax at x :S Xo· The general solution 
of (5)for lxl« 1 is 

J ( l'f-lxl )_ ...L 1\' ( V1-lxJ \ 
o 2 ,ao 2 )' 

where J 0 and N0 are Bessel and Neumann functions of 
zero order. At large distances (lxl~ 1), J goes over 
. h + ) 0 mto t e solution zi' 1 (x which is bounded at zero, and N0 
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goes over into a certain solution of (5) 1/J i(x), which has 
a logarithmic singularity at zero. 

When x > x0 the sought solution has the form 1/J 1 

= 1/J; + a 1/J i (x), and at the point x1 the function is 

[ ( l"t.1x1 \ . ( yt.1x1 )] 
ljJ1;::; A 10 \-2-) + aAo\ -~- =ax1, 

and its derivative is 

From this we get the characteristic equation for a 
(the condition for the vanishing of the determinant of 
the system): 

lo(£) + 1/2£!1 m a = - ~c:::_c__,-=~'-' 

No(£) +'/2£N, (£)' 

where ~ = >/>.. 1 x/2. Using the expansions of J0 , 1 and 
N0 , 1 at small values of ~.we get 

and consequently 

When x ~ 1 the correction is logarithmically small, 

(6) 

(7) 

and when x = x0 a transition layer with a sharp gradient 
is produced. The correction to >.. is equal to a in or­
der of magnitude, and is therefore insignificant. Conse­
quently, when 11 ~ 2 the penetration of the particles 
through the barrier e = rr /2 occurs at the same rate 
as the isotropization. However, at larger values of 11 

this conclusion does not hold; in particular, when 
11 ::=: 3 the rate of penetration decreases rapidly. 

With the aid of Ts and f 1 (B) we can easily calculate 
the coefficient of diffusion of the particles along the 
force lines. Using the method described in l 71 , we get 

n 2 n 

D!! = u'T, ( ~ tt>sinOcosOd8) (.\ 1\-)2sin8d8; (8) 
0 u 

when 11 = 1-2 we get D 11 ""VTs/3. The transverse dif­
fusion coefficient is D1 = D 11 /[1 + (S1HTs)2]. 

B. Acceleration. In the zeroth approximation in 
u2 /v2, there is no acceleration. Therefore the energies 
of the particles with v » u do not change appreciably 
during the isotropization time. This result has a clear­
cut physical meaning: the scattering time T s is pro­
portional to the reciprocal of the square of the Lorentz 
force, i.e., to c2/e2v2h2, and the acceleration time Tc 
is proportional to the reciprocal of the square of the 
electric force, 1/e2E 2. In hydromagnetic waves 
E ~ uh/c and Ts ~ u2Tc /v2. Consequently, in the inves­
tigation of the acceleration, the distribution function 
(which we shall denote by F) can be regarded as iso­
tropic (F = F(v, t)). Substituting F in (2) and averaging 
the coefficients over the solid angle, we obtain the 
sought acceleration equation 

where the diffusion coefficient in velocity space is 

e2u2 nf-2 sin3 e 
IJ(v)= --.) --<D(vcosO)d8. 

ilf2c2u 0 eos 8 

(9) 

(10) 

When 

we get 
2 

( ho )' ( V \ v-2 
D(v)= QHu' - 1 --, ----,-e--

li . \ Llln 'I' (v + 2) 

2 (11) u2v (~)' ( __ v_)v-2 
L .H \U2H 

The solution of a diffusion equation of the type (9), 
with a power-law dependence of the diffusion coefficient 
on the coordinate and with an initial condition Ft =o 
(Z) o(v) is (see, for example, [B l) 

{ ,,, } 
F(v, t) = const·v3(v-1)/(3-•l[D(v)t]-3/(3-v)cxp - -.---· -- .. (12) 

(3- v) 2D(v)t 

Thus, a Maxwellian spectrum is produced asymptoti­
cally when 11 = 1, and the spectrum of the solar-flare 
protons, of the type exp ( -v /v0)l91 , is produced when 
v = 2. The values 11 > 2 are of no interest, since (see 
the next item) in this case the acceleration is deter­
mined not by the cyclotron resonance, but by the Fermi 
mechanism. It is important to note that if the constant 
v remains unchanged, then the spectrum (12) is formed 
also for an arbitrary time dependence of H, L, u, and 
h0 : assuming D(v) = D0 (v) · rp(t) and introducing the var­
iable 

I 

T = ) cp(t)dt, 

we can reduce the equation for the non stationary turbu­
lence to the form (9). In particular, if rp(t) fluctuates, 
then the acceleration is determined by the mean value 
of rp. 

C. Relation between cyclotron resonance and the 
Fermi mechanism. As already noted, at particle ve­
locities v » ua the role of the Cerenkov resonance is 
small. It can be shown that the Cerenkov diffusion coef­
ficient in velocity space is smaller than (10) by approx­
imately u2 v2 times. Therefore the only competing 
process is the Fermi mechanism, i.e., acceleration 
upon adiabatic reflection of the particles from the 
waves with a scale larger than Av/nH, where the adi­
abaticity parameter A denotes the ratio of the scale of 
the inhomogeneity of the field to the Larmor radius, 
beginning with which the magnetic moment is conserved. 
As shown by recent experimental investigations, l 101 

A~ 10. The theory of the Fermi acceleration in a tur­
bulent plasma was considered in [llJ, where it was 
shown, in particular, that the scattering of the parti­
cles in cyclotron resonance greatly increases the effi­
ciency of the Fermi mechanism in a rarefied plasma. 
(as is well known, in the absence of scattering, the 
Fermi mechanism does not lead to an appreciable ac­
celeration). It was also shown in [HJ that if the turbu­
lence spectrum is of the form h(A.) =A.fl (h(>..) is the 
average amplitude of the pulsations with scale >..), then 
the principal role in acceleration belongs when f1 ~ Y2 
to collisions with long waves, and when f1 ~ 1/ 2-with 
waves whose length is ~ Av /S1H. Since h(>..) 
= >/kdh2/ dk lk = 2rr/A.• the exponent f1 is connected with 
the value of 11 introduced above by the relation f1 
= ( v - 1)/2 and f1 > Y2 when 11 > 2. These results were 
obtained under the assumption that the investigated re-
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flections are statistically independent. In the case v > 2, 
such a hypothesis is probable, since at large collision 
times, ~ L;v, the jaggedness of the crests of the large­
scale waves and the rapid drift of the particles on the 
shock fronts come into play. When v < 2, the statistical 
independence of the Fermi collisions is ensured by 
scattering. 

If v > 2 tdte Fermi diffusion coefficient in velocity 
' 2 I space is ~u2 viL when 11o~ H and u vho LH when 

ho « H, and as can be seen from (11), it is approximate­
ly Hh - 1 (I£lHiv)v - 2 times larger than the cyclotron­
resonance coefficient (under the assumption that 

I ) . h . [ll] t t L » v OH . At the same hme, as s own m , a no 
too large values of v - 2 the cyclotron resonance en­
sures the scattering necessary for the Fermi mecha­
nism even at particle velocities exceeding u by several 
times, even though scattering is small during the r~flec ·· 
tion time. The diffusion of the particles along the fleld 
when h0 ~ H is determined by the Fermi collisions. The 
mean free path is on order of L and does not depend on 
the particle velocity. 

When v ~ 2 the integrall 111 

a, de I 
D(v)=2u'v ~ sin8cos'8-(h 1 " 

0 A ) h~H ctg· a 

diverges when e0 - 1T 12. Here il.(h) is the average 
length of a wave with amplitude h. In the case of a 
power-law pulsation spectrum we have il.(h) = 27T 

(13) 

= 27T L(hlh0)<v- 1 >1 2 • The limit of e0 is determined by 
the condition il.(h = H coe e)= AviOH. Substituting in 
(13) and assuming that 1T /2- e0 « 1, we obtain 

(14) 

As v - 2 we have 

u2v ( h0 )' LQH D(v)=-- -- ln--. 
4nL H Au 

(15) 

Formulas (14) and (15) are valid when the collisions 
are statistically independent. It can be shown (with the 
aid of (13)) that if v is not too close to 2, then the iso­
tropization time in a solid angle element 1T 12 + eo 
;::, e ~ 1T /2 - e0 is much smaller than the time of the 
Fermi collision of the particles with the same e, and 
statistical independence obtains. As v- 2, the scat­
tering time in a small solid angle y near e = 1T 12 is 
Ts y and is comparable with the collision time. In this 
case the effective time of the Fermi collisions in­
crea~es somewhat: the frequency is equal to (1/yTs)Y 
= 1/T s· The factor y determines the probability that 
the particle will stay in the solid angle y if the angular 
distribution is isotropic. Recognizing that 6v = 6vzvzlv 
and 6vz = 2u, we obtain 

-- n/2 
1 (llu)' 2 1 2 u' 

D(v)=---=-u2 J sin8cos2 8d8=-3 --. 
2 AI T, 0 Ts 

Thus, when v ~ 2 the Fermi mechanism becomes man­
ifest primarily via collision of particles with small 
Vz ( « v) and short waves. The dependence of D(v) on 
the parameters of the problem is the same, apart from 
a numerical factor, as in cyclotron resonance (see ( 14) 
and (11)). It is very important that D(v) increases with 
increasing v, i.e., the wave-energy absorption rate per 
particle. 

3. TURBULENT ACCELERATION IN AN 
UNBOUNDED PLASMA 

In Sec. 5 we shall present a number of arguments to 
show that the parameter v in the pulsation spectrum is 
close to 2. Consequently, the interaction between the 
particles and the waves is concentrated in the sho_rt- . 
wave region of the spectrum. We shall show that m th1s 
case turbulent acceleration is a universal property of 
the turbulence in the plasma, and is due to the most 
fundamental singularities of the corresponding proc­
esses namely: a) the resonant character of the scat­
terin~ of the particles by the waves; b) the continuity 
of the flux of the turbulent energy in wave-number 
space; c) the increase of D(v) with v. Indeed, it fol­
lows therefore that the most effective dissipation is 
connected with the hard tail of the distribution function, 
and that as the acceleration proceeds the number of 
particles necessary to absorb the constant flux of the 
turbulent energy £ in the wave -number space should 
decrease. The dissipation will in this case be connected 
essentially with a certain group of fast particles, the 
velocities of which are bounded from below by the time­
increasing quantity w. The wave number k0 = OHiw 
characterizes the internal scale of the turbulence. When 
k > ko, the spectrum of the pulsations is abruptly cut 
off and the particles with v < w cease to accelerate, ow­
in~ to the vanishing of the resonance waves (the Fermi 
acceleration is also stopped, owing to the absence of 
scattering). 

If we assume that the boundary of the spectrum k0 

is sufficiently steep, we can consider this effect quan­
titatively. When v > w(t) we have 

aF 1 a aF 
-=--v2D(v)~. 
at u' au av 

(16) 

When v < w, the function F is stationary and is deter­
mined from the continuity of F when v = w. The quan­
tity w(t) is a self-consistent variable and is deter­
mined from the constancy of the number of particles 

for all v < w. 

a 00 

- I u'F(v)du = 0 
at ~ 

(17) 

Finally, we introduce a condition that determines the 
number of particles with v > w. This condition is 

M 00 a aF 
e=- ~ v2 ~D(u)v'-dv. 

2 w au iJu 
(18) 

Here i is the energy of the turbulent pulsations dissi­
pated in 1 cm3 per second, and the integral in the right 
side gives the rate of energy growth of the particles 
with v > w, which is determined from (16). The value 
of i is governed by the turbulence properties in the 
long-wave part of the spectrum and does not depend on 
F. Equation ( 16) and the condition for the continuity of 
F when v = w determine F accurate to a constant fac­
tor. This factor and w are determined from the condi­
tions (17) and (18). 

Let us consider in greater detail the case v = 2(D(v) 
~ (u2 IL)(hoiH) 2 v"' Av). Equations (16) and (17) now take 
the form 

iJF A a oF 
--=--v'-, 

at v' iJv au 
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and (when w » u) they do not contain any scale param­
eters with dimensionality v or t. Therefore the solu­
tion is self-similar and, as shown in [lll, the self­
similar variable is x = v/ At. We seek a solution in the 
form w = Atx0 (x0 = const), F = t-n!/J(x). From (18) 
(with i = const) we obtain n = 4. Then the equations 
take the form 

xtjl" + (3 + x)1jl' + 4¢ = 0 (x > xo), (19) 

. "'s a d'¢ 2eA-5M-1 = x2-x'-dx. 
dx dx 

Xo 

from the continuity of F when x = Xo it follows that 
when x < Xo 

'¢(x) = (xo/ x)''¢(xo). 

(20) 

(21) 

The distribution function F at x = Xo, as seen from 
(21), is stationary and is equal to F(v) = A4~1/I(Xo)v-\ 

The confluent hypergeometric equation (19) has an 
analytic solution 

I!J(x) = (x- 3)e~x, (22) 

as can be readily verified directly. The second solution 
(see, for example [121 ) has the form x - 4 when x- oo, 
and leads to divergence of the particle energy and 
therefore must be discarded. 

From (18), (21) and (22) we get Xo = 4. Finally, put­
ting 1/J(x} = Q(x- 3) e-x and substituting in (20) we get 

e' 
'¢(x)= --8A-5M-1(x- 3)e-x. 

11536 

The distribution function is 

1
- 1----'=---!-1 ( _z:__- 3) e-•1•··+' 

F _ 1848 AM v0• v0 ' 
(v,t)- . 

32 e. 1 
231 AM--,;<' 

V> W=4v0 

v<w 

here v0 =At. 

(23) 

Inasmuch as in the main scale (k = 27T /L) we have 
h2 (L} = l!V27T, and the energy density is h2 (L}/47T 
= ~/87T2, the parameter i: is equal in order of magni­
tude to (~u/l67T3 L)(ho/H) 2 (i.e., the energy in the main 
scale divided by the time of turbulent decay). Recog­
nizing that A~ (u2/L)(ho/H) 2 , and introducing the den­
sity N of the cold plasma, we can transform the factor 
i/AM into (Nu/47T2)(ho/H) 2• 

The total number of particles with velocities larger 
than v is 

"' 
n(> v)= S F(v, t)V2dv. 

when v~w and v<w we have 

n = -1-~ (~ )" ( _!!_S e-•·1•·+• 
1848 4n2v0 H ' \ v0 ) ' 

v~ w, 

2N ( h0 \2 u 
n = 231n2 H J --;;• v<w. (24) 

the process under consideration begins when v0 is of 
the order of several times u (when the role of the Cer­
enkov resonance becomes small). As seen from (24}, 
even when v0 ~ (3- 5)u the number of accelerated par­
ticles (v > w) is only~ 10-3 of the total number, and 
decreases rapidly with increasing w. Thus, only a 
small fraction of the particles is actually accelerated. 

It is of interest to calculate the integral intensity 
spectrum of the accelerated particles 

"' 
S(> v)= ~ v3Fdv. (25) 

When v >w 
1 Nu ( h0 ,2 

S(> v) = 1848 4n2 n) (x• + x' + 3x2 + 6x + 6)e-xH ( X=!:__) ' 
Vo 

(26) 
and when v < w 

( 32 4v0 199 ) Nu ( h0 \2 
S(>v)= -ln-+- -1-; 

231 v 924 4n2 \ H · (27) 

When v < w the intensity depends on v very little, and 
when v > w it decreases steeply. It follows therefore, 
in particular, that after the lapse of a certain time (on 
the order of lOu/ A) the intensity of the particles with 
velocities ~lOu reaches a value ~ (Nu/200)(ho/H)2 and 
subsequently remains practically unchanged. 

In conclusion we note that a similar effect, the 
growth of the internal turbulence scale and the acceler­
ation of a decreasing number of particles, should take 
place when electrons are accelerated in cyclotron res­
onance with pulsations of the high-frequency branch of 
rapid magnetosonic waves, and also in Cerenkov reso­
nance with Langmuir waves. In the latter case, owing 
to the strong dispersion, each value of the particle ve­
locity corresponds to a definite wavelength (kv ~ w0 ). 

If the spectrum of the Langmuir waves is such that the 
amplitude decreases with increasing k, a similar ac­
celeration effect will take place. 

4. ACCELERATION IN A BOUNDED PLASMA. 
ROLE OF DIFFUSION 

In a bounded plasma the growth of the particle en­
ergy on the tail of the distribution function is stopped 
by diffusion, and the distribution function becomes sta­
tionary. The dissipated energy goes to replenishment 
of the fast particles that diffuse from the turbulent re­
gion. In this case the process is approximately de­
proximately described by the equations 

u2 ( h )2 1 iJ oF n2 L { H )2 
L Ho ~i ov v' ov - 32 z02 \,---,;; F = O, 

n2 ML ( H \ 2 r 
4 -,-) J v5F(v)dv =e. 
6zo2 ho 0 

(28) 

(29) 

In (28) we replaced the diffusion coefficient D11 a2/az 2 

by the damping decrement of the fundamental 7T~ 11 /4z~ 
(2z0 is the length of the turbulent region along H) and 
expressed D 11 in terms v, L, and he with the aid of the 
formulas of the Sec. 2. A numerical calculation for X.1 
at v = 2 yields X. 1 ~ 2. 6. Equation (29} describes the 
energy balance. The integral in the left side gives the 
rate of leakage of the energy as a result of the particle 
diffusion. 

From (28) we obtain 

(30) 

where K1 is the Macdonald function. Substituting in 
(29), integrating, and putting £ = (h~u/87T2L)(h0 /H)2, we 
get C and obtain 

(31) 

The concentration of the fast particles in the plasma, q, 
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is equal to 

q= ~ r v2Fdv = l'2 !:_ (32) 
N 0 128 z0 

and depends only on the ratio of the dimension of the 
turbulent region and the main scale. The time of plas­
ma confinement 

1:= _i_~-~ = 12S-y"2 f ~)2 (~)2~ 
n 2 q D11 n 3 \ L H w 

(33) 

should, according to the conditions of the problem, be 
sufficiently large compared with the time necessary to 
accelerate the particles to a velocity ~w. Since 
w Rj (u2/L)(ho /H) 2 t, the condition for the applicability 
of the result is t « T or, after substituting the values 
of w, 

Zo~L. (34) 

The fast-particle concentration will always be small in 
this case. 

The results of Sees. 3 and 4 show that the cause of 
the acceleration of a small fraction of particles is the 
growth of the amplitude of the pulsations with increas­
ing wavelengths, from which it follows that the effici­
ency of the interaction of the particle with the waves in­
creases with increasing acceleration. This effect can 
be used to accelerate particles to energies ~ Mw 2/2 
(see (30)) with high efficiency. However, inasmuch as 
the particle velocity cannot exceed illH, under labora­
tory conditions (L ~ 10 em, ilH ~ 107 rad/sec) the ob­
tained energies are small ( ~ 50 keY). The situation is 
entirely different in outer space, where, owing to the 
tremendous dimensions of the turbulent regions, the 
particles can acquire a very high energy. 

5. APPLICATIONS TO COSMOPHYSICAL PROBLEMS 

At the present time there exist certain data on the 
spectra of the plasma turbulence in the interplanetary 
medium, and much material has been accumulated on a 
variety of fast particles observed in this region. An in­
vestigation of plasma turbulence with the aid of auto­
matic interplanetary stations is highly promising. Let 
us consider certain applications of the theory devel­
oped above to cosmophysical problems. 

A. Propagation of fast particles of solar flares in 
the interplanetary medium. Experiment has shown that 
fast particles with energies up to ~ 1 GeV are gen­
erated in solar flares. The propagation of these parti­
cles in the interplanetary medium can be satisfactorily 
described by means of a spherical diffusion wave from 
an instantaneous point source: 

.S (>t·) = consl· (DRt)-'1, exp ( -R2 / 4DRt), (3 5) 

where DR is the diffusion coefficient, t is the time 
from the instant of the flash, and R is the heliocentric 
distance. Since actually the diffusion is along the force 
lines, DR= Dll(dR/ds) 2, where ds is the differential of 
the arc of the force line, and D 11 is determined by rela­
tions (4} and (8) of Sec. 2. The measurements are 
made, as a rule, near the earth's orbit, and R = R0 

~ 1. 5 x 1013 em is fixed, while (3 5) describes the time 
dependence of the intensity. The maximum is reached 
at t = t 0 = R2/6DR. If we measure S( > v, t) for anum­
ber of energies, we can determine DH(v) and from it 

dh'/dk,Qe2 cm 

to' 

FIG. I. 

construct the spectrum of the pulsations in the region 
of the earth's orbit. 

Results of investigations of a number of flares in 
1961-1962, given in [131 , show that if we replace t by 
x = vt in (3 5), then in the energy interval from 3 to 
400 MeV the diffusion curves S( >v, x) coincide, apart 
from a normalization factor that depends on v and de­
termines the injection spectrum. The maximum is 
reached at Xo = vt0 = 1. 5 x 1014 em. Since DR r/.l v, the 
pulsation spectrum is of the form dh2/dk oo k-11 with 
11 2: 2. If we assume that 11 = 2, then we find with the aid 
of (4} and (8) that dh2/dk = 6 x 10-22 k-2 [Oe 2 • em] (for 
Xo = 1. 5 x 1014 em). This spectrum is represented by 
curve I of Fig. 1. For comparison we present the spec­
trum measured experimentally on the automatic station 
"Mariner IV ".[ 141 1> The diffusion coefficient calcu­
lated from these spectra agrees well with the value 
5 x 1021 cm2/sec at energy 100 MeV, obtained in the 
analysis of a number of flares in [151. 

However, this form of the spectrum corresponds to 
the quiescent state of the solar wind. The spectrum is 
appreciably altered in the case of disturbances on the 
sun. Thus, in October 1962, a spectrum corresponding 
to curve II in Fig. 1 was obtained on the "Mariner II" 
station. [161 As seen from the figure, in the region of 
short waves the spectrum also has the form dh2/dk 
wk- 2 • Apparently, the equilibrium spectrum of the 
large -scale hydromagnetic turbulence, corresponding 
to a time-invariant energy flux in the wave-number 
space, is of the form dh2/dk co k-2 , and the spectrum II 
of Fig. 1 in the long-wave region has not yet time to as­
sume its form, and retains its initial form. If the flare 
occurs at an instant when a pulsation spectrum of the 
type II is present, then the diffusion wave of the low­
energy particles will be strongly stretched in time 
compared with the typical cases. 

B. Acceleration in the interplanetary medium. The 
presence of turbulence in the solar wind should lead to 
particle acceleration. 

At solar-wind velocities U ~ (3 -4) x 107 em/sec and 
at large -scale inhomogeneity dimensions 5 x 1012 em 
near the earth's orbit, the spectrum of the turbulence 
and the average field can be regarded as stationary 
during the time T ~ (1-2) x 105 sec. If dh2/dk = Ak-2 , 

1>In the experiment, the time dependence ofh2 is measured and the 
frequency spectrum dh2 /df is plotted, where f = (k/21T)(U + u), 
u- 5 X 106 em/sec is the Alfven velocity, U = 3 X 107 em/sec is the 
velocity of the solar wind, and f is the Doppler frequency. 
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S(E). cm-2 sec-• 

to' 

FIG. 2. 

then the parameter v0 (see Sec. 3) can be represented 
in the form v0 = Au2 t/H2 = At/4'1TMN. For A= 6x 10-22 

(spectrum I, Fig. 1) we have v0 = 106 , which is 30 times 
smaller than the velocity of the solar wind and 5 times 
smaller than the Alfven velocity (typical parameters of 
the solar wind are H = 5x 10-5 Oe, N = 5 em -3 , and 
u = 5 x 106 em). However, at larger turbulence (spec­
trum II), the acceleration becomes sufficiently effec­
tive, v0 = 108 em/sec. The spectrum of the particles 
corresponding to the parameters H = 5 X 10-5 Oe 

~ 5 ' N = 5 em and t = 2 x 10 sec and to the pulsation 
spectrum II is shown in Fig. 2 (curve 1). The calcula­
tion was made on the basis of the formulas of Sec. 3. 
The value of E is determined from the part of the spec­
trum with k"' (1-2) x 10-10 em-\ where, in accord­
ance with our assumption, E ceases to depend on k. As 
seen from the figure, the intensity of the particles with 
energies on the order of hundreds of keV are quite large 
and amount "' 104 em - 2 sec - 1 • 

A number of Soviet and American automatic stations 
revealed in 1964-1965 intensity flares of protons with 
energies "'500 keV-1 MeV, in which the fluxes in­
creased from a value corresponding to the background 
to a value "'103 em - 2 sec - 1 • [ 17 - 19 J The spectra of these 
flares turned out to be very soft. Thus, at energies 
close to 30 MeV, there are noticeable decreases in the 
intensity of the cosmic rays, by several percent, ac­
companying the flares of protons with energies "' 1 MeV. 
These decreases, as is well known, indicate the appear­
ance of a disturbed plasma ( [2Dl, Sec. 26). It can there­
fore be assumed that the flares of low -energy protons 
are connected not with acceleration on the sun, but with 
the turbulence of the interplanetary medium. 

It should be borne in mind that the experimental re­
sults presented above were obtained during years of low 
solar activity. It is possible that in maximum years 
(in the presence of powerful and frequent chromospher­
ic flares) the turbulent pulsations are sometimes much 
more powerful. In this connection we indicate that when 
the pulsation amplitudes are increased by a factor of 3 
compared with the pulsation spectrum II of Fig. 1 with­
in a time "'105 sec, the particles are accelerated to 
v0 ~ 109 • The spectrum for v0 = 109 em/sec is also 
shown in Fig. 2 (curve 2). In this case powerful streams 
of protons appear, with energies of dozens of MeV. 
Similar phenomena were observed with the aid of 
sounding balloons in 1959-1966. [15 ' 21 l Several days 
following the diffusion of proton wave of the solar flare 
(the maximum of which was observed within a few 
hours), a new maximum was produced, with a softer 

spectrum. This maximum is always connected with the 
arrival of disturbed plasma on earth. A number of dif­
ficulties that are encountered when attempts are made 
to explain this effect as being due to acceleration on the 
sun were indicated in [22 l • It is probable that these ef­
fects are cases of the most powerful turbulent accelera­
tion in interplanetary medium. 

6. CONCLUSION 

The foregoing investigation shows that in the case of 
large -scale hydromagnetic turbulence in a collisional 
plasma there occurs acceleration of a small fraction of 
particles to high energies. In spite of a certain indeter­
minacy in certain characteristics of the turbulence, the 
theory makes it possible to explain a number of ef­
fects connected with turbulent acceleration. In particu­
lar, an analysis of different phenomena on the basis of 
the present theory leads to an important conclusion 
concerning the form of the equilibrium spectrum of such 
a turbulence; this conclusion is confirmed by direct 
measurements. 

In conclusion, I take this opportunity to express sin­
cere gratitude to S. N. Vernov, B. B. Kadomtsev, and 
L. I. Rudakov for a number of valuable remarks. 
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