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The relation between field theories for which the operators can be expressed in terms of each other in a 
one-to-one manner is discussed. In the framework of the Wightman axiomatic approach such theories 
are described by Wightman functionals related by an automorphism: W = W7 , where WT(a) = W(T-1 a) 
(a is an arbitrary element of the field algebra A, T is a fixed automorphism of A). It is shown that in 
spite of their outward differences such theories can always be interpreted as different versions of the 
description of the same physical system. The symmetry groups of WT and W are outwardly different, 
but realize unitarily equivalent representations of the same abstract symmetry group. Arguments are 
presented in favor of the assertion that in scattering theory the definition of the Hamiltonian, as a func
tion of the creation and annihilation operators, determines uniquely the representation of these latter 
operators. 

1. INTRODUCTION 

IN the usual (Lagrangian) formulation, a quantum field 
theory is defined in terms of a family of equations for 
the field operators. The concept of symmetry group of 
a given family of dynamical equations is of utmost im
portance for physics. 

In spite of the obvious importance of this concept, 
one cannot assert that there is complete clarity in the 
definition of a symmetry group, as well as in the pre
scription for finding such groups. As a rule, considera
tions are restricted to symmetries for which the pres
ence is obvious, and the problem of finding the whole 
symmetry group of a given system is almost never 
posed. 

Consider, for instance, the usual equation describing 
a free field 

(D + m2)A1 (x) = 0. (1) 

This equation is explicitly invariant with respect to the 
Poincare group: A1(x)- A1(A - 1(x- a)), in the sense 
that the operator A1(A - 1(x- a)) is again a solution of 
the same equation. 

Let us now consider another field theory, defined by 
the equation 

(D + m2)A2 (x) = (D + m2)C(x), (2) 

where C(x) is some ordinary function (not an operator). 
This equation will not be invariant with respect to the 
translation A2(x)- A2 (x- a). The question naturally 
arises: does Eq. (2) indeed exhibit a lower symmetry, 
and should one interpret the theory defined by (2) as 
not being invariant with respect to the Poincare group? 

The purpose of the present paper is to prove the 
equivalence of the theories defined by Eqs. (1) and (2). 
Moreover: the symmetry group of (2) is isomorphic to 
the symmetry group of (1), i.e., in going over from (1) 
to (2) no reduction of the symmetry occurs. The theo
ries corresponding to Eqs. (1) and (2) can always be in
terpreted as different versions of the description of the 
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same physical system, although such an interpretation 
is not unique. 

The domain of applicability of this result is not re
stricted to the given example. A similar assertion holds 
for two arbitrary theories for which the field operators 
can be expressed in terms of each other. In the example 
under consideration this relation is of the form A2 (x) 
= A1 (x) + C(x). Such a relation allows for a clear mathe
matical characterization within the framework of repre
sentation theory of the field algebra. It turns out that 
such theories correspond to representations which are 
related by an automorphism. We shall use this term in 
the sequel. 

First of all it is necessary to define precisely the 
concept of symmetry group. 

2. THE SYMMETRY GROUP OF A PHYSICAL 
SYSTEM 

We call symmetry group of a given system of dynam
ical equations the group of transformations of the field 
operators which transforms a solution into a solution. 
Thus, the transformation A1 (x)- A1(x- a) is an ele
ment of the symmetry group of Eq. (1). The vagueness 
of this definition consists only in the absence of a com
plete characterization of the class of transformations of 
the field operators within which one looks for transfor
mations which map solutions into solutions. 

In what follows we shall make use of the formalism 
of axiomatic field theory. In this case considerations of 
mathematical rigor do not clash with the requirement 
of simplicity: the Wightman axiomatic approach is not 
only rigorous, but also the simplest and most intuitive 
formalism for the description of symmetry in quantum 
field theory. 

Before formulating symmetry problems within the 
axiomatic framework we make three general remarks. 

Firstly, the physical meaning of the results that will 
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be obtained is completely transparent, and the results 
can be easily translated into any other form of descrip
tion of quantum field theory (in particular, into the La
grangian formalism). 

Secondly, these results extend automatically to any 
scheme in which the physical theory is defined by 
means of a representation of a given abstract *-algebra 
(e.g., the Haag approachl1l). 

Thirdly, we shall discuss our scheme on the exam
ple of a single scalar field, but all results can be di
rectly extended to the case of an arbitrary number of 
fields with arbitrary spins. 

In the Wightman formalism a theory is defined not in 
terms of its Lagrangian, or in terms of the equations 
derived from it, but in terms of the vacuum expectation 
values of the Heisenberg field operators (Wightman 
functions) 

W,(x, ... xn) = <OIA(x,) ... A(xn)IO>. 

The concept of field algebra is of utmost importance 
(the algebra will be denoted by A, its elements by a, b, 
••• ). An element of A is a terminating chain of func
tions: 

If the field theory is fixed, then the element a E A 
can be put in correspondence with the operator: 

r(a)= ~ ~ ... ~ dx1 ••• dxkak(x1 ••• xk)A(x1) ••• A(xi<), 
k 

operating on the Hilbert space of the given theory (here 
A(x) is the field operator). The multiplication and invo
lution in A can be selected in such a manner that the 
totality R(A) of operators r(a) forms a symmetric rep
resentation of the algebra A. The rules for multiplica
tion and involution are given by the equations: 

(ab)n(x, ... Xn) = ~ a,(x1 ••• xk)bn-k(xk+i· .. Xn), 
k=O 

Under these conditions any field theory is automatically 
a representation of the algebra A by means of opera
tors in a Hilbert space: r(ab) = r(a) · r(b), r(a)+ = r(a+ ). 

The chain of Wightman functions can be considered 
as a single functional on A: 

W(a)= ~~ ... ~dx1 ••• dx,W,(x1 ••• x,)a•(x1 ••• x.). 

Wightmanl2l has shown that a given representation (i.e., 
a field A(x)) can be completely reconstructed from the 
functional W (in mathematics this is the well-known 
Gel'fand-Naimark-Segal construction). 

The operators of the representation R(A) are de
fined in H on a dense subspace L, consisting of the 
vectors ljJ (a) = r(a) I 0), where I 0) denotes the vacuum 
vector of the theory. The functional W defines the in
ner product in H: 

('IJ(a), ¢(b)>= W(a+b). 

The consideration of symmetry starts with a discus
sion of the automorphisms of A. An automorphism is 
an arbitrary bijective mapping of A onto itself, pre
serving the algebraic relations (including involution, 

i.e., only *-automorphisms are considered): 

-r(i~.,a + l.2b)= 1.,-ra + l.2-rb, -r(ab) = -ra·-rb, -ra+ = (-ra)+. 

The relation between automorphisms and symmetries 
will become evident if one notes that automorphisms of 
A generate the various transformations of the field 
operators. 

Consider, for example, the translation group. It is 
easy to construct a group of automorphisms which im
plements a representation of the translation group: 

where a denotes the translation vector. The corre
sponding transformation of the field operator can be 
found from the relation 

r(-r-'a)= ~ ~ ... ~ dx1 ••• dx,(r1a),(x1 ••• x.)A(x1) ••• A(x•) 
k 

·= ~~ ... ~ dx1 ••• dx•a•(x1 ••• x,)A,(x1 ) ••• A,(x,). (3) 
k 

For the translations we obtain 

A,,.(x)= A(x- a). 

In this manner it is easy to construct the automor
phisms which correspond to the classical symmetries: 
the Poincare group, gauge groups, internal symmetries 
like the isospin (of course, the majority of these sym
metries cannot be discussed in terms of a single scalar 
field, but the generalization is trivial: it suffices to 
equip the field operator in the function ak(X1 ••• xk) with 
the appropriate indices). 

However, the group of automorphisms of A is con
siderably richer than the group formed by these "clas
sical" automorphisms. For example, one could con
struct an automorphism corresponding to the addition 
of a function C(x) to the field operator: Ar(x) = A(x) 
+ C(x). Such an automorphism looks fairly complicated, 
but can be constructed on the basis of (3). There also 
exists a multitude of other automorphisms, the relation 
of which to physical symmetries is not obvious. Prac
tically always when two field theories are described hy 
field operators A1 (x) and Aa(x) acting on the same Hil
bert space and admitting a unique expression in terms 
of each other, one can construct an automorphism T 

such that A2 (x) = (A1}r (x). In this language one can re
formulate, in particular, the linear canonical transfor
mations to which creation and annihilation operators 
are subjected (as well as polynomial relations, under 
the condition that the equations are uniquely solvable 
each way). 

We can now give an exact definition of a symmetry 
group of a physical theory. 

We shall call symmetry group of the theory defined 
by the functional W the group of all automorphisms 
which leave the functional W invariant: W(ra) = W(a). 

In terms of the dynamical equations this will be a 
collection of transformations of field operators, corre
sponding to the automorphisms which map solutions of 
the equations into other solutions. In this manner we 
fix the class of those transformations of field operators, 
in which the symmetry is sought. 

This definition is based upon the following reasoning: 
to each automorphism from the symmetry group of W, 
no matter how strange it looks, there corresponds a 



598 A. N. VASIL'EV 

unitary operator UT 1/J(a) = 1/J( Ta) in the Hilbert space of 
the representation, a fact which is easily verified. The 
collection of these unitary operators form a group, 
which leaves all inner products invariant, and the part 
of the group which commutes with the Hamiltonian rep
resents the symmetries which really manifest them
selves in experiments. 

We make more precise the type of relation among 
the theories which will be considered. Let W denote 
the functional which defines the first theory. From this 
theory one can derive a whole series of other series, 
by replacing the field A(x) with the field AT (x), where 
T is a fixed automorphism of A. In terms of the Wight
man functional this means going over from the repre
sentation defined by W to the representation corre
sponding to the functional W T : 

W, (a) = W (;-1a). 

3. THE RELATION BETWEEN THE REPRESEN
TATIONS W AND WT 

Thus, let there be given two functionals W and WT 
related by a fixed automorphism T of A: W T (a) = 

W(T- 1 a). These functionals define representations R(A) 
and Rr(A) of the original *-algebra A in the Hilbert 
spaces H and Hr- The operators of R(A) are defined 
in H on a common dense domain L, formed by the vee·
tors 1jJ (a), and the operators of R T (A) are defined in 
HT on the elements 1/JT(a) of the dense domain LT. We 
define a mapping V T of L into L T in the following 
manner: VT1/J (a) = 1/JT( Ta). It is easy to see that VT is 
an isometry. Indeed 

<V,IjJ(a), V,ljJ(b)) = (ljJ,(;a), ljJ,(;b)) 
= W,((;a)+.;b) = W,(;(a+b)) = W(a+b) 

= (ljJ(a), ljJ(b)) 

(here we have made use of the definitions of the inner 
products in H and HT, of the relation between W and 
WT, and of the fact that T is an automorphism). The 
operator VT which initially maps L into LT be ex
tended by continuity to an isometric operator which 
maps H into H T' 

We now find the relation between the algebras R(A) 
and RT(A): 

r,(;a)ljJ,(b) = ljJ,((•a) ·b)= V,.p(a(o-1b)) 
= V,r(a)IJJ (r1b) = V,r(a) V,-11jJ,(b). 

Since b is arbitrary, it follows that 

r,(;a) = V,r(a) V,-'. 

Without loss of generality one can inject the space HT 
into H by means of the isometry VT; we then obtain 
the relation between R(A) and RT(A) described by 
Eq.((3) (the injection' identifies the vacuum vectors of 
the two spaces, since IO) = 1/J(l) and VT1j!(l) = 1/JT{l)). 
If the algebra R(A) contains the mathematical represen -· 
tatives r(ai) of some observables, then in R(A) the 
mathematical representatives of the same observables 
should be identified as the operators rT (Tai). 

It remains to discuss the connections between the 
symmetries of the representations R(A) and R T(A). 

Let R(A) possess a symmetry group G. This means 
that there exists a group G of automorphisms of A, 
which is a representation of the abstract group G, such 

that the functional W is invariant with respect to G: 
W(ga) = W(a), g E G. In the Hilbert space H the sym
metry group G (and consequently also G) is represen
ted by the group of unitary operators U(g): 

U(g)ljJ(a) = ljJ(ga). 

If the automorphism T does not commute with the 
automorphisms in G, the functional W T is not invariant 
with respect to G. But this does not mean that W T is 
less symmetric than W. It is easy to note that WT is 
invariant with respect to the group GT = TGT - 1 • Indeed, 

W,(;g;-1a) = W(g;- 1a) = W,(a). 

This implies that in the space H T (or in H, if one uses 
the injection) there exists a group of unitary operators 
U T(g): 

U,(g)ljJ,(a) = ljJ,(;g;-la), 

which is a representation of the automorphism group 
GT. 

The groups GT and G are isomorphic and are equal
ly well qualified as representations of the same symme
try group G. In the same manner the unitary groups 
{U(g)} in H, and {U T(g)} in H are representations of 
G. It is easy to establish that these representations are 
unitarily equivalent: 

' U,(g) = V,U(g) v,-1 

(and if one makes use of the injection, they can be iden
tified). 

Thus, in spite of the external distinction between the 
symmetries of W and WT, these functionals implement 
unitarily equivalent representations of the same group 
G. 

As an example we consider the translation group. 
Usually the group of automorphisms which represents 
the translations is the following: A(x)- A(x- Cl') (in 
terms of the corresponding transformations of the field 
operator). A theory is considered translation-invariant 
if there exists a unitary group U Ql, such that 

A(x- a)= Uo:A(x)Uo:-1• 

From this point of view the field A'(x) = A(x) + C(x) 
(C(x) is a nonconstant function) is not translation-invar
iant. Moreover, the automorphism A'(x)- A'(x- Cl') 
does not reduce to a unitary similarity transformation. 
Instead there exists the automorphism 

A'(x) -+A'(x- a)- C(x- a)+ C(x), 

which realizes a representation of the same translation 
group, and 

A'(x-a) -C(x-a) +C(x) = Uo:A'(x)Ua-'. 

(This automorphism was obtained according to the gen
eral rule TgT-\ where g is the automorphism corre
sponding to the translation, and T is the automorphism 
corresponding to the addition of the function C (x) to the 
field.) The field A' (x) is invariant with respect to this 
new automorphism, in the same manner as the field 
A(x) is invariant with respect to the old automorphism. 
And in this sense both fields are equally invariant with 
respect to the translation group. 

In conclusion it should be stressed that the physical 
equivalence of the theories W and W T should in no 
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case be understood as the invariance of the theory with 
respect to the automorphism T. The relation between 
these two concepts reminds one of the relation between 
concepts of covariance and invariance of an equation. 

Note. The preceding reasoning is easily extended to 
the case of an arbitrary isomorphism of representa
tions. Let R(A) and R' (A) be isomorphic representa
tions with kernels M and M', respectively. This means 
that there is a mapping T of R(A) into R'(A): Tr(a) 
= r'(~), which implements this isomorphism. The 
functional W allows us to construct the functional WT: 

WT(Tr(a)) = W(r(a)) 

(this notation takes into account the fact that the func -
tionals W and WT are defined essentially on the quo
tient algebras A/M and A/M', respectively. The proof 
of the equivalence of W and WT does not differ from 
the preceding proof. Therefore the problem of compar
ing arbitrary isomorphic representations of W and W' 
can always be reduced to the comparison of WT and W', 
which have the same kernel. 

4. REPRESENTATIONS OF THE CANONICAL 
COMMUTATION RELATIONS 

The preceding discussion referred to the case when 
the representation R(A) completely determines the 
physical theory. This is true for the axioms of quantum 
field theory. 

The representation theory of the canonical commuta
tion relations is not of this type. In this case, in order 
to determine a physical theory it is necessary to speci
fy, in addition to the representation of the creation and 
annihilation operators a and a+, also the expressions 
of the operators describing the dynamical quantities in 
terms of a and a+. The physical contents of theories 
corresponding to different representations of a and a+ 
can be compared only if there is given a unique pre
scription for writing down these expressions for any 
representation of a, a+. The following can be adopted 
as one of these prescriptions: the total Hamiltonian of the 
the system is the same function of a and a+ in any of 
their representations. 

Consider, for example, nonrelativistic scattering 
theory. Then 

Ho= ~dppoa+(p)a(p), Po=p2/2m, 

H;n=g )ndp,dP2dqa+(P•+ ~)a+(P2- ~) 

X V(q)a(p,- ~)a(P2+ ~). 
Usually one adopts for a and a+ the Fock representa
tion: a(p) = a(p) and a +(p) = a+(p) (here and in the se
quel a and a+ denote the Fock representation creation 
and annihilation operators). There exists a vector ci>0 

such that a(p) ci>0 = 0, and the vectors a+(p) ci>0 , a+(p) 
x a+(p2 )of.>0 , etc. are interpreted as one-particle, two
particle, etc. states. Theinvar~nce of the H_amiltonian 
under the transformation a- e10 a, a+- e-10 a+ cor
responds to particle -number conservation. 

Let us assume now that a non-Fock representation 
has been selected for the a and a+. For definiteness 
let us take the case when the a and a+ are obtained 
from the Fock-representation operators a and a+ by 
means of a Bogolyubov transformation: 

a(p) = i.1(p)a(p) + /..2(p)a+(-p), (4) 
a+(p) = 1..1 (p)a+(p) + /..2(p)a(-p); 

A 1 2 are ordinary functions, such that A 1 2 (p) 
= {1 2(-p), IA1 (p)l2 -l;\2(p)l2 = 1. ' 

If one defines one-particle, two-particle, etc., states 
as before by a+(p) ci>0 , a+(p1) a+(p2) ci>0 ... , the Hamilton
ian H' expressed in terms of the a and a+ (H'(a, a+) 
= H(a, a+)) describes a theory without particle number 
conservation, since this Hamilto.nian is not in_variant 
under the transformation a- e10 a, a+- e-10 a+. 

The preceding reasoning is incorrect for three rea
sons. 

Firstly, it should not be forgotten that the operators 
a and a+ are essentially operator-valued distributions, 
i.e., in any representation only the smeared-out opera
tors J dp f(p) a(p) are meaningful, for sufficiently 
smooth f. The correctness of expressions of the form 
J dp p0 a +(p) a(p) depends on the representation chosen 
for a and a+. 

It is easy to see that such an operator is well-defined 
only for the Fock representation. If one expresses a 
and a+ in terms of a and a+ by means of Eqs. (4), 
there appear additional terms of the form 

~ dppol..i(P)~(P)a+(p)a+(-p), 

S' dppoji..2(P) l2a(p)a+(p), 

which are meaningless as operators. This incorrect
ness cannot be removed by a simple normalization 
(i.e., by removing o (0) J dp p0 I ;\2 (p) 12 ) since this leaves 
an incorrect expression, containing the product of two 
creation operators (and its adjoint). Consequently, the 
transition to another representation of a and a+ neces
sitates additional justification, of the type of a renor
malization of some incorrect (meaningless) expressions 
which are obtained, and any assertions about symmetry 
are meaningful only for the renormalized Hamiltonian 
(if the Hamiltonian can be at all reasonably renormal
ized). 

Secondly, there exists a simple consideration which 
strongly restricts the selection of a representation: the 
interaction Hamiltonian must not contain terms describ
ing transitions of two, three, or more particles into the 
vacuum. For Hamiltonians which are polynomials in the 
creation and annihilation operators this consideration 
determines the representation uniquely. 

The first objection could be dropped on the basis of 
its "unphysical" character; the second one can be re
moved if one refuses to interpret a+(p)ci>o, a+(pl) a+(pJci>o, 
etc. as one-particle, two-particle, etc., states. But then 
one can raise a third objection, directly related to the 
discussion in the preceding section. 

Let H be expressed in terms of a and a+, for which 
the representation is not specified. We assume that H 
is invariant under a group G of transformations of a 
and a+. Then the generators Ji of this symmetry group 
can be expressed in the standard fashion in terms of the 
a and a+. These expressions will be of the same kind as 
the expression of H and will commute with the latter. 
In addition they form the Lie algebra of the group G. It 
should be stressed that all commutation relations de
pend only on the form of H and Ji (i.e., essentially they 
depend only on H), but not on the representation chosen 
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for a and a+ (since the commutation relations of a and 
a+ are the same in any representation). 

Let us assume that all generators Ji are correct 
(i.e., meaningful) in any representation (their incorrect
ness is of the same nature as the one of H). Then one 
can assert that for any representation of a and a+ the 
physical theory possesses a symmetry group for which 
the Lie algebra does not depend on the representation. 

It is easy to observe that the modification obtained 
in going over from one representation to the other is 
the following. In changing representation the expres
sions a and a+ in terms of the Fock operators a and 
a+ are changed, and therefore the expression of the . 
Hamiltonian in terms of the Fock operators changes 1ts 
form: H'(a, a+)= H(a, a+) where H' is representation
dependent. Together with the form of H' the expression 
of its symmetry group in terms of the Fock operators 
changes (i.e., of the transformations of a and a+ 
which leave H' invariant). This situation is completely 
analogous to the one discussed in the preceding sec
tion. The symmetry groups of H' in different represen
tations differ in their external form, but they are iso
morphic and their unitary representations are equiva
lent, i.e., they realize the unitary representations of 
the same abstract group G. 

We now discuss the interpretation of this symmetry. 
In scattering theory, where one deals with the vacu

um, one-particle, two-particle, etc., states, the only 
creation and annihilation operators can be the Fock 
operators a and a+. The symmetries which are ob
served in scattering are always related to the conser
vation of particle quantum numbers. To symmetries of 
this kind there corresponds the invariance of the Ham
iltonian with respect to well defined transformations of 
the Fock operators. 

It has been shown that under a change of represen
tation only the external form of the invariance group of 
the Hamiltonian changes, as expressed in terms of the 
Fock operators. Let us assume that there exists a rep
resentation such that all the elements of the symmetry 
group have the form of transformations related to the 
ordinary conservation laws for some quantum numbers. 
Such a representation is optimal. Indeed, for any other 
representation a part of the usual symmetries is vio
lated, but new ones appear, having the same Lie alge
bra. The nature of such symmetries is completely un
explainable, to say nothing of the fact that they do not 

show up in experiments. Thus the requirement of the 
"usualness" of the symmetries also leads for a given 
H to a selection of the representation of the a and a+. 

One arrives at the same representation by a direct 
identification of the generators Ji with conserved ob
servables (this identification is representation -inde
pendent, starting from the Lie-algebra). 

5. CONCLUSION 

The main conclusion of the present paper is the fol
lowing: one should not identify an abstract symmetry 
group of a given physical system with a concrete group 
of automorphisms which represents it. From the prac
tical point of view two conclusions are important. 

1. If a field theory is given in such a manner that 
the Wightman functions are not invariant with respect 
to some group of automorphisms, this does not neces
sarily mean that the symmetry, which was traditionally 
associated with this automorphism, is absent. It is pos
sible that there exists a group of automorphisms which 
differs from the traditional one, but represents the 
same symmetry and leaves the Wightman functional 
invariant. 

2. Attempts to obtain a theory which violates a cer
tain symmetry by means of a transition to another rep
resentation RT (A) by means of an automorphism which 
does not commute with the symmetries form the auto
morphism group of R(A) are useless (in other words, 
it is of no use to replace the field by a new field AT(x) 
which is one-to-one correspondence with the original 
field). In reality no restriction of the symmetry group 
occurs, but the group of automorphisms which repre
sents it is replaced by another. Therefore the symme
try breaking in the theory described by RT(A) is purely 
external. 
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