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An exact solution of the equations of GTR is presented for a special case of an axially symmetric gravi
tational field. Its connection with the well known solutions of Schwarzschild, Einstein, and de Sitter is 
shown; expressions are given for the proper pressure Po and density Poo and for the dependence of the 
Gaussian curvature on Po, Poo· 

WE have found an exact solution of the equations of 
gravitation for a special case of static axial symmetry 
of the field, which is an extension of the well known in
ternal solution of Schwarzschild. [l] 

The explicit form of this solution in the "polar" co
ordinate system r2 ' 3J r, J, cp, Tis 

ds' = - 1 { dr' + r2 (dtP + sin2 ~dqJ2 ) 
[a+~ (1- r2/R") 'I•]' 1- r'/R2 

-['I']+ y(1- r2/R2 ) 'f, + 1\r cos ~)2 d,;' }, 
( 1) 

where a, (3, y, 6, 7], Co ~ R-2 are arbitrary constants of 
integration, whose physical meaning can be found by 
going to the limit and connecting the internal and ex
ternal solutions for a concrete axially symmetric prob
lem. 

As for the coordinate system r, J, cp, T, it is as
sumed that r ~ 0 is the axis of symmetry of the distri
bution of matter, Tis the timelike coordinate, and cp is 
an angle coordinate, 0 5 cp 5 2rr. The axial character 
of the solution is connected with the presence of the 
constant of integration 6 in Eq. ( 1). 

For certain values of the constants of integration the 
solution ( 1) goes over into previously known solutions 
for a gravitational field with spherical symmetry. For 
a ~ 1, (3 ~ 6 ~ 0 we get the well known internal solution 
of Schwarzschild: 

ds2 =- dr' r2 (d'ii2 +sin2 ~dq>2)+['l+Y(1-r'/R2)''•)'dT2• (2) 
1- r'/R2 

For a ~ 7J ~ 1, (3 ~ 6 ~ y ~ 0 we get the expression for 
the Einstein line element: 

dr' 
ds' = - r' ( dtt2 + sin2 ~dq>2 ) + d,;2• 

1-r2/R2 

( 3) 

Finally, for a~ y ~ 1, (3 ~ 7J ~ () ~ 0 we get the de Sitter 
line element: 

ds'=- dr' r'(d~2 +sin2 ~dq>2)+(1-r2/R2)dT2 • (4) 
1- r2/R2 

Comparing the solutions (2) -( 4) with ( 1), we can con
elude that with the least restrictions on the constants of 
integration the solution ( 1) generalizes the internal 
Schwarzschild solution (2) to the case of static axial 
symmetry of the field. 

We remark that the solution (1) was found by us with 
the so-called g-method approach to the equations of 
GTR. [4J This method for solving the solutions of GTR 
agrees in feneral principle with the method of 
Tolman, [s and also with the method of formulation of 
the solution of internal problems as given by Fock. [sJ 

After lengthy calculations the corresponding expres
sions for the proper pressure po and density Poo in the 
model with the metric (1) take the forms 

1 
S:rtpo =- Rz(a2 - ~2 ) 

2 { (ay- ~'1)[~ + a(i- r'/R2)'i•] + 1\rcos ~} 
- fi2 ['I']+ y(1-r2/R2) 'f, + 1\rcos~] +A, 

3 
S:rtpoo = Ji2 ( a 2 - ~ 2)- A. ( 5) 

Without giving a detailed analysis of these formulas, 
we point out only one interesting case of a distribution 
of density and pressure: if 0! 2 - {3 2 ~ 0, then Poo ~ 0 (for 
A ~ O), Po ;.< 0. 

We shall give the expressions for some geometric 
invariants for the metric ( 1). 

Following Eddington, l 2l we write the invariant 

' ~·· 3 { R0 =R~,.R, =w(a2 -~2) 2 + (ay-~'l'J)[~+a(1-r2/R2 )''•l 

+ (a2 - ~2 ) 1\rcos ~} 2 + {[a+ ~(1- r2/R2) '/.) + 2} 2 

X R-'['l+v(1-r2/R2)'h)+brcos~)-'. 
( 6) 

The invariant G ~ GfJ. 11gfl 11 (the Gaussian curvature) for 
the metric ( 1) is of the form 

6 
G = Rz(a2 - ~2) 

+~ { (ay- ~'I'])[~+ a(1- r2/R2 ) ''•) +(a2 - ~ 2 ) 1\rcos ~ ~ 
R2 ['I']+ y(1- r2/R2 ) •t, + 1\rcos ~] J 

or when we use the expressions ( 5) for Po and Poo, 

G = -S:rt (3po- Pool+ 4A. 

( 7) 

(8) 

We point out that in the model filled only with iso
tropic radiation Po ~ Poo/3 and therefore G ~ 4A, i.e., 
for A- 0 we have G- 0, although the curvature com
ponents R~ 11a do not go to zero. 

Finally we note that the solution (1) belon~s to the 
type TI according to Petrov's classification. 7J 

This topic was suggested by P. K. Kobushkin, to 
whom the writer expresses his gratitude for systematic 
direction and constructive remarks. 
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