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General fluctuation theory is used to compute the intensity and energy density of radiation into
a vacuum from a semi-infinite electron plasma characterized by a non-Maxwellian particle
distribution, assuming specular reflection of the electrons from the interface.

IT is well known that the intensity of thermal radi-

ation from the surface of an absorbing medium in
thermodynamic equilibrium (into a vacuum) is
given by the Kirchhoff relation

Im=IOm(1—R(®7 ﬁ))v (1)

where Iy, is the equilibrium radiation flux at a
given temperature while R is the reflection coeffi-
cient for the energy of the unpolarized radiation
incident from vacuum on a plane surface of the
body. If the frequencies involved are not too high
(w < T/h) the situation is described by the
Rayleigh-Jeans law

Ivo = 2T /8n3c?, 2)

where T is the temperature (in energy units). 1

In a plasma (at high thermal velocities or low
densities 1/7 << T/h) there can be a long time
period in which a non-equilibrium distribution ob-
tains, in which case the Kirchhoff relation does not
hold.t?] It is then of interest to obtain certain gen-
eral relations, which characterize the radiation
from such a non-equilibrium plasma. If the parti-
cle distribution is such that the spatial dispersion
can be neglected, the Doppler effect causes the de-
pendence on the distribution function to be much
more complicated than mere replacement of T in
(2) by the mean kinetic energy of the plasma parti-
cles ~ (v?).

1. In the present work, employing the method
used for thermal equilibrium,’ 31 we solve the
problem of macroscopic electrodynamics for the
radiation of current fluctuations in a concrete non-
equilibrium medium, a plasma that occupies the
half-space z < 0. In the non-equilibrium case the
complete solution would also require the solution
of the kinetic problem. In this connection we offer
the following considerations. For reasons of sim-

plicity we assume that the plasma consists of elec-
trons with a specified stable! nonrelativistic homo-
geneous and isotropic velocity distribution and (in-
finitely heavy) fixed ions with a fixed density n.

The last assumption imposes a limitation on the
frequencies [ w > (47re2n/M)1/2]. Assuming that the
frequency and wave numbers for the radiation in
the medium are large compared with the character-
istic scale size for the distribution function

(w > 1/7, k(w) > 1/1, T is the energy relaxation
time and [ is the electron mean free path), in com-
puting the radiation we need not take account of the
evolution of the non-equilibrium distribution in
time and space and can introduce the macroscopic
tensors corresponding to this distribution. This
procedure in the semi-infinite medium also in-
volves the condition on the reflection of particles
from the interface. One can assume that the dis-
tribution function depends only on the velocity if it
is assumed that the electrons are reflected in
specular fashion from the boundary. Under these
conditions the basic assumption is the introduction
for the fluctuating currents of a dielectric tensor
and a correlation function which coincide with the
corresponding quantities for an infinite plasma.
This procedure also allows us to avoid the solution
of a boundary value problem.

Field equations. In the macroscopic approach
we introduce the extraneous density j of the ran-
dom plasma microcurrents that excite the radiation
field, assuming j = 0. Under these conditions the
mean radiated energy flux will be expressed in
terms of an average over the fluctuations (bar over
a symbol) of the quadratic quantities jj; the results
given by Kadomtsev are used for this calculation.l4]

DThe fact that the distribution is stable means that only
damped electromagnetic waves can propagate in the plasma.
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The macroscopic field equations in the plasma
are expressed as follows:t?!
oD.  4n

rotB.—=——, rotB_=—++4+—1j_,

cot”’ ot ¢ 2<0.

(3)
The dependence of the electric induction D_ on E_,
as well as the correlation function for the fluctu-
ating currents j_j_ in the half-space z <0 must

be determined from the specified electron distribu-

tion by direct solution of the kinetic equations.
These relations, together with the homogeneous
Maxwell equations in the vacuum z > 0 and the
usual boundary conditions of continuity on the
fields, form the complete system of equations for
the problem.
We now introduce the vector
E?(z2)=0(—2)E-(2) + 8(2)E-O(—z),  (4)

which coincides with the electric field in the plas-
ma at z< 0. Here, E7 = (E,, E;, —E;) is a vector
which undergoes specular reflection at the inter-
face while 6(z) is a step function (6(z) = 1, z >0;
6(z) = 0, z< 0). In similar fashion we introduce the
vectors DP and j; the magnetic induction is de-
fined by the relation

B?(z)=0(—2)B_(2)—8(z)B_(—z), (4)
in accordance with the fact that the vector B_ is
an axial vector and changes sign under reflection.
It is easy to show that the new vectors which de-
termine the field in the plasma at z <0 satisfy the
system of equations

1 6Br

rotBp = — ———|
c 0t

1 dDP (5)*

rot Br = —cb~—-+—] —28(2)[nB_], —o0 << 7z <C o0,
where n is a unit vector along the z-axis.

Thus, the problem reduces to the determination,
in an infinite plasma, of the electromagnetic field
excited by a current whose density is (cf. [ely

j——zc— 8(z)[uB_(z = 0)].
I

It is evident that, by virtue of the condition of spec-
ular reflection that has been assumed for the elec-
trons at the interface (Fig. 1), the vectors EP and
DP introduced in (4) must be related by the usual
formulas for an infinite homogeneous medium, that
is to say, we can introduce a dielectric tensor with
spatial dispersionZ) (this requires a correspond-

*inB J=nxB_.

2)We note that if spatial dispersion is taken into account
the introduction of the tensor €53(w,k) in an isotropic medium
is equivalent to the introduction of two complex scalars the
dielectric and magnetic permativities eL(m,k) and p(w,k).[%]
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FIG. 1.

......

ingly complicated calculation on the basis of the
kinetic equation, cf. % 71y,

Similarly, introducing the quantities
E(z) = 0(2) E4 (2) + 8(— 2) E4O(— 2) (6)

and analogous quantities for B, we obtain the sys-
tem
rot E = — 9B/cot,

rot B = 9E/cdt + 25 (z)[nB,], @)
— 00 <z < 00,
which determines the vacuum field for z > 0.
2. Equations (5) and (7) are solved by Fourier
transforms. We use the notation

()

Eo = @ ) S dt d3x e—iotHikx E (¢ x),

E(z)= { dkse-tneBoy. (8)

The equations (5) and (7) of the problem reduce
to algebraic equations for the Fourier amplitudes

~ 2 ~ dnio
Ao By =( 5 ap + Bty — B20us ) Bgp = =2 (a+ 10 0)),

o?
AR By = (55— 42 Jous + ks ) Bp = —
(9)
Here we have used the boundary condition on the

continuity of the tangential components of the mag-
netic induction at the interface

PB_(0)= PB(0),

where P is a projection operator, B = (By, B,, 0)
and we have used the notation

(10)

4
~2[B_(0)] = —1(0). (11)
It follows from the definition (9) that
AS 8ap — kakp 2/ w? (12)

w2/c% — k2

When the electron velocity distribution is iso-
tropic (no macroscopic currents, external fields,
etc.) the dielectric tensort®!

2 a/0
gaﬁ(m,k)=1+ﬂ%< v 0/0v

kv——z/r’f 2)> (13)
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must be symmetric[81

requirement we find
kakﬁ
k2

and from the covariance

kak
P et (w0, k), (13)

eap (0, k) = <6aﬁ - I

) &7 (w, k) +

where nf(vz) is the electron distribution function
and wf) = 4re’n/m is the plasma frequency; in this
case

dap — kakp/k?
(0%/c?)eT (0, k) — k?

kokp/ k2
(02/ ) el (0, k)

Now, the system of equations

-1
Aag =

(14)

4rti qriio

Er = — A4 ((+1(0), BE=—

AO-1.J(0) (15)

c2

and the boundary conditions

FPEP(0)= PE(0) (16)
determine the field in the vacuum as a function
of j.
The field in the plasma EP(z) is determined
from the properties of the functions
PRI o WP L S
¢ i+ mgdavm——kvh—i/t dv2*
L — Cr dav___fi_,.__d_f (17)
¢ 142 o S o —kvp—i/v d?’

where vy is the projection of the electron velocity
along the vector k while the projections vy, L Kk,
w and k are real. In the plane of (complex) k we
note that (17) determines the different analytic
branches for

®—i/t

Im =0.

Making use of analytic continuation of the function
(17) from the lower half-plane of the variable

(w —1i/7)/k to the upper half-plane, as in '%, we
find

_ ®p? A (u?)
et =14 Sfu ku— o+ i/t
uzf(uz)

L4490 §an 2120
&= ® nc ku—o+ i/t
+

Here fI(uz) = qu; dv? f(v®) while C, is the contour

(18)

that goes around the point (w —i/7)/k from above
(Fig. 2). For an entire function f(uz), the relation
in (18) determines €T and el as analytic functions
of the complex variable k = Vk} + k& + k} , which
are analytic functions of the complex variable k; in
the region bounded by the contour C (Fig. 3).
Assuming that perturbation waves can propagate
in the plasma in which, for simplicity, we only con-
sider one transverse and one longitudinal type
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(this corresponds to a single transverse kr(w) and
a single longitudinal kp(w) branch in the denomina-
tor of (14)]we find from (15)
4rio ¢ -l
= (ks et Acg (o +75(0))

—00

250, EoP(z)=

— 4? | § akoeine aZ o+ § ks e 45 15(0) ]
—Zo ¢
_ 4:::(0 [S kg etz Agp 7

8ap — krakrs/kr?
(0T /0ks) 7

+ 23’” (e—ihT3Z

19
kLockLﬁ/ ey 2 )

e—thyg?
e Lok

)75(0) -+ %23 (2)75(0) |
where T and L are the denominators of (14),

k 2,—2oT — 2
(0T /0ks)r = —= O(wieTte” (o, fr) kr),‘
'kT akT

krs Ow2c—2el(w, kL)
oL/0ks)p = — —mm———————
(OL/0ks) 1 r. . ,

kT,L = (’ﬂ, kz, k:r, Ls); kT, L3

= Vkr,1*(0) — (Pk)*

is the root with positive imaginary part, C’ is the

contour C except for the branch cut (Fig. 3), while

%! is an integral along the branch cut of the con-
tour C:

i} ko dk o

9!0451 (2) = S e e-ihz 4.0

(20)
—ioo
Correspondingly, closing the contour of integra-
tion in E(z) from below, we have

Imty

i| #x|
4 Re #;

FIG. 3.
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4rio ¢ -
230, Ea(s)= ——on \ dkse-it ASE" T5(0)
rl
driio mio koo Kop
= —— e—ihoz (6 ) ,
ko * gz )0 (21)
ko = (k1, ko, ko3), (ks = —[0?/ & —io-0— (Pk)2]",

Substituting (19) and (21) in (16) taking account
of the fact that P%71(0) - J(0) can be written

Pap— (Pk)a( Pk Pk)2 PKk)a(Pk k)2
< 8= (PK)a(Pk)p/ (. )+( Ja(P )ﬁ/(gb)>]ﬂ(0)’
A %
1 %wkd/c 1 1 ig“kd/c( ks?/ k2 (B]bk)2/lc2>
%k I % kN T L ’
(22)
we find
¢ . (Pk) o (Pk)
_§° ks P Aapjp = [[3¢< Pag _WJ
(Pk)a(Pk)p 23
-I—ﬁu————(’gﬁk)2 ]76(0), (23)
where we have used the notation
. 2 1 1
fL=—m [_(aT/aks)T T T m'%l_._] " (24

2(Pk)2/ ke
(0L/0ks) 1

[ 2k /kr*

b= — ks | 1 ]

= (8T /0ks) 1 ol oty I
Now, J(0), which determines the surface cur-

rent and, in accordance with (15), the vacuum field,

can easily be expressed in terms of j (using (23)):

gaa - g{)k [+1 gf)k gbk 2
1y =( 22T/ 71
+ TTONETWN sty o

Kadomtsev! ) (cf. also '1°1) has found the cor-
relation function for the fluctuations in the distri-
bution ¢¢ for the case of a weakly interacting
(w > 1/7) non-equilibrium gas with an isotropic
distribution function nf(v®) and an effective colli-
sion integral ¢ /7. Knowing this correlation func-
tion, one can then compute the correlation for the
surface currents W)_. Since the fluctua-
tions in the electron current density j =€ fv¢d3v,
one can easily find the Fourier amplitudes

3 TP moy? Ualg
Jalw, k)]s (m’k)—(Zn)E‘I (,,k< kv-—z/rlf(y2)>
kok
X 80— 0’)6*(k— k') =[ CT(w, k) ( dap — kzﬁ>
(26)

+ CL(w, k) Frak ]6@) ©’) 83 (k—Kk'),

k2
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where the imaginary part is computed for real w
and k. Thus

_ mﬁ)pz 1 Uk.l_z 2
CT(m’k)_W_éImkSdav—m—kyk——i/'cf(y)'
moy? U sy (27)
C (o, k) =55, Ty, § dev ol ).

The single-valued analytic continuations in the
plane of the variable k can be found by similar
expressions for (18).

Now, using (25) we have

Ja(0)Jg'* (0) = [ \%s — %93—>
+C %@] o (0 — o) (Pk — Pk) (28)
where we have introduced the notation
=TT idk 7
o o g 2210,

3. We now have the expressions required to
find the radiation intensity in the vacuum. From
the symmetry of the problem the energy flux must
be directed along normal from the interface so
that we need only compute the z-component of the
Poynting vector (averaged over the fluctuations):

Sp= —i{E(t,‘x)B(t, x) L.

4n (30)

Introduging the Fourier expansion with the ampli-
tudes Ew,k from (15) and
i [kI(0)]

KT R — oY

==X}

and going from the calculation of the integrals in
the complex plane of k3 as in (21), using (28) we
find

z2>0 Sp,= g S’dmd3k do’d?k’ exp{i(v — @)t
8n

, — - - o
ik — K)x} (BB} + (BBl = =1 0 do dks dk,

(31)
exp{i(kg3"—k03) Z}
| Kos]?

Here, as in (21)

k
iy

(kos" + Ko3) <CJ_ + G

o2 '
o — —-{?2—— im~0—(ﬂbk)2]
is expressed in terms of the branch of the root with
the positive imaginary part. With the proper choice
of sign we formally introduce an imaginary correc-
tion to the radical which leads to infinitesimally
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small damping of the wave in the vacuum. By virtue
of the factor k03 + kp3, which disappears when

w?/c? — k& — k% < 0, the contribution in S, of the
nonphysical (not wave-like) region of the varlables

o0
ks and k, disappears. Replacing f dw in (31) by

twice the integral taken over the f):)ositive frequen-
cies and introducing spherical coordinates

T
k1=?m-sinﬁcoscp, k2=2-sinﬂsin(p, Ogﬂsg,
c

2
§ ahake= § ZCcosddo, (32)

@i~ (PK)I >0 0=<9<<n/2
by definition of the spectral intensity of the radia-

tion

{do | sin®dvdelscoss,

>0  9<n/2

(33)

we find
C.

B 832
Z>O, Iy = nm(

¢t cos ¥
8n2w? A A
= To Re _i.+_3
c? A A4

+ Cjcos & >
(34)

where

100

kdk CT
T e _§w ks TT"’

CrT 2

Ar=— (Imy, €7) 7 (0T /0ks) 1

A= cosﬁ I

b

4
(6T/0lc3)T ® cos B +nT_§m ks T
Ci™ | 2hpe/kr
(Imy, 7)p (9T /0ks) 1
2(Pk)?/ke?
(0L/0ks) 1

A3=cosﬁ[—

CLt
(Img ef) L

o {00
+ o )

e ¥
—100

CL(PK)2/k2

LL* —>] ’

2(Pk)2/k2 ccos &
(9L/dks) ®

kdk ( CTkg2/ k2
ks TT*

. ®? 2k132/ kr?
(0T /0ks) r

ic0

[k <k32/k2
ks

1

gak)z/kz>|2
T L L’

144
—100

(w, k) as (Imye D),

C%‘ while T and L are defined in (19).

For the particular case of an electron distribu-
tion for which these formulas apply, namely a
Maxwell-Boltzmann equilibrium distribution, com-
parison of (17) and (27) shows that

and the quantities C% = CT

CyupTl = — Imp eprpTL (35)

®
(2m)5
Here T is the plasma temperature and in this case
(34) leads, as it should, to (1) the Kirchhoff law.
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The first term in (34) describes the contribution
of transverse electromagnetic waves in a medium
with electric vector lying in the plane of the inter-
face; the second divides into two terms correspond-
ing respectively to the contribution of the trans-
verse and longitudinal waves with electric vector
coplanar to the wave vector and the normal. Under
these conditions, in accordance with (1), the ex-
pressions in (34) and (35) yield the possibility of
determining (in thermal equilibrium) both Fresnel
(energy) reflection coefficients for transverse
waves as well as the coefficient for transformation
of longitudinal waves into transverse waves at the
boundary of a semi-infinite plasma characterized
by specular reflection of the electrons.

In completely analogous fashion we can com-
pute the mean energy density of the vacuum field.
This quantity is found to be

43
=

E? +B2

20, &(z) = do dley dks “’:/‘f

w@?/c2—( ;apk)n >0 03

x (co+cy W)+ (36)

4m8
02

Pk
do dhydie-21101= O Y

w?/c?—(°k)?<0

(€€ 520/371)

As in the equilibrium case,t3) the energy den-

sity & (z) divides into two terms. The first integral,
which is independent of z, corresponds to the en-
ergy of the transverse wave field with a spectral
density & (w, #) =I(w,#)/c; the second term corre-
sponds to the quasi-stationary field arising as a
result of total internal reflection.

Solving the problem for the case of distributions
in which we can neglect spatial dispersion [the
term kv as compared with «w in the denominators
of the integrals of (17) and (27)] i.e., in the case

T — oL —_4 op*
o7 (0) = e(o0) = 1 —— 2
CT(m)=CL(m)=—MIme(m),_ (37)

(2m)®
we easily obtain the following energy flux for the
radiation emitted from the plasma

Ve — sin2 1‘).+ cos® |2

I(0,0)= —_
2 Ve — sin2® — cos &

0Xmv?/3) (1 1

8rndc?

(38)

1y Ve — sin? ¢ + & cos l2>

2! Ve —sin2 % —ecos '

Thus, neglecting the thermal motion of the plas-
ma particles leads, as in the equilibrium case, to
the Kirchhoff formula with the replacement of the
temperature by an effective temperature (mv2/3).
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