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The bremsstrahlung process in the collision of a fast muon with an electron at rest is con
sidered. The photon spectrum is calculated for frequencies much higher than the mass of 
the electron. 

J. The emission of a photon in the collision of a 
muon with atomic electrons may give an important 
contribution to the cross section for the brems
strahlung of muons incident on atoms even when Z 
is large. We shall regard the muon as relativistic 
( E » J.1.) and consider photons with w » 1 ( ti = c 
= me = 1). In this case the electrons of the atomic 
shell can be regarded as free and at rest. 

In lowest order perturbation theory the process 
is described by two pairs of graphs (Fig. 1). De
noting the contributions of graphs I and II and the 
interference term by dae, daJ.I., and daeJ.I.• we 
write the cross section in the form 

2. Consider the contribution of the graphs I, 
corresponding to the emission of a photon by the 
electron: 

( 1) 

(2) 

where 

fa.p = 1/4 Sp(p2 + J.t)Ya.(P4 + ~-t)w. 

Na.~ =- 1/sSpOa.p(P1 + 1)0~p(pa + 1), 

0 - ~-i+1 ~+i+1 
a.p-'Ya. (p1-k)2-1YP+YP (Pa+k)2-1 'Ya.., 

and 6~ = -q~; the remaining notation is evident 
from the figure. 

In order to obtain the photon spectrum, we must 
integrate (2) over all variables except the fre
quency of the photon. It is more convenient, how
ever, to integrate over all variables and to intro
duce in the integrand an additional a-function of 
w - kpl> which fixes the frequency in the rest 
system of the electron (lab. system). This allows 
us to do the integrations in manifestly covariant 

form and to include one by one the contributions 
from the different parts of the graphs. This ap
proach has been proposed by Ba'ier and one of the 
authors. [t J 

We integrate first over the momenta of the 
electron and the photon. The tensor 

r dps dk (3) 
Ta.p= J Na.p-0 -k0 6(q1+P1-Pa-k)ll(w-(kp1)) 

Pa 

is symmetric and depends only on the vectors q1 

and p1• In general this tensor is determined by 
four scalar functions. The condition of gauge in
variance ( Ta.{3 c:/l = 0) reduces the number of in
dependent functions to two, and the tensor T a.f:J 
can be expressed through Ta.{3 ga.f:J and Ta.f:JP?P~: 

1'a.fl = TpPFta.P + TpaptPPtaF2a.[h (4) 

where 

X ( ~ p1a.p1f3 + q1a.q1fl + q1a.P1~ + P1a.q1~ \] . 
( q1P1) 2 .112 ( q1pi) ) 

Contracting Na.{3 with ga.f3 and pf¥ p~ and tak
ing the trace, we obtain 

Xt 1 ( .112 ) -Nu.a.=~+-(1-2w) 1--
w w2 2 

94S 
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(5) 

where 

Xt = (kpa) = (qpt) -/112 I 2. 

When we integrate (3) with contracted tensors, 
we take Ng and Na{j P? pf outside the integral, 
since the 6-functions in (3) fix the values of Kt 

and w. The integrals can then be easily calculated: 

Ta.a. = 2nNa.a.[f..t2 + (xt + L\~2/2) 2]-'1•, 

Ta.~Pta.Pt~ = 2nNa.~P1a.Pt~[11t2 + (xt + 11t2/2) 2]-'l•. 

Multiplying the tensors fa{3 and Ta{3• we write 
the cross section in the following form: 

~~ = 2~2 ~ dx~~1zlf..t2 + (xt + 1182)2]-'" 

X {-Na.a.[ 1112- 2!-tz + f..tz + (xt/1 ~ 11N2)2 

X ( 2E2 - 2 ( xt +"" 12 ) E - ~)] 
\ \ 2 2 

N ~ f..t2 
+ a.~Pta.Pt f..t2 + (xt + 11N2)2 

[( ( f..t2) A12) 3/112 
x 2E2-2 ,xt+2 E-2 f..t2+(xt+l182)2 

+ /112- 2!-t2]}. (6) 

where E = ( PtP2) and p = ..J ( PtP2 )2 - JJ.2 are the 
initial energy and momentum of the muon. Here 
we have made the substitution 

dp, 1 
- =- dA12dxtd!p 
p~,.o 2p 

and integrated over the azimuthal angle cp • 
The region of integration in the plane ( .Af, Kt) 

is given by the equation 

a: xt2{2ro -1)- 2x1ro (ro -1- "";2 )- ro2 = 0, 

At• 
b : Xt2!-t2 + XtAt2(!-t2 +E)+ 4 (!J.2 + 2E + 1) -f..12p2 = 0 

and is illustrated in Fig. 2. The limiting values of 
D.f and Kt have a different form, depending on the 

p~P• P• 
q, 

e Pt K PJ 

p;J;;' p q, 

e p, P1 
I K 

p~ 
_L 

e Pt Pa 

·::t 
e p, PJ 

n 

p 

FIG. 1. FIG. 2. 

relation between the frequency w and the charac
teristic frequency w* = ( E - JJ.)/E + p + 1. If 
w = w*, the upper branch of the curve a touches 
the curve b in the point P. If w > w*, it lies be
low. Figure 2 refers to the case w < w*. If a 
photon with the maximal frequency Wmax 
= ( E - JJ.)/E - p + 1 is emitted, the lower branch 
of the curve a touches the curve b in the point 
P, and the area of the dashed region vanishes. 

In the region of frequencies w « w* the cross 
section drr e can be written in the form of a pro
duct of the cross section for the elastic scattering 
of the muon by the electron and the probability for 
emission of a classical photon, which is equal to 

( Pta. Paa. )2 dk 
dw(k)= e~\ (kPt) -(kp-;} 2(2n)ako. 

For relativistic muons w* f'::i % independently of 
E, and the region where the classical approxima
tion is valid encloses a very narrow portion of the 
spectrum. In the following we shall not consider 
this region. 

3. The remaining double integration in (6) is 
difficult to carry out, but in the physically most 
interesting case of relativistic muons and fre
quencies large compared to the mass of the elec
tron the calculations can be carried to the end. 

In the region of frequencies Wmax 
- w » wmax:JJ./E we obtain the following result: 

~ dcre _ 2 ( 1 _!.__)[ ~+_!_(~+xo\- 1 + 1] 
a3 dx - Xo 3x2 x 6xo J 6xo2 2 

Xln 2E(xo -x) [_!_ (__!_ + 1 )- _1 __ ~] ln 1-x 
!J.Xo x 2xo xo 2 1 - Xo 

- [~ (-1 -xo)+2_-~-~-~(-1 -1)] 
x Xo xo2 xo 2 x0 3xo2 

Xo 1 xo ( 1 ) X ln---ln-ln6- 1+--
x XXo X XXO 

X (~lnxxoln~ + f{xo)- f(x))- ( 1 +~) 
2 X X~ 

X ( t( ~ ) - t(; ) +In~ ln2E)- ( 1- ~ ) 

X [~ +__!_ (..!..+ 1 + 3xo) _ _!_(~-~)] (7) 
~x2 x 3xo Xo 3xo 2 

Here 
2E 

6=-2' 
!J. 

6 roma:x: 
Xo=---~--

1 +6 E • 

and f ( x) is the Spence function 

Slnl1-zl 
f(x) =- dz. 

0 z 
In the limiting case w « Wmax• expression (7) 

simplifies greatly: 
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.!__ iCJe =~(In 2E _ .!._) 
a3 dx 3x2 f.A. 2 · 

(8) 

We see that dae I dx decreases rapidly with in
creasing frequency. This result is easy to under
stand qualitatively, if we consider the process in 
the c.m.s. of the electron and the muon. The elec
tron in the c.m.s. will be relativistic since 
E » J.L; the muon will be relativistic for ~ » 1 
and nonrelativistic for ~ « 1. In the c.m.s. the 
electron radiates mainly in the direction of its 
motion into a small angle with opening ~ 1/'E. The 
photons with the maximal energy, which are 
emitted in the direction of the momentum of the 
electron in the c.m.s., have the energy w* f':J '12 
in the lab. system. Therefore, only those photons 
make a contribution to the cross section for 
w » 1 which are emitted into large angles in the 
c.m.s. 

If w » 1, the Weizsiicker-Williams method is 
not applicable to the calculation of dae, since 
large momentum transfers are important 
( .c:l~in f':j w ), and the estimates obtained by this 
method [2•3] are inaccurate. An analogous result 
is obtained when the colliding particles have equal 
massY] 

Formula (7) does not apply to the interval of 
frequencies some hundred Mev at the end of the 
spectrum; the calculations for these frequencies 
have been carried out separately. 

In the region of frequencies Wmax- w « Wmax 
( 1 - wmax/E) the cross section has the form 

E dcre 1 --= -[(x0 -.x) ln «p- r], (9) 
a3 dx Xo 

where 

E 
«p =- (x0 - x + r), r = [(x0 - x) 2 - x02f.A.2fE2]'f•. 

f.A.Xo 

In the intermediate region 

Wmaxf.A./E ~ Wmax- W ~ Wmax(1- Wmax/E) 

the expressions (7) and (9) go over into each other. 
4. Consider now the contribution from the 

graphs II. After averaging and summing over the 
polarizations, we can write da J1. in the form 

a 3 1 [ c d J dpa dp4 dk 
dcr,.=-- ax2+b+-+- -----

4:rt2 p!J.24 X2 X22 pa0 P~o0 ko 

(10) 

Here 

- _!_[!J.22(E + f.A.2 + 1) - !J.2" J 
'I] 2 ' 

c = ~ { 4Ef.A,z(E- w)+ !J.l[E2 + (E- {!)) 2- ~t2 (2E- w 

l!J.2" !J.26 } + f.A.2+1)]- 2 (2E- w + 1)+t; - IJ.22(E- w 

,!J.22 = -rj22, 'I]= kp2, X2 = kp4. 

Here it is convenient to begin with the integra
tions over the momenta of the electron and the 
muon, which are most simply carried out in the 
corresponding c.m.s. Going over to the variables 
TJ, .6.~, we obtain then 

dcr,._ a3 1 d!J.22d'l] [ S 1 1 S] (11) 
dw - p2 J ~ a R'J, + b jjii; + c Q'l• + dQ'h , 

where 
Q = lf4 ( w + 'IJ)2!J.24- !J.22( w + 'IJ) ('IJE- Wf.A.2) + '1]2p2, 

R = (E- w )2- 112 + 2'1], 

S='I][E(E-w) +11-112] 

- 1/2!J.22['1] (E- {!) + 1) - w(E- w + f.A.2) ]. 

The subsequent calculations were done for 
relativistic muons and large frequencies com
pared with the electron mass, as in Sec. 3. In the 
region Wmax- w » WmaxJ.LIE the cross section 
has the form 

Edcr,. 2{ [r 1 2)( P) --=- (1-p) 1-x+---- 1+-
a3 dx p \ 1 - x 3 2 ' 

+ ~ p( 1 + i) J + p ( 1 -X + 1 
1 X+ 2p )In p} 

X I 2E(xo-x) 1- p{ ( 1 2\ 
n +-- - 1-x+-----1 

f.A.X p \ 1- X 3) 

( 1 4 ) 16 8 
X\ +;2(1-x) -3p+3p2 

_ 1 (--4- 4 x2 )- 3 1 1-x0 } I 3(1-x) + + 2(1-x)2 ( -xo)-1-xx0 

[ 
X 1-Xo 

- 2-x+ +2p+---
2(1-x) 1- xx0 

X ( 
X 

2(1-x) 
xo(1- x) )] 1- lnp 
1-xx0 r 

[ 2 3 1(8 X 1 ) 
+ -;- 2(1-x) +~ --;--2(1-x) 2-2(1-x)2 

8(2 1 X ) 1 +-- -+--- +-(1-x)(1-xo) 
362 x 1-x (1-x) 2 x 
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+ 1-xo (~+xo( 1 -x)+ 1 _x0 (1-x) )] 
1 - XXo X 2Xo ( 1 - X) 1 - XXo 

X ln 1-x +~( Xo-x_xo(1-x) )ln x0 _1+2/s 
1 - Xo X\ 1 - XXo X 1 - X 

At the end of the spectrum, duJ..L has the form 

!!____do,.= j_ (1- Xo + - 1-) [(xo- x) ln cp- r], 
a3 dx x02 1-x0 (14) 

OOmax- (I)~ 00max{1- OOmax/E). 

[ 
1- x xo In the intermediate region, formulas (12) and (14) 

X ln(1-x)ln--+ln(1-xo)ln-+2In(1-x) coincide. 
1-x0 x 

5. Estimates show that the interference term 

x ln : 0 +2/(xo) _ 2/(x)]+ ( 2 x x + t~)[ln( 1 -xo) is small for~» 1 and~« 1. For~~ 1 the 
., cross section dueJ..L is in general of the same 

1-x Xo J X ln-- -ln(1- xxo)ln-- f(xo) + f(x) 
1-xo x 

( 2-x 2 1+2/s)[ (·xo(1-x)) + -+-- f 
I X SX 1 - X 1 - XXo 

( 
X ( 1 - Xo) ) J ( 1 ) - f +2 1-x+--+2PI 
1- XXo \ 1-x 

( x0 -x n2 ( 1 ) X -ln pln---+-- /(p) +! __ 
1-x 6 s 

(12) 

where p =x/~(1-x). 
In the limiting case ~ » 1 and frequencies 

such that E - w » J..L2 the cross section duJ..L goes 
over into the Bethe-Heitler formula for Z = 1: 

!!____ da,. ~(1-x+-1--~)fln2E(1-x) -~).(13) 
a3 dx p 1 - x 3 \ 11x 2 

In this case the recoil of the electron is unim
portant, and the formula looks as if the mass of 
the electron were infinite. Formula ( 13) is in 
agreement with the results of [4, 51, where the 
bremsstrahlung in electron-electron (or electron
positron) collisions was calculated, and disagrees 
with an earlier work. [S] 

order of magnitude as due and duJ..L. The cross 
section dueJ..L has different signs for J..L + and J..L
mesons and leads only to small corrections for 
cosmic muons. 

The authors are grateful to V. N. Ba!er for 
communicating the results of [nl before publica-
tion. 
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