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The dielectric constant of a gas of resonant atoms is found for frequencies corresponding to
the transition between a zero-momentum ground state and a unity-momentum excited state;
pair collisions involving resonance energy transfer are assumed to make the main contribu-
tion. The interaction between the atoms is assumed to be of a dipole-dipole nature. It is
shown that the shape of the spectral line is only approximately of the Lorentz type; broadening
as well as a line shift occur. The line wings are also considered. The case of a transition be-
tween two excited states of which the lower is resonantly coupled to the ground state is inves-
tigated. The inverted population of the levels is considered and the frequency band in which

generation occurs is determined.

1. INTRODUCTION

WE determine in this paper the dielectric con-
stant of a gas of resonant atoms at frequencies cor-
responding in the main to a transition between the
excited and the ground states. We consider a phy-
sical picture in which a dielectric constant is de-
termined completely by pair collisions of excited
and unexcited atoms, with resonant energy trans-
fer. The role of these collisions in the determina-
tion of the line shape was first noted by Vlasov and
Fursov.'!) We shall show that the line shape is
only approximately Lorentzian, and the line not only
broadens but is also shifted. No such shift occurs
for lines corresponding to a transition between two
excited states. We assume that the angular momen-
tum of the atom is equal to zero in the ground state
and to unity in the excited state. The ground and
excited levels are connected by an optical dipole
transition, and consequently the interaction leading
to the resonant energy transfer is dipole-dipole. In
addition, in the greater part of the article we as-
sume that the number of atoms in the excited state
is small.

The region of applicability of the results is de-
termined by a number of inequalities that follow
both from the physical picture of the processes and
from the analysis methods. The most stringent of
these inequalities is the requirement that the Dop-
pler width be small compared with the collision
width, and that only pair collisions be taken into
account. As is well known,[ 1,21 gp important role
in collisions with resonant energy transfer is

played by impact parameters p of the order of V)

po=g/Yv, (1.1)

where v is the relative velocity of the colliding
atoms and g the reduced matrix element of the
dipole transition of the individual atom. Thus, the
condition for the collisions to be paired is

npe® == ng¥lv’r <& 1, (1.2)

where n is the density of the gas. The condition
for the Doppler width to be small compared with
the collision width is

npv = ng2> wv/c. (1.3)

From inequalities (1.2) and (1.3) it follows that our
analysis is valid in the following range of varia-
tion of the gas density n:

wo)TIMc2<&n<<& (T/M)h

(T is the temperature and M the mass of atom,
wp is the transition frequency). This region exists
for temperatures

(1.4)

T M(o/c)t

In those cases when the number of atoms in the ex-
cited state is assumed to be small, the temperature
is also bounded from above by the inequality

T<(00.
We note also that conditions (1.2) and (1.3) lead

(1.5)

(1.6)

DWe use an atomic system of units,i=m=e = 1.
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to the inequality nx®>> 1, denoting that the collision
width ng? is much larger than the natural width
vy = %g¥%%x% (X = c/w,). This leads to the inequality

A > oo. (1.7)

2. FUNDAMENTAL RELATIONS

The determination of the dielectric constant
€(w) reduces, as is well known,”l to a determina-
tion of the polarization operator II. In a transverse
gauge (div A = 0) the dielectric constant is con-
nected with the scalar part of the polarizability
tensor I, by the equation

k2
oo (k, o) = — [1 — e (i wr|)] (2.1)
4m
(we shall henceforth omit the subscripts of IT).

The values of € on the real axis obtained by
analytically continuing (2.1) from the discrete set
of points iwy = i2mnT (n—integer) on the positive
imaginary axis to the entire upper half-plane. The
dielectric constant can be expressed also in terms
of the transverse part of the polarizability tensor.
To find the polarizability tensor we shall use the
temperature Green’s function technique.

The Hamiltonian of the system of resonant atoms
with dipole-dipole interaction in an external elec-
tric field with a scalar potential

@ = @y ee'®RoN tc.c. l

p? o \ +
ZP—M ap'l‘Z\ZM-i-wo/ bp,abp,a
1 +
+5 2 Ve (a)apsbp.aap.rabp.-a, 6
P2 4

+ gk Z (ib;,aap—k(Pk,me_i‘” + c.c.),
P

(2.2)

where a, and bp are the annihilation operators of
the normal and excited atoms, « is a vector index
(o =1, 2, 3) characterizing the state with angular
momentum j =1, Q is the volume of the system,
M is the mass of the atom, Vozﬁ (q) is the matrix
element of the dipole-dipole interaction operator,
and g is the reduced matrix element of the dipole
transition between the excited and ground states:

N

Z S q;‘rai Vs drydry...dry = 80ap.

i=1

(2.3)

For small [q[ (|q|< 1), the interaction poten-
tial Vg (q) takes the form

Vap (q) = 4ng2qaqp/q*. (2.4)
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In the coordinate representation, the region of
small |q| corresponds to distances much larger
than the dimension of the atom, where the potential
is equal to

2 1

1 R%ap—3RuRp
0R,0Rs R~ )

Vap(R) = —& I

(2.5)

The temperature Green’s functions of the non-
interacting particles of the ground and excited
states are respectively

1
G© =
(p) ion — P2 T (2.6)
(o) Oup
= , 2.7
L ey T Srpr— @
where u is the chemical potential and w, = 2mT.

(We use the formulas for Bose particles. The gas
is henceforth assumed to be nondegenerate.)

The diagrams are constructed in the usual fash-
ion, with the aid of the vertices of interaction with
the external field and resonant interaction of the
atoms with one another.

) P
Yo Pha pa v
B (9).
R D -l
Ly 4
a b

FIG. 1.

The diagrams of Fig. la correspond to interac-
tion with the external field y, = ik,g. Lines with-
out an index correspond to the Green’s function of
the ground state, and the line with index to the ex-
cited state. Repeated indices in the diagrams im-
ply summation. The diagram of Fig. 1b corre-
sponds to resonant transfer of excitation from an
atom with momentum p’ to an atom with momen-
tum p. For small transfers q, the potential
Vozﬁ (q) takes the form (2.4). In this case the dia-
gram of Fig. 1b can be regarded as made up of the
vertices 'y; and vy, as well as the dashed line
corresponding to the usual Coulomb interaction,
with the D-function equal to

D(q) = 4n/q

We introduce a two-particle Green’s function
which is irreducible with respect to the Coulomb
interaction: Kaﬁ(p’ k, p’) (Fig. 2), where p etc.

(2.8)

PP pa

FIG. 2.

p-x p-K
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denote the 4-momentum p(p, wp). The function
Kqp is determined by a set of diagrams which
cannot be broken into two parts joined by a single
dashed line. The polarization operator II (k, wy) is
connected with the function Kaﬁ by the relation

T(k) = —ka keg?T >, | dpdp’ Kas(p, k; P').

©

(2.9)
p ©Ops

We assume dp = dpxdpydpz/(27r)3 throughout. The
summation is over the fourth-components of the
momenta p and p’. Thus, the problem reduces to
the determination of the two-particle Green’s

function Kqp.

3. THE FOUR-POLE I

Inequality (1.2) allows us to use the gas approx-
imation for the determination of the two-particle
Green’s function (the approximation of paired col-
lisions). In this approximation, the diagrams are
constructed with the aid of a reducible four-pole T,
which is calculated in the ladder approximation.[“

Porg'p Darga Dprgp o Drvg
% () %—q % ?z,) % gd
fap(q,q’;P) g (3.9%P)
FIG. 3.

In our case there are two such four-poles, 'Y and
r'? (see Fig. 3), describing collisions without and
with transfer of excitation, respectively. Since the
elementary interaction (Fig. 1b) leads to transfer
of excitation, the four-poles r'Y and 0 satisfy
the following system of equations:

Fézr?(q,q P)y=Vas(q — q') TZSdqu

p
xG(")(g—{—q—x)G(°)(-§“‘Z+“>F55(q“x*q'?P)’

P
Taf (4,4 P)=—T 3 S dWVaV(M)G(O)( -I—q-—%)

p
X GO <§—q+u>P§?(q—x,,q';P). (3.1)
Adding and subtracting these equations, we obtain
independent expressions for the quantities r'®.

I'® = 'O + 7@, (3.2)

These equations have the usual form corre-
sponding to non-exchange interaction with potential
+Vqpg for " and —Vqg for '), The four-poles

A. VDOVIN and V. M. GALITSKII

' can be expressed directly in terms of the am-

plitudes %) for the scattering by these poten-
tials:[412)

Fag(q,q'; P) = % fay (4, %)

“2 72 -1
)

(3.3)

1 , 1
Mfafs(q,‘q) MZS

MM

X fev" (47, %) [(E — LMz )-i+ (

where E =iwp + 21 —wjy — P¥/4M and wp is the
fourth component corresponding to the 4-vector P.

The amplitude f,3 is defined as follows (this
definition differs from the customary one by a fac-
tor — 1/4n)

fop (@, %)= M § dR eV oy (R) ., 5 (R, ).

Here sz is the solution of the Schrodinger equa-
tion for the relative motion with potential Varys
corresponding to a momentum k and a polarization
B prior to scattering. To calculate the amplitude
faBs we shall use a method previously developed by
Vainshtein and one of the authors.t'® We seek the
function ¢y, g in the form

(3.4)

Py, p (R, @) = RS g (R, %). (3.5)

Substituting (3.5) in the Schrédinger equation
and neglecting the second derivatives of the func-
tion S, we obtain

26~V Sap (R, ) = Vay (R) Sy (R, ) (3.6)
with boundary condition Sozﬁ (=) = 6016'

The foregoing approximation is valid for ener-

gies much larger than the potential V.08 Taking

the potential at the most important distances
p ~ py, We obtain the condition

01/,

which is satisfied in all cases of practical interest.
The value of the amplitude f is determined by the
region of the impact parameters p ~ p, which are
much larger than the dimensions of the atom. We
can therefore use the approximate expression (2.5)
for the potential in (3.6).

It is convenient to seek the solution of (3.6) in a
coordinate frame in which the x axis is directed
along the relative-velocity vector v = 2x/M, and
the xy plane coincides with the collision plane.

Introducing the variable ¢ = x/R, we rewrite
(3.6) in the form

(3.7)

2)We shall henceforth present all the relations for ') and

omit the superior index. The relations for ') can be obtained
by reversing the sign of the potential.
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AT 1 3 — — E2)'%

g =[—§+~~2-(1 2) | Sun — 32(1— ) Sip
aS 1 3

i agyﬁ 3§(1_§2)1/2Sx6+[_5—2—(1_2§2):|Sy5’
aS,

u _aEB * -

These equations contain a single parameter

u = vp%/g?, and therefore appreciable changes in
the wave function S take place when u ~ 1. This
confirms the foregoing assumption regarding the
existence of impact parameters p ~p, = g/\/;. The
essential region of the variable ¢ is also of the
order of unity and consequently values x ~p ~p,
are important.

Substituting (3.5) in the determination of the
amplitude (3.4) and going over to integration with
respect to x and with respect to the impact param-
eter p, we write (3.4) in the form

fap (ax) = M  dp § dze-iamrV oy (R) Sy (R, ). (3.9)

We consider first the amplitude for zero-angle
scattering, k = q. Using (3.6) and the boundary con-
dition Sgg(— ) = 6qp, we obtain

fop(a,a) = 2i|q] § o dp dp[Sup(c0)— 8ag]  (3.10)
(Saﬁ(w) = Saﬁ(Rs q) as x — =),

Thus, to determine the amplitude it is sufficient
to know the solution of the system (3.7) only for
¢ = +1. The value of S at this point depends on the
parameter u, and after averaging over the azi-
muthal angle ¢ contains a single a single vector—
the particle relative-motion momentum q.

Going over to integration with respect to the
parameter u, we obtain the final expressions for
the zero-angle scattering amplitude:

Im fag (4, 4) = n1g2M [18ap + pegags/q%, (3.11)

Re fap(q,q) = — ng®M[ps'dap + ' qeqp / 421,

where g * tg, ué are numerical coefficients.

The solution of Eqs. (3.8) and the subsequent in-
tegration with respect to the parameter u were
performed with an electronic computer. The fol-
lowing values were obtained for the coefficients:

wo= —2.62, ps’ = —0.543,

(3.12)

(A)

pe = 0.875, i’ = 0,967.

We shall henceforth be interested also in the
amplitude for scattering with momentum transfer
k (|k| = 1/%). In this case the integral in (3.9) can
be broken up into two regions
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[} o
fap(a+ka) =M § dp § dz e~0R Vo (R) Sy (R, q)
0 —00
+ M § dp § dze- R Vo (R)Sys (R, ), (3.13)
(4] —oo
where
po < p1 < 7\, (3. 14)

In the first of these integrals we can, by using
the right side of the inequality (3.14), neglect the
argument k<R of the exponential. The resultant
integral can be extended to infinity, since the re-
gion of significance in the integration is p $pj. The
integral obtained in this fashion represents the
zero-angle scattering amplitude. For the same
reasons, we can replace S, in the second inte-
gral by its unperturbed value d44:

tap(@+ ., @) = fap (g, 0)+ M § dRe-*RV5(R). (3.15)
P>p1
The latter integral can be easily calculated by
using (2.5). It turns out to be insensitive to the
lower limit and is equal to

. ’ 9298 kak
M S'dR e—ikR Vaﬁ (R) = —anZM 6a,§ - ;2 —2 1:2 i )
= (3' 16)

The last term in this expression is proportional to
the Fourier component of the exact potential (see
(2.4)) and coincides with the scattering amplitude in
the Born approximation. The first two terms are
equal to the integral of the exact potential over the
internal region of the cylinder p < py, as can be
verified by direct calculation.

Thus, the amplitude for scattering with transfer
of small momentum k is equal to

Im fop (q 4 k, @) = Im fap(q, 9),

dag kaks
Re fap (4 + k. @) = — 7gM ( nabon + s R ),
(3.17)

where

ps=ps’ +2=1.457, w=uw' —2=—1,033 (B)

We see that the real part of the amplitude is not
an analytic function of the scattering angle. We note
that the forward scattering amplitude is infinite for
the potential V(R) = a/R® which is independent of
the angles.[”

Let us estimate now the angle interval within
which the amplitude differs noticeably from zero.
This estimate can be readily obtained by comparing
the total cross section ¢ ~p§ with the forward-
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scattering amplitude. We have

Getr ~ .1 <1
gpo  gMyv
The smallness of the effective angles follows from
the inequality (3.7). We obtain an upper estimate
for the amplitude for scattering through angles ex-
ceeding Oqff, particularly for the scattering through
an angle 7:

1f(a,—a) <<V o~ 1£(a,0) |0 e

Thus, the amplitude for large-angle scattering is
small compared with the forward-scattering am-
plitude.

Let us consider now the role of the quadratic
term (with respect to the amplitude) in the expres-
sion for the four-pole I" (3.3). We are interested in
its behavior in the case of analytic continuation to
the real axis with respect to the variable iwp. On
approaching the real axis from above we have on
the mass shell

(3.18)

(3.19)

P2 ’2

q7
lO)P=_2P~+ﬁ)0+ + +<5

(E = o +za>

\
and the quadratic term vanishes identically as a
result of the elimination of the two terms in the
curly brackets, so that

1_faﬂ (q’ q,) .

+ 16\ 7
(3.20)

I'ap (q, q; P, 00— 2p + +

We note that the imaginary part of the four-pole T
reverses sign on going through the real axis,
whereas the real part is continuous (this follows
from (3.3) with due allowance for the condition for
the unitarity of the amplitude fozﬁ)-

On going off the mass shell, expression (3.20)
acquires a certain increment. Let us estimate this
increment, assuming for concreteness that we go
off the mass shell into the upper half-plane. When
the deviation amounts to A€, the elimination of the
terms in the curly brackets in (3.3) ceases. It is
easy to see that for small differences between the
vectors q and q’ the quadratic term can be written
in the form M™!f(q, q)¥, where ¥ is a certain func-
tion of Aepo/gz For small values of this argument
the quadratic term is of the order of

1 003
/(@ Y Ae. (3.21)
This estimate allows us, as shown henceforth, to
neglect under certain conditions the quadratic term
and to use for I' the expression Cop = M_ifaﬁ.

Let us proceed to determine the quantities v
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and T'¥. From relation (3.6) it follows that S(&é
= (Sg)). For small-angle scattering it therefore

follows from (3.10) and (3.15) that
—(fa

Taking the foregoing into account, we obtain the
following final expressions for the four-poles v
and T'®’, when the region near the mass shell is
important:

By (3.22)

I (q+k qP) = Im fup(a+ K, )

= mg2< MsBas - pp 2P ) (3.23)
0] 1
«8(q+k,q; Py = ——Refaﬁ(‘l-l-k, q)=
Kk
— g2 (Msﬁaﬁ + we— qaqﬂ —4 1: ) . (3.24)

4. DIELECTRIC CONSTANT

Let us determine the Green’s function G of the
atoms. In this section we shall consider a region of
temperatures satisfying the inequality (1.6). The
number of excited molecules is then small. There-
fore the influence of collisions on the distribution
of the unexcited atoms can be neglected. Conse-
quently, the Green’s function of the unexcited atoms
retains the form (2.6). For the excited atoms, the
self-energy part is determined in the gas-approxi-
mation by the two diagrams of Fig. 4, or, analyti-
cally,

Sap(p) =— T § dp'G(p") TR (q, a: P)+ TD (—q, q; P)],
©p, (4.1)

where q = (p—p’)/2 and P =p + p'.

pl

FIG. 4.

pB pa 4 r=

The second term contains the backward-
scattering amplitude and can be discarded. The
summation over Wps in (4.1) reduces to replace-
ment of G(p’) by the Maxwellian distribution func-
tion ng (p’) and replacement of the variable E in
the expression for I' (3.3) by the quantity iwp + U
+ wy — p%/2M + q%/2M. Therefore the characteris-
tic features of the dependence of I on the fourth
component of the momentum will be valid also for
Z. In the analytic continuation in the variable iwp
from the upper half-plane to the real axis on the
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mass shell iwp = —p + wy + p2/2M, so that we can
use the expression (3.24) for re. Integrating with
respect to p’, we get

Zap(p) = (605;3 - _—nz—) 21+ p;I;B o (4.2)

St =ing?n w1+ p2 (1 —x(x)) /2],

2 = ingnps + pax (2)1 (4.3)
X (x) stands for
R R I P\
1@y =1——+—e= { evay, x:(m) (4.9)

[}

On approaching the mass shell from the lower
half-plane, I‘(a‘é, and consequently also Z,g, re-
verses sign. When Ac is off the mass shell by an
amount of the order of the line width ng?, the rela-
tive value of the correction to Zis, in accordance
with the estimate (3.21), of the order pdg 2A€ ~np}
<< 1. The expression obtained for ¥ when the devi-
ation from the mass shell is A€ > g%p} will be
given in Sec. 5.

Substituting (4.2) in the Dyson equation

Gap = Gap + Gy Zyo Gos,
we obtain the Green’s function Goz,B of the excited
atoms:

8ap — pabs/P*
imp—p2/2M+ B— 0o — 24
PaDp _ 1
p? iop— oo+ p—pY/2M — 3

Gap(p) =

(4.5)

+

Let us proceed to calculate the two-particle
Green’s function Kaﬂ which enters in the defini-
tion (2.9) of the polarization operator II(k). The
function Kqp is determined by the graphic equation

of Fig. 5.
p-K
20.B Do ap  pfpv 7a
= +
PocH A =
FIG. 5.

The analytic form of the equation is

Kap (b, b o) = Kap (p, %) (21)*8(p — Do) 8o 0

k k
— k0T 3§ ap TR (a— 5 a4 5 P~ )
Op
X Kvg(p’, k3 po) (4.6)
where
K (p, k) = Gap (p) GO (p — k) @.7)
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(see (4.5) and (2.6)) and q = (p’ — p)/2. We have

left out from Fig. 5 diagrams corresponding to non-
exchange scattering. It is easy to see that these di-
agrams will contain I‘m(—q +k/2, q+k/2; P—-k).
It follows from (1.7) and (3.18) that

k~1/7»<1/po~l?ﬂefff

On the other hand, the relative momentum of the
colliding particles q = (p’ —p)/2 is of the order of
the thermal momentum of the atom and is conse-
quently much larger than k. Therefore the non-
exchange diagrams will contain the amplitude of
scattering through angles close to m. By virtue of
the same inequality (4.8) we can use for the ex-
change four-pole r'? the expression (3.24). We
omit here the term quadratic in the amplitudes. In-
deed, the main contribution to the exchange four-
pole is made by the real part of I', which remains
continuous as it goes through the real axis. Since
the function K’ has a maximum of width ng? with
respect to the variable Wp» the relative magnitude
of the quadratic term in this region is of the order
of npd < 1.

The four-pole (3.24) contains the Born ampli-
tude 4rg 2kak5 /k?. Diagrams corresponding to
this amplitude (see Fig. 1b) are reducible and
should be discarded. We shall henceforth use for
r® the expression

k-
21

(4.8)

qads \
P — k) = —ng? (Msﬁaﬁ + Ws—:lrj.

(4.9)

k

We note that in calculating the transverse part of
the D-function the Born terms drop out from the
equation automatically.

Since T? (Eq. (4.9)) does not depend on wp’s
Eq. (4.1) can be summed with respect to this vari-
able. Summing also with respect to the variables
pertaining to the initial momentum p;, we obtain an
equation for the function Kaﬁ(p, k), defined by the
equality

K@ k)=T X (dpoKas(p,kipo);  (4.10)
mp’mpo
8ay — Dapy/P? Paby/P?
Kag(p, k) = — ( )
= (P, F) " (P) op— o— 21 lop — wp—

/ (p—p)v(P—p)v
x{ o+t § | oo - E—EIE ) ]

X Kyp (0, k)}, (4.11)

where I = Z(p, iwy — 4 +P%/2M) and ¢ (p) is the
Maxwellian distribution function.

In accordance with the initial assumption, we
have left out from the denominators of (4.11) the
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terms p-k/M, which lead to Doppler broadening

of the lines. Consequently, in this approximation
the function K, 3 does not depend on the vector k,
i.e., Kaﬁ (p, k) = Kaﬁ(p, iwg). Expression (4.11) is
defined on a discrete set of points iwk = i27Tn.
According to the Blaschke theorem,'®! we can per-
form an analytic continuation from the set of points
wk > 0 to the entire upper half-plane, the coeffi-
cients of the equation being analytic functions in
this half-plane with a discontinuity on the real axis.
Consequently, the analytic continuation of the solu-
tion of (4.11) will also be analytic in the upper half-
plane, and will satisfy the equation with analytically
continued coefficients. Therefore the analytic con-
tinuation of K, to the real axis will be sought as

a solution of Eq. (4.11) in which iw) is replaced by
w.

Let us consider the values of w lying in a region
of width of the order ng? near wp. This region cor-
responds to the mass shell, where we can use for
2 and T'? the expressions (4.3) and (4.9). It is
convenient to seek the function Kozﬂ in the form

PR )Es(lnl, )+ 52

Kx(|p|, o).

(4.12)
Substituting (4.12) in (4.11) (with the changes as in-
dicated above) and integrating along the direction
of the vector p’, we obtain the system of equations

Kog(p, 0) = (&zﬁ -

o — 1 —
Fao)| 2t =i ()|
4 z
=1—— \dye vy — | F(y,
'VnS ve y{‘“(\y) (#,0)
z
+a|—)D(y, ,
() owa)
— 4
q)(xf(‘l)) [mﬂngg)o—"(lli‘*‘MZX)] - 1—7;;
2 z Xz
Xdee v yz{bi (;)F(y,&))"*‘ by (-—y—-)(D(y’@)}’\
(4.13)
where
2 4
Ki(lPI,(D):—-(ﬁJ;) n—gze_xiF(-'l?,(O), x2=2%2ﬁ’
(4.14)
9\ 1
KZ(IPI,(D)=—(M£T) n—gze‘x’(D(x,m);
2 i
ai(z)=—§3— :4+ ui(g) , az(z)z?_;__gé_ MI;UG(Z);
A
(4.15)
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The functions u(z) and v(z) are given by

142 1(1—z2)(1—z‘*)1 ‘ 142 ‘
22 2 23 o s

u(z)=

v(z) = (4.16)

zi—1 1 (1—22)3 |1+z‘

22 +§ 28 In 1—z 17
The function X (x) was defined earlier (see (4.4)).

Using (2.1), (2.9), (4.12), and (4.14) we obtain an
expression for the dielectric constant directly in
terms of the solution of the system (4.13):
16 ¢ .
e(0)=1——= | 2e-[2F (z,0) + D (z,0)]dz. (4.17)
3Yn

Equations (4.13) contain a single parameter s,
equal to

s = (0 — wo) /nng?. (4.18)

Consequently, the dielectric constant is a universal
function of this parameter €(s). To determine this
function it is necessary to solve the system (4.13).
We were unable to obtain an exact analytic solution
of this system. An approximate solution can be ob-
tained by using the slow variation of the functions
u, v, and X. Replacing these functions with their
values at zero argument, we obtain for €(s) the ex-
pression

e(s)=1—4/(s + 1.11 1+ 2.33i). (4.19)

When the functions u, v, and X are replaced by
their values at unity argument, the numbers in the
denominator of (4.19) are 1.16 + 2.36i. Expression
(4.19) can also be obtained when the tensor
098 /¢ is replaced by its angle-averaged value
6043/3 in the expressions (3.23) and (3.24) for rv
and T'‘?), After this substitution, Eq. (4.11) can be
solved exactly (see also [9]). The system (4.13)
was solved numerically with an electronic compu-
ter. The numerical solution agreed with (4.19)
within 1-2%.

We note that, as seen from (4.11), the function
Kaﬁ’ and consequently also the polarization opera-
tor II, are odd and not even functions of wy. This
is connected with the following circumstance. It is
necessary to add to the obtained function Kqp a
quantity which is determined by a system of dia-
grams which differ from those employed above in
that all the line directions are reversed and k is
replaced by —k. It is easy to see that the function
obtained in this manner is Kaﬁ(p, —iwg), so that
the polarization operator will be even. The resul-
tant expression for € satisfies all the necessary

. requirements. However, the additional term aris-

ing in the expression for € does not have a pole
character at w ~ w,. Its order of magnitude in this
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region is ng?/w, and it can be discarded.

The imaginary part of the dielectric constant
Im €, as is well known (see, for example, “03) de-
termines the absorption-line shape.

5. GENERALIZATION OF RESULTS

The results of the preceding section admit of a
number of generalizations. We consider first the
wings of the spectral line. At large values of the
difference w — wy (|w— wy | > ngz) the integral
term of (4.6) can be discarded. This means that
the polarization operator is determined by a sim-
ple loop. The quantity Im €, which is of greatest
interest, can then be written in the form
43-‘:2g2 n?

3 ((0—0)0)2

1 qZ xz +)
- . —_— e ———— 2
X ZMZSduG(o) wo + 7 M)[l]ow(q,%)l

Ime = S dp dp’ @ (p) o (p’) -

+1£5 (a,%) |7, (5.1)
where ¢(p) is the Maxwellian distribution function.
This expression can be obtained from (4.1) by tak-
ing into account the second term in the curly brack-
ets of (3.3) and the imaginary part of the amplitude
(we have carried out an analytic continuation to the
real axis with respect to iwy).

As seen from (5.1), the imaginary part of € is
determined by the total collision cross section off
the mass shell. The departure from the mass shell
is equal to w — wy.

As follows from Sec. 3, when |w — wy| < g¥p}
this cross section coincides with the cross section
on the mass shell. In this case, Im € is obtained
from (4.19) with s > 1. When |w — wy| > gz/pg’, im-
pact parameters which are much smaller than pg
are significant in the collision. This makes it pos-
sible to use the quasiclassical solution of (3.8)

(see [5]). The principal term of the cross section
is then independent of w — wy, so that the imaginary
part of € retains the previous dependence on

w — wy, but with a different coefficient:

8n2g2n? 279

Ime = 4ngt———— = .
me & 9(w — wg)? 52

(5.2)
We note that the departure off the mass shell in the
collision cross section, as shown by Yakimets,[ %!
corresponds to a transition from the impact to the
statistical mechanism of line broadening. As is
well known, for a potential V~R™® the statistical
theory leads to a quadratic decrease in the line in-
tensity (see, for example, L1}y " 1t should be noted
that formula (5.2) is valid also in the case when the
central part of the line is determined by the Dop-
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pler broadening. In this case, the region of appli-
cability of (5.2) is given by the inequality |w — wy|
> kvVT /M.

Let us consider now a case corresponding to a
transition between two excited states, the lower
level being connected with the main resonant tran-
sition 1—0 (0 — 1). We assume as before that
the temperature is small compared with the dis-
tance between the ground and excited states. Under
these conditions, only the lower excited level is
broadened by collisions (with the unperturbed at-
oms). The upper excited state cannot be trans-
ferred by resonance to another atom. This means
that the mass operator X differs from zero only
for the lower excited state, and the integral term
of (4.6) can be discarded. The expression for €
can then be obtained for an arbitrary ratio between
the Doppler line width kVT/M and the collision
width ng?:

?(p) .
o — oo + 2.33 innege® + kp/M ’

e=1—4agn | dp (5.3)

Here ny and n are the densities of the atoms in
ground state and at the lower excited level, re-
spectively; g, and g are the reduced matrix ele-
ments of the dipole transitions between the ground
and excited states and accordingly between the ex-
cited states. If the transition between the excited
states is not dipole, this leads only to a corre-
sponding change in the numerator of (5.3).

Expression (5.3) does not contain a line shift;
this is a direct consequence of neglecting the inte-
gral term of (4.6). Formula (5.3) is based on the
assumption that the Doppler width is small com-
pared with the width of the energy surface, kvT/M
< gz/pg. In the opposite limiting case, and also at
large values of |w — wy|, the coefficient 2.33 pre-
ceding the imaginary part of the numerator in (5.3)
should be replaced by 2.79 (see (5.2)).

The dispersion width corresponding to such a
transition was measured for helium by Kuhn and
Vaughan““ and for argon by Stacey and
Vaughan, 131 and less accurately by Hindmursh and
Thomas. '} Our results (5.3) correspond to a co-
efficient K = 1.48 in the formula given for the line
width in '3 131 The results agree with the experi-
mental data for helium when the oscillator strength
f= 4:7ng c/A corresponding to the resonant transi-
tion 18 — 2'P with A =584 A is equal to 0.275.
This value is very close to that calculated by Shiff
and Pekeris!1%] (f =0.276). The agreement with the
data on argon, A = 1048 A, is obtained when
f = 0.24, whereas it follows from the calculations
(Knox' 16]) that f = 0.20. The poorer agreement in
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this case is possibly due to the influence exerted on
the transitions by the neighboring weak resonance
line A = 1067 A. In addition, the oscillator strengths
themselves can be calculated for argon with lower
accuracy than for helium.

Finally, let us consider the case when the tran-
sitions under investigation occur between levels
whose populations are comparable in magnitude.
We shall take into account collisions between atoms
at these levels, with resonant energy transfer. Un-
der these conditions, the mass operators of both
states differ from zero. Assuming, for concrete-
ness, that the angular momentum of the upper and
lower states are unity and zero, respectively, we
rewrite (4.4) in the form

Kaa(p,k)=—(no——3-)<p(l))

/

% ( Say — PaDv/P?
»— wp— 2O — 2(11)

PaPy/P? )
® — o — 2O — 30 /
(p—p)v(p —p’)v]
(p—p)?

\

X{ Oyp + ng? S dp’ [HSGW +

X Kya(p', k) } , (5.4)
where ny and n; are the densities of the atoms in
the lower and upper states, and

SO = ing2ny (w1 + 1/3p2). (5.5)

The expressions for Eﬁ’z

by replacing n with n,.

Using the procedure for the approximate solu-
tion of the equation, we obtain the following ex-
pression for €:

e =1 — 4ng?(no — Ysm) [0 — @0 + (us + /3p4)
Xng?(ng — ifsnd) —i(wm+ 1/3p2) g2 (no + na) 1. (5.6)

are obtained from (4.3)

For large w — wy (|w — wy| > g¥pd), the ex-
pression for Im € is

4nlgh
(© — wo)?
Formula (5.6) is valid also for the inverted level
population n_ = ny/3 — n; > 0. Considering for this
case the dispersion equation for transverse waves

(5.8)

Ime = [1.55 nony + 2.79 (ne2 — /s ni®)].  (5.7)

0%e(0) = o2, o= |kl

we can easily show that the imaginary part of w
becomes positive in a definite interval of |k|, i.e.,
generation of electromagnetic waves takes place.

The generated waves lie near a value of wj, equal
to

or = 0o+ 82— (s + 1/sm), (5.9)

in an interval

|or — or] < 2V200mg?n_. (5.10)

Yu. A. VDOVIN and V. M. GALITSKII

This result coincides, apart from a numerical
coefficient, with the results obtained by Alekseev
and the authors.t"]

We present also the frequency interval of the
generated waves and the growth increment b, and
also the gain « at the center of the generated line:

o — o] < b= Y2n00gn_, (5.11)
o ? oo 4 ng?n—(ps + /s — 2)

n-
= m;:- for n =(n0+n1)>n_. (5.12)

6. CONCLUSION

The influence of resonant collisions on the shape
of the spectral line was considered recently by Ali
and Griem! 1 and by Byron and Foley.[!®] These
results pertain actually to transitions between two
excited states. In addition, resonant collisions were
considered in these papers by approximate methods,
which give rise to appreciable errors. D’yakonov
and Perel’(20] investigated the influence of resonant
collisions on the equalization of the populations of
Zeeman sublevels. The cross sections for excita-
tion transfer by collision were calculated by Wata-
nabe, 1?1 Omont,'%*1, and in {51, Before submitting
this article, we also became acquainted with a pre-
print by Kazantsev,'?! which was graciously fur-
nished to us by the author. He obtained a general-
ized Boltzmann equation for the density matrix,
and a value close to ours (see (4.19)) for the tran-
sition line width. However, the line shift obtained
by him is apparently in error, since no account was
taken of the non-analyticity of the real part of the
amplitude (3.17), and an error was made in the sign
of the coefficient corresponding to our uy.

The authors are grateful to V. 1. Perel’ for dis-
cussion of a number of problems pertaining to this
work.
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