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We investigate the influence of the regularity of the crystal lattice on the change in the parame-
ters of the nuclear resonance level in the presence of lattice vibrations, and also with due al-
lowance for the spin and isotopic incoherent scattering. A consistent derivation is presented

of a system of dynamic equations for the motion of particles in regular crystals, for both
particles satisfying the Schriédinger equation and for y quanta and x rays. In the case of
resonant interaction, we analyze the question of the influence of the change in the resonance
parameters of the level on the coefficients of this system. We also consider the tempera-

ture dependence of the coefficients of the dynamic systems under potential scattering (neu-
trons and x rays) with a consistent account taken of the processes of coherent scattering of
particles with excitation (absorption) of phonons.

1. INTRODUCTION

THE authors have shown in an earlier paper (1]
that when particles resonantly interacting with
nuclei move in regular crystals, the true reso-
nance width is not the total width I" of the reso-
nance level of the nucleus, but also the inelastic
part I'y of the width. This result was obtained
under the assumption that the spin of the ground
state of the nucleus is zero, and that the nuclei
themselves do not vibrate. Physically, such a
strong change in the width is connected with the
fact that the presence of translational symmetry
gives rise to the absence of elastic scattering
even in the case of pure resonance interaction.

The situation is different in a vibrating lattice.
Indeed, in this case it becomes possible for par-
ticles to be scattered with simultaneous emission
or absorption of phonons. This should give rise
to an increase in the width as compared with Iy
The resonance width should then depend on the
temperature. Another cause of the increase in
width for a regular crystal, compared with Ty, is
the dependence of the resonant interaction on the
spin of the nucleus in the ground state (spin in-
coherence), and also the isotopic incoherence in
the case when the concentration of the resonant
nuclei differs from unity.

The question of the change of the resonant
nuclear width in regular crystals is important in
the general case also for the dynamic theory.
Such a theory, for particles moving in crystal and
experiencing resonant nuclear interaction, was
developed in connection with the effect of suppres-

sion of inelastic channels in papers by the
authors. 3] The derivation of a general dynamic
system of equations, which takes into account both
the presence of inelastic nuclear channels and the
vibrations of the nuclei, the spin, and the isotopic
coherence, was based on the assumption that the
amplitude of the scattering by the nucleus in the
crystal has the same value as in the case of an
isolated nucleus. In connection with the possibility
of changing the elastic part of the resonance
width in the crystal, such an assumption, as al-
ready noted, corresponds to the assumption that
the inelastic part of the nuclear width is large
compared with the elastic one. A consistent al-
lowance for a change in the width makes it possi-
ble to develop the dynamic theory to include the
general case.

The method developed in this paper allows us
to consider not only the case of resonant interac-
tion, but also pure potential interaction, which is
characteristic, in particular, of x rays and neu-
trons. This raisesthe analogous problem of de-
termining the coefficients of the system of dy-
namic equations, a problem connected with a con-
sistent allowance for the processes of the coherent
particle scattering and excitation (absorption) of
phonons.

All the questions noted above are considered in
the present paper.

2. DERIVATION OF GENERAL SYSTEM OF
EQUATIONS

Let us consider a regular crystal made up of
nuclei with low-lying resonant energy level E.
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The state of the crystal will be described by an
aggregate of occupation numbers n of the phonons
and an aggregate of spin projections j of all the
nuclei. For simplicity, where possible, we shall
use a unified index v, characterizing the state of
the system as a whole. The state of the particle
will be described by a wave vector k with spin
projection o (in the case of y quanta, ¢ will de-
fine the polarization).

We shall analyze the problem of particle motion
in such a crystal by a method similar to that used
in the analysis of resonance fluorescence within
the framework of the usual nonstationary pertur-
bation theory 4] We introduce the following state
amplitudes: Cy;,—all the nuclei of the crystal in
the ground state, the particle has parameters ko;
Cgy—the s-th nucleus in the crystal is excited (in
this case the aggregate index v contains the pro-
jection of the spin of the s-th nucleus in the excited
state); Cgpy—state arising after the decay along
the inelastic channel, with s characterizing the
new nucleus in the s-th lattice point (in the case
of conversion—new state of the atom); p—momen-
tum of the emitted secondary particle. (We do not
distinguish explicitly the spin indices of the out-
going particles and of the nucleus in the new
state.)

For these amplitudes, in the energy represen-
tation, we get the following system of equations:

kov

(E - Ek - AEv) Ckav == Z Hy: Csv’y
s

(E — Ey— AEy)Csw = HyronCyran + HipuCspy,

(E_EP—E’O_AEv)Cspv_——H:\?'vcsw. (2.1)

Here E, is the energy of the nucleus produced as
a result of the reaction AE, includes both the
phonon energy (the crystal vibrations are con-
sidered in the harmonic approximation), and the
energy of the hyperfine interaction of the nuclei
in the ground and excited states, reckoned from
the energy EVo of the ground state of the crystal
as a whole. The particle energy Ek is assumed
independent of the spin. Summation is implied
over repeated indices in the right side of (2.1)
(the summation with respect to the index s is
marked explicitly).

Eliminating the amplitudes Cspv in the second
equation, we get

(E — Eo— AEy)Csy = HyionCrrow 4+ RowCov,  (2.2)
f2d spv’’
R:v'= Z Hspv“Hsv' (2.3)

E—Ey—Ep—AEy.+id°

pv~
As usual, in equations of type (2.1) E contains a

small positive imaginary addition, which we have
separated in explicit form in (2.3).

For the matrix elements of the operator H,
which are contained in (2.3), the following formu-
las apply in the most general case:

Hypw=(HJ")" = L(pi;) eiPRs (iPUs) . (2.4)

We have separated here the index ig, which char-
acterizes the spin projections of the excited state
of the s-th nucleus (this matrix element is of
course diagonal in the spin variables of the re-
maining nuclei); Rg is the equilibrium position of
the s-th nucleus and ug is the displacement rela-
tive to the equilibrium position, connected with the
crystal vibrations.

Usually the energy of the secondary particle
E_ is much larger than either the characteristic
energy of the photons w,, or the energies of the
hyperfine interaction. Therefore in summing over
p in the right side of (2.3) we can omit AE,” from
the denominator. Using this circumstance, and
also formula (2.4), we get

s L (pis) L’ (pis')

va'= [E E_EO_Ep+i6 ]61”;/.

P

The expression in the square brackets of (2.5)
is diagonal in the indices ig and ig. Indeed, this
expression can be regarded as matrix elements of
a certain operator R, acting on the spin variables
of the nucleus in the excited state. But the only
scalar operator from which R can be constructed
is I? (I is the operator of the total momentum of
the nucleus). As a result we obtain

— | L(pi) |? _ il
o= ? E—B—Eyt6 7%

(2.6)

(2.5)

s
va’ - Rzévw,

AEZ = Re Rz,

To= —2Im R, = 21t ) |L(pi) |26(E — Ep — Eo). (2.7)
P

We shall be interested in the values of E ~ Ex,
~ Ey. Taking this circumstance into account, I'y
is simply the probability, per unit time, of the de-
cay of the excited state of the nucleus with emis-
sion of a secondary particle, i.e., the inelastic
part of the nuclear level; AE, is the renormaliza-
tion of the nuclear-level energy, connected with
the presence of inelastic channels. Substituting
now (2.3), with allowance for (2.5)—(2.7), in (2.2),

we arrive at the equation
(E — Eo— AEs — AE, 4 iT5/2)Coy = HyovCxov.  (2.8)

We now express the amplitudes Cg,, from this
equation and substitute them in the first equation
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of (2.1). As a result we obtain an equation relating
only the amplitudes Cy;,:

kw w ”
HEHS

E—Ey — AEy, + iT3/2

(E'—Ek—AEv)Ckov= Z

V7

Ck’o'v';
(2.9)

Ey = Eo+ AE,, (2.10)

Let us determine the character of the motion
of a particle with definite wave vector k; and
spin projection 0. To this end we shall consider
formally the right side of (2.9) as a perturbation,
and express, as usual, all other amplitudes in
terms of C oo’ and then substitute them in the
equation of the system (2.9) with kov = kogvy.
However, in the case when the particle is incident
on the crystal at a Bragg angle, it is necessary to
separate the system of equations for Ckoo'oyo and
Ckio'lyo, where ki are the wave vectors of the
particles scattered at Bragg angles, since these
amplitudes are of the same order as Ckyoory: We
confine ourselves for simplicity to the case where
not more than one diffracted wave is produced
(with wave vector k; = ky + K, where K, is the
reciprocal-lattice vector multiplied by 27 ), and
write the system of equations for Ckyov, and
Ckyo vy which we shall henceforth denote simply
by Ck,o and Ck,¢!. Eliminating successively all
the remaining amplitudes from the system (2.9),
we get

(E - Ekn)ckoo' - V(::)U’Ckuc' + Voqalck,a',

(E—Ey)Crio=Viy Cxoor+ ViX Cyor. (2.11)

!
The coefficients Vgg (a, 8 =0, 1) are determined
by the following series:
Vap = 2] Vpeny + 2 2 Uperln (B) Tpng

) (2.12)
8" p
+ Z 2 2’;upég (E) ;;;P’GP' (E) Zl};:’,',l’ﬁ T

ss's” pp’

We have written out this expansion in operator
form with respect to the spin variables. With this

- HEY H v
Npp = . (2.13
(")er Z E—Eg—ABy + T2 &1Y
Gp” = 8% (E — Eyx — AEy +i8) . (2.14)

Here p is the aggregate of the quantum numbers
kv, py = kavy, and pg =kgvy. The matrix elements
of the operator H which enter in (2.13) can be
represented in the most general case in the form
(2.15)

kov

Heo = (Hi(‘v;v) e :‘:’s R, (giku,)

(as in the case (2.4), this matrix element is
diagonal in the spin variables of the remaining
nuclei).
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(as in the case (2.4), this matrix element is
diagonal in the spin variables of the remaining
nuclei).

We confine ourselves to cases in which the
particle energy Ej is much larger than either the
characteristic phonon energy w, or the energy of
the hyperfine interaction. In this case we can
neglect in (2.14) AE, compared with Ekx. As a
result we obtain

G, = 897 (E — Ex + i)~ (2.16)

The primed summation signs in (2.12) denote that
P =Dgs Pi.

In the analysis of the motion of the particles
described by the Schrdodinger equation, we confine
ourselves to a consideration of s-scattering only.
Then the operators Vgg, are diagonal in the spin
indices:

oo’

Vag = Vapd®, (2.17)

and the system (2.11) breaks up into (2S + 1)
pairs of identical equations (S is the particle
spin). This pair of equations is written in the
following form:

(ko? / %2 — 1) Cx, = g0oCxo + £01Cx,

(k1?2 / %> — 1) Cx, = g1Cx, + gutCx,. (2.18)

we have introduced here the notation k% = 2mE,
where m is the particle mass

gup = —Vap / E. (2.19)

In the problem involving the motion of photons
(v quanta and x rays), Va,B remains an operator
in the variable o, which in this case describes the
polarization values. By virtue of the transversality
of the electromagnetic waves, o acquires two
values for a given k. It is convenient to introduce
formally a third longitudinal polarization. Then
the matrix elements V*, and (vs);)lp, (the indices
i and I run already through three values) can be
regarded as components of ordinary second-rank
tensors, and the amplitudes Ck; can be regarded
as components of a certain vector Cy.

In order that formula (2.12) remain in force, it
is sufficient to use in place of the function G (E),
defined by means of formula (2.16), the following
formula:

GpH(E) = (6% — kik!/ k?) (E — Ex +i8)~%.  (2.20)

The vector amplitude Cy has the meaning of the
Fourier component with respect to time of the
photon wave function in the momentum representa-
tion (cf. [5]; in the notation of [*] Cyk is the tem-
poral Fourier component of fi) and is connected
with the corresponding Fourier components of the
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electric field intensity 8’11{ by the relation
(E + ck) & = 2kN (k) Cry,

where N (k) is a certain normalization factor and
c is the speed of light.
For &l it is now easy to obtain the following

system of equations:
(ko / %2 — 1) Ex,' = g0o"&xd + g0 &/,

(k2 /12— 1) 8rf = guEnd + guint, 2
kalgka, =0,
where k = E/c, and
gap'l = —2Vay' / E. (2.22)

In writing out (2.22) we have used also the fact
that E and ck; are close in magnitude, and we
have put E + cky = 2E.

The systems (2.18) and (2.21) correspond ex-
actly to the systems of dynamic equations ob-
tained earlier by the authors (2,3] jn connection
with the problems of neutron motion (cf. (2.14)
in [3]) and y quanta (cf. (3.1) in [2]). The expres-
sions contained in these papers for the coeffi-
cients gaB and gclvl actually corresponded to the
assumption that the inelastic width of the reso-
nance level T'y is much larger than the elastic
width I'y. The formulas obtained above for these
coefficients solve the problem in the general case,
for an arbitrary ratio of I'y to I'y. In comparing
the results of the present paper with the results
of _[2] it should be remembered that the term
(kak% /K2) 6aB’ which enters in the expression for

g:xl inm but is missing in the present paper, is
insignificant by virtue of the transversality of the
wvaves.

Far from the Bragg condition we have Ck1 =0,

and the motion of the particle in the crystal is de-
scribed by the equation

(ko? /%2 — 1 — 8o0)Cx, = 0,

in other words, by a dispersion equation of the
form

k2 /w2 —1— go=0. (2.23)

Equation (2.23), together with the formulas that
determine gy, is a generalization of the problem
considered earlier by the authors, concernin? the
change in the resonance nuclear parameters 1],
which occurs when the particles move in a regu-
lar crystal, to include the case of a vibrating
lattice, a nonzero spin of the ground state of the
nucleus, and an arbitrary concentration of the
resonant nuclei. With this, the intensity of the

beam moving over the crystal is defined as
exp (—ux), where

u=2Imky & % Im ge. (2.24)

Before we proceed to calculate the coefficients
gyg and g(lx , let us write out for Vap the follow-
ing formula, which follows directly from (2.12):

Vag =2 ’Eis:ap,s + 2 2 Vpep Go (B) ;187'17[3 (2.25)

s s7%s’ P

4+ 2 2 Vpgplp (B) vpp G (E) vyigy + - - -,

s#s’ pp’

s'£s”
where

Uy = Upp + 2 Vg G (E) Vi« (2.26)
p

A solution of this equation, as can be readily veri-
fied by direct substitution, is determined by the
expression

A HS g,

vs , — sV k‘cv i .

PP E,,E-—EO—AEV"—}— ir/2
Here I' =Ty + I'y is the total width of the reso-
nance level of the individual nucleus. The elastic
part of the width I'y is determined in this case by
the expression

Ty =21 ) | M xoi] 20 (Bo— Ex);

koj

(2.27)

(2.28)

E, is the true value of the resonance level, corre-
sponding to an isolated nucleus:

AE; =P E
kj

(the symbol P signifies that the sum is taken in
the sense of the principal value). In the derivation
of (2.27)—(2.29) it is necessary to use formula
(2.15). The diagonality in the spin indices ig
follows from the same reasons as in the case of
(2.5).

We shall stop to analyze only the limiting cases:
that of a narrow line, when

| A ko3 |
EO—Ek

Eo= Ey + AE,, (2.29)

I' < w,, (2.30)
and a wide line, when
I'>> wo. (2.31)

Here w, is the characteristic frequency of the
phonon spectrum. In both cases, the expressions
for Vls)p/ are greatly simplified. In addition, in
this paper we confine ourselves to cases when
there is no hyperfine splitting (it is clear that this
limitation is important only for narrow lines).
Then AE, = AE,.

In the case of a narrow line, when the inequality
(2.30) occurs, we should confine ourselves in
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summing with respect to v" in (2.27), as usual, to
terms for which n” = ny. Using this circumstance,
as well as (2.15), we readily obtain

A a(kjs, K'7s)  igewr. , iku ik’
v =g,z ¢ @ (T s (2.32)
where

a“ (k] k’j s )_' Z 'ﬂka] ./Il;s;ngsv.

i

(2.33)
In the opposite limiting case, when the inequal-
ity (2.31) holds, we can neglect AE,,» compared
with I/2 in the denominators of (2.27). As a re-
sult we obtain
2, a (kj,, K'js))

i(k-K")R, o i(k-k")u,
Ve T F_E, T2 *( Jun

(2.34)

For a particle with spin S = 1/2 and for s-scat-
tering (this is precisely the case of interest to us)
the general expression for the operator a is

a(js js') = aodj, i, + a1 (LeS)j, .. (2.35)
With the aid of (2.33) and (2.28) we easily get
F)4 2141
=—1T = 2.36
ao m%?; n & 22T+ 1) ( )

Here I, and I are the spins of the nuclei in the
ground and in the excited states. The constants

a; and a; are interrelated in the same manner as
the ordinary coherent and incoherent amplitudes
in the case of pure resonance scattering:

@ = +hao/ (21 + 1). (2.37)

The plus sign corresponds to the case I =1
+Y,, and the minus sign to I =1 — ¥,.

In the case of phonons, using in H, owing to the
resonance character of the interaction, only the
term which is linear in the vector potential, we
can easily obtain for (2.33) the formula

#(50 Ki) = 2 3 (i) 15, (A )1

i

(2.38)
We have used here the notation of the earlier
paperm.

It will be convenient in what follows to repre-
sent all( kjs, k'jg) in a form similar to (2.35):

a”(k]'s,k’js')Eao“(kk’)éjj + ai (kjs, Ks'), (2.39)

ag’t (kk') = Za (kjs, K'jis). (2.40)

2l + 1 -|-1

From the definitions of (2.40) and (2.39) it follows
that

) asit (kjs, Kjs) = 0.

Is

(2.41)

This tensor is proportional to the tensor il -

KAGAN

troduced in 2!, Using the results of that paper, we
find directly that in the case of M1 and E2 transi-
tions we have respectively

a0t (kky) = b'[ (kki) 8% — ik,

(2.42)
apii(kky) = b'[ (kky) 6% + kitk! — 2/skiki],
where e 21+ 1
b= ———T\, (2.43)
2% 20+ 1

Following the reasoning used in (2) {5 determine
Ill, we can easily obtain an expression for
aj Hk- ki) for the case of the E1 transition, too;

ao'! (kky) = b'n26% (2.44)

We shall henceforth consider only E1, M1, and
E2 transitions.

3. CHANGE IN WIDTH AND SHIFT OF RESO-
NANCE NUCLEAR LEVEL IN CRYSTAL

1. In this section we consider the change in the
resonance parameters in the case when the parti-
cles satisfy the Schrédinger equation. We begin
the analysis with the case of a narrow resonance
line (see (2.30)) and assume at first that the spin
I, of the lower state of the nuclei is equal to zero
and the concentration 1 of the resonant isotopes
is equal to unity.

Let us find the explicit form of g,z (2.19) by
using the representation (2.25). To this end we
substitute in (2.25) the expression (2.32) with al-
lowance for (2.35) and (2.36). After simple trans-
formations we obtain

Bap = —fo:fﬂ{ NOT—%—
e 2 F ()

Fls)= z., exp {1(12)—2(}:26 R.)} (3.1)
x!(exp {ik (Wsr— s)}) nonss 5.2

where N; is the number of atoms per unit volume.
The quantity f, in (3.1) has the following mean-
ing
fa = (exp{ikatis}) non, = exp{—"/2Z (ka)},

Ik (@ 1) P (g, )+ 11,
o(q, 1)

Z(ks) = (3.3)

1
2MN, %

Here q and p are the wave vector and the number
of the branch of the phonon, w(q, ) is the pho-
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non frequency, e(q, i) the polarization vector,
(g, u) the average phonon occupation numbers,
and M the mass of the atom in the lattice (for
simplicity we consider a monatomic crystal
lattice).

We note that taking the diagonal matrix element
with respect to the stationary state of the micro-
scopic system n; is equivalent to averaging over
the thermodynamic equilibrium. We have used
this circumstance in writing out (3.3), and we
shall use it throughout in what follows.

In a regular crystal (s, s’) depends only on
the difference Rg — Rg’. It follows directly there-
fore that the sum 237( s, s’) over s’ = s does not
depend on s. The series (3.1) is then a geometric
progression and contracts to the expression

Iy

8op = fafB 3E Eo+ T/2+R(E)’ (3.4)
T
. exp {i (ko — k) Ry} (exp{ik (us — o) }) nyno
X s§0§ E—Ex+id !
(3.5)

where £ = 1/Nj is the volume of the unit cell.
Thus, the width and the position of the resonance
level change significantly by amounts

AT = 2ImR(E,), AE = —Re R(E,). (3.6)

Let us determine in explicit form the matrix
element contained in (3.5). Direct calculations
yield

(exp{ik (us — o) }) non, = exp{—Z (k) + Y,(k)},

|ke(q, p) |2
o(q, u)

1
Ya(k) = -5 Z [27(q, w) + Ll cos aRa. (3.7)
At temperatures that are large compared with
wg, this expression decreases exponentially with
increasing T. By virtue of this, R vanishes in
this limiting case and the resonance dependence
of the quantities gap remains practically the
same as for the individual nucleus.

In the opposite case, at low temperatures and
in a sufficiently rigid lattice, (3.7) can be re-
placed by unity. Taking into account the fact that
we have eliminated from the sum over k the
values k =k, and k =k;, we obtain directly for
the change in the width
2n2Ty S dk

mx J (2m)3

Al = — 8(Bo—Ex)=—I1 (3.8)

and for the shift
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Qo dq
P 8 qZ—kOZ]‘
(3.9)

The prime in the summation over K denotes
exclusion of the term with K =0, as well as
K =K, if the Bragg condition is satisfied.

The expressions obtained for the width and for
the shift coincide exactly with the results ob-
tained in (1) by another method.

The greatest interest attaches in our case to
the intermediate region, where the change in the
width and the shift of the nuclear resonance level
begin to depend on the temperature. To analyze
this case we expand the exponential (3.7), which
enters in (3.5), in powers of Yg(k). In this ex-
pansion, a significant term besides the first, is
the second one, inasmuch as Ys(k) itself de-
creases slowly with increasing Rg, which leads
to a logarithmic divergence in the summation over
s. The remaining terms decrease with increasing
Rg sufficiently rapidly, and will be disregarded in
the analysis that follows. Then

AE = —

2nTy [ . 1
% (ko 4+ K)2 — kg2

:ﬂ:F1 Z Z:exp{i(ko—k YRs}

R(E E—Ex 1 i

=20 (1 4 Y, (k)).
(3.10)

s#:O k

As shown by direct calculations, the contribution
made to Re R(E) by the second term in the
brackets in (3.10) is small. We then get for the
line shift

2nly - exp{—Z (ko + K)}
AE =~ —
%Qo [% (ko + K)2—
Q e~Z(®
o aa. (3.11)

For the change in width we get after simple
calculations, assuming cubic symmetry of the
crystal

AT = —Tje~2(Kad 4 AT, (3.12)

The quantity AT, which is the result of the
second term in the brackets in (3.10), is given by

nzri{zpkoJr K)— S—(Z:Tp

(koK) },
(3.13)

mx (2:rc) 8
where

-—Z(k+q) | (k + q)e(qY “‘) |2
o (g 1)

ZS (2m)3

x[27(q, n) + 10 (E — Exrq). (3.14)

A special role in the sum over K is played by
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the term with K =0, and if the Bragg condition is
satisfied also by the term with K =K. Indeed, as
can be readily verified directly, in these cases the
integral (3.14) diverges logarithmically at small
values of q:

T
p(ki)z——zl'—%—-3__e—z(ki)ln( 2o \ (3.15)
(27)2 Meag? min

1 dQq [nee(q, ) * [ o ;
2 gim Y [A [ne(@ )] 6(&); n— 2
“2Ton o)

q ki
(3.15")
Here qp is a quantity on the order of the limiting
wave vector of the phonons; as regards qumin, it
can be shown that its limiting value is determined
by the larger of the two quantities 1/L or T' (L
is the linear dimension of the crystal); c“(q)
=w(q, u)/q.

The result (3.15) is connected with the logarith-
mic divergence of the cross section for single-
phonon scattering, which is known for the case of
Bragg scattering of x rays. It is exceedingly in-
teresting that in the case of a narrow line this
section diverges also for small-angle scattering
(the term with K =0). We note that the remain-
ing part in (3.13) is as a rule much smaller than
(3.15).

For limited values of the temperature,

T < @p (®p is the Debye temperature), and for
low-lying resonance levels, when Z (k;) < 1, we
get AT = —T'y, and the vanishing of the elastic
width occurs in full measure. With increasing
temperature, a noticeable decrease takes place in
|AT|. For large values of kj, the decisive role
will then be played by the drop in the probability
exp{—Z(ky)] of the Mossbauer effect, and for
small k, the role of the term (3.15) in AT’ be-
comes very important.

We note that the change in width in the presence
of Bragg scattering is different than in its ab-
sence.

As to the temperature dependence of AE, we
note only a general tendency for the shift to de-
crease with temperature. The presence of factors
that depend on the vibrations of the nuclei leads
here to a rapid convergence of the terms of the
series in K and of the integral in (3.11).

2. Unlike the case of a narrow resonance line,
the case of a broad line is much more compli-
cated. The situation becomes even more compli-
cated if we consider simultaneously nuclei with
I, # 0 and 1 # 1. By virtue of this, in the analysis
of all these factors we confine ourselves to an
examination of the most interesting case, when the
change in the width and the shift of the level are

C3 BZ g0
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small compared with I'. Then the series (2.25)
converges rapidly and we can confine ourselves to
allowance for only the first two terms. Substitut-
ing in (2.25) the expressions (2.32) or (2.34) we
get, with account of (2.35)

o (204 aids8) juis
Vap = fap Z E —Eo+ il/2

o (a0+ as1sS) joj (a0 + a1ls8) jjo
+ 2 (E—E,+ iT/2)®

s's

(Daﬁ(sv S/), (316)
where in the case of a narrow line (see (3.2),
(2.32))

fap = fofs, Dap(s,s’) = fafsF (s,5),
and in the case of a broad line

fap = (exp{i(ka — kg) U} none = exp{—*/oZ (ka — kﬂ)},

(3.17)

Dap (s, 5') = Z,- (exp{i (ka — k) ug + i (k — kg) Us}) none
k

E—Eyx +i6

x exp{i (ko — k) (Rs — Ry) }. (3.18)

The tilde over the summation sign in (3.16) means
that the summation over s and s’ is taken only
over the lattice points where the resonance nuclei
are situated. It is natural to assume here that
these nuclei are randomly distributed over the
crystal-lattice points.

In the case of unpolarized nuclei, the terms
that depend on the nuclear spins vanish upon sum-
mation over the lattice points in (3.16), since all
the projections of the nuclear spins are equally
probable. Going over to summation over all the
lattice sites, we get

N R TR (3.19)
Vaﬁ—nfmﬂzs oy T
a? ,
o Zs (E —Eoy+il'/2)? Dap (s, s7).

GET]

Using the fact that &, (s, s’) depends only on the
difference Ry — Ry, and also formula (2.36), and
going over to the expression for 8ap (2.19), we
get

L S Y R -
Qud E—Ey+il'/2 E—E,+ir/2/"

af =—
Alternately, with the same accuracy with which
(3.16) is determined, we have

2nntfap Iy
90%3 E—Eo+iF/2+Raﬁ )

8ap = — (3.20)

Here
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nl‘m@

Rop = — fag™ 2} Dap(s,0).

570

(3.21)

In the case of a narrow line RozB does not depend
on the indices « and (:

Rqpg = LR,

where R coincides with the value in (3.5).

Thus, the change of the width and the shift of
the resonance line (3.6) turn out to be directly
proportional to the concentration and to the spin
factor (2.36), which determines the coherent part
of the scattering amplitude. The presence of these
factors in the general case leads to a decrease in
|AT| and |AE|, which is connected with the ap-
pearance of an isotopic and spin incoherent-
scattering channel. For a sufficiently low concen-
tration, Rgyg turns out to be small, and the reso-
nance parameters, naturally, tend to their values
for the isolated nucleus.

In the case of a broad line, calculating (3.18) in
explicit form, we get

(3.22)

nl’
Rop= — ﬂg—‘ faB
my,

"exp {i(ko — k)R; — Zap (k) + X*P (k) } |

3 M ;
PP E —Eyx+i6

s#0 k

(3.23)

Zap (k)= 1/2(Z(ka — k) + Z (kg — k) ),

o [(ka — k) e (q, )] [(ks — k) e(q, b)]
A= 21\’ qzu (g, 1)
x (2r(q, u) +1)cos gR,. (3.24)

As in the case of the narrow line, we expand the
exponential in (3.23) in powers of xaB , confin-
ing ourselves to the first two terms of the series.
Here again the real part of Ry is determined
essentially by the first term of the expansion, and
the ratio AEqgfyg/n¢ (the shift and the change in
the width enter differently in the different coef-
ficients ggp) will be described by formula (3.11),
in which the exponential exp[ - Z (k)], which en-
ters in the sum over K and in the integral, must
be replaced by exp[—ZaB (k)]. For ATyp we
have in the case of cubic crystal symmetry

Araﬁ =

ko exp{—2Z (ko)
T gt xp{—2Z (ko)

2|ka+kﬂlz(ko) L

{ Ika-l-kﬁl ket kel /o, )}

ko + k
— exp {_ 'l—";‘:_ﬂlz(ko) }:I + fap~nlATap’, (3.25)
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where AT B is determined by formula (3.12) with
1 dq
2MZS (2n )3

w[(ke —k —q)e(q, p)1[(ks —k — q)e(q, )]
‘(l)(q7 P«)

X [27(q,n) +116(E—Eyq).

oap (k) = 56xp {—Zap(k+q)} (3.26)

It is interesting that, unlike the case of a nar-
row line, the diverging term in (3.13) in the sum
over K appears only in the presence of Bragg
scattering. Therefore, in the penetration problem,
when there is no Bragg scattering, AT’ is small
and the expression for the change in the width is
defined by
1— exp{—4Z (ko))

47 (ko)

We note that in the case of a broad line the
temperature dependence of AI', has an entirely
different character than in the case (3.12)—(3.15)
of a narrow one. In particular, at high tempera-
tures, when Z(k;) ~ T, AT tends to zero ex-
ponentially in the case of a narrow line, and only
like 1/T in the case of a broad one.

On the other hand, in the case of Bragg scatter-
ing there appear in AT, ; with a =8 diverging
terms corresponding to py(K;) and py;(0) and
playing a decisive role in Al"a o+ It is interesting
that when a = 8 there is no divergence and
AT, in this case again is determined essentially
only by the first term of (3.25). Then

me 3T K

(23’15)2 quound%

AT ~ —qtT} (3.27)

0.,(3.28)

gmin

poo (K1) = p11(0) =

where cs2 ound is determined by (3.15’) with nj
=K, /K. Unlike the case of a narrow line, here
dmin is determined by the larger of the quantities
1/L or gyk.

4. CHANGE IN WIDTH AND SHIFT OF RESO-
NANCE NUCLEAR LEVEL IN CRYSTAL. CASE
OF y QUANTA

1. In this section we confine ourselves to only
the most important case, that of a narrow reso-
nance line (see (2.30)).

We separate again the case when the spin of the
ground state of the nucleus I, is equal to zero,
and 7 = 1. We determine the values of g (2.22),
using the expansion (2.25). We substitute formulas
(2.32) and (2.39) in (2.25) and take account of the
fact that when I =0 we have a}l =0. Then in the
case of an E1 transition, using expression (2.44),
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and making the same transformations as in the
derivation of (3.1), we get

; 2b"% il

gaﬂ['_—_ —fafﬁ CQO {E—Eo+ir/2
R RipRD R
- (E—'E0+lr/2)z+ (E—Eo+il/2)3 e (4.1)
. » exp{i (ko — k) Rs}exp{—Z (k) + Y, (k)}
Rzl: _b/ 2
- Eﬂ% E— Ek + id
) kit
X (611_ = > 4.2

In the coordinate system in which the tensor Ril

reduces to its diagonal form, all the tensors gloiﬁ
are diagonal, and the series (4.1) turns into geo-

metric series. As a result we obtain

t— —fof 2b'% 1
Bap” = —lalb = o " F _E,+iT/2 + RY

(4.3)

and analogous expressions for the other two
principal values of the tensor.

We note that in the general case R!! = R?
= R%, and thus, coefficients with different values
of the resonance parameters enter in the dynamic
problem. (It must be emphasized that the reduc-
tion of the tensors g(iylﬂ to diagonal form does not
mean that the corresponding equations (2.21) will
separate in this coordinate frame into three in-
dependent equations, or into the transversality
condition kla & lka =0.) In the particular problem
involving the penetration of a Yy quantum through
a crystal in the absence of Bragg scattering, it is
obviously sufficient to know the properties of the
tensor go)ap, where A and p are the coordinates
in the plane perpendicular to the direction of the
vector k). From the first equation of (2.21), we
obtain in this case, putting & lk1 =0, the following
dispersion equation:

| (ko[ %2 — 1) 6% — goolol = 0. 4.4)

This equation gives a value of k; in the crystal
corresponding to two values of polarization.

If we assume for simplicity that k, is directed
along the symmetry axis, then

goo* = good, (4.5)
and we obtain two identical roots for k;
ko =~ %(1 + Yogw). (4.6)
With this, gy, takes the form (4.3) with
= —qexnly
- exp{i(ko — k)Rs}exp{—Z (k) +Ys(k
<33 S L)

(4.7
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o (k) =*:[1 — (K)2/F2]. (4.8)

In writing out (4.7) we used the explicit form of
(2.43), and also the fact that in the case of E1
transitions and when I, =0 we always have I = 1.

If we make in (4.7) the same transformations
as in the transition from (3.5) to (3.10)—(3.14),
then we readily get

Y ¢ (ko 4 K) e~ 2(ktK)
i Do

2 coe(qe

TR A dq}, (4.9)
and for AT we again obtain (3.12) with
AT = sexTs{ S0 (ko + K)o (ko+ K)
K
Qo

where p (k) is determined by formula (3.14).
Thus, the shift and change in width have qualita-
tively the same character of the temperature de-
pendence as in the case of particles experiencing
s scattering (see the preceding section).

A similar analysis can be made for M1 transi-
tions. The problem reduces completely to that of
the preceding case of E1 transition, if we go over
from & to the Fourier components of the mag-
netic-field vector.

2. We now proceed to the general case, when
I # 0 and n # 1. As in the preceding section, we
confine ourselves to the case when |AI'| and
| AE| are small compared with I'. Then, if we
retain only the first two terms in the expansion
(2.25), the reasoning remains exactly the same as
in Heading 2 of the preceding section. In summing
over the spin variables it is necessary to use
here Eq. (2.41), which leads to the vanishing of
terms containing a%l. All the results of the pre-
ceding part of this section remain in force, with
the substitution

R'—>ntR", = (I+1)/ (2l + 1)L+ 1) (4.11)

(I is the multipolarity of the transition).

The character of the influence of the spin and
isotopic incoherence on the change in the width
and on the shift of the nuclear level turn out to be
the same as in the case of particles experiencing
s scattering.

5. DYNAMIC SYSTEM OF EQUATIONS IN A
CRYSTAL

The results obtained in the preceding sections
show that the vibrations of the nuclei as well as
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spin and isotopic incoherence can lead to a change
in the resonance parameters of the nuclei, and at
the same time lead to a rather nontrivial change
in the coefficients g,; in the system of the dy-
namic equations (2.18) and (2.21), compared with
those values obtained in earlier papers (2, 3], with
account taken of the vibrations of the crystal
lattice and also of the spin and isotopic scattering.
In most cases I'y > I'y, and thus the change in the
resonance parameters is really small. However,
we can indicate a whole number of cases when T
is comparable with I'y and, consequently it be-
comes necessary to use the general expressions
for ggp obtained in the present paper.

The method developed here can, of course, be
used for an analysis of the dynamic problem also
in the case of potential scattering of particles,
such as ordinary scattering of x rays, neutrons,
and electrons. Taking into account all the inelastic
processes connected with the interaction with an
individual atom we arrive at the system of equa-
tions (2.11) and (2.12) with

(v*) pn' = Vki%i(kﬁk/m’ (e1®Rs) s,

(5.1)

Ukk’ = Uo (k k’)'— il}z (k k,) (5-2)

Here v (k, k') corresponds to the amplitude of
the Born scattering and v§°’ (k, k') character-
izes the imaginary part of the scattering ampli-
tude, due to the inelastic processes.

As usual, we shall assume that the interaction
with the individual atom is weak, and that | v,|
< | vy|. We therefore confine ourselves in (2.12)
to the first two terms of the expansion

V:ql_ex'p{—i/zz(ka —kp)} (5.3
Qo
ag” g’c’
| oo ! Vo (ka, k) Vo (kr kﬁ)
>'\[Ukk'+zz E_Ek+i6’

s ko
scexp {i (ko — k) Ry — Zap (k) 4 X7 (k) } ] .

We have used here the notation given in (3.3) and
(3.24).” The second term in (5.3) is actually a
small correction to the first. However, strictly
speaking, this statement is valid only for the real
part, since the imaginary correction, by virtue of
the condition | v4| < | vy|, may turn out to be sig-
nificant. We confine ourselves below only to the
analysis of Im Vg%'.

In the case of sufficiently high temperatures,
all the terms of the sum over s in (5.3) vanish,

DIn the derivation of (5.3) we have also assumed that the
energy of the incident particle Ey  is much larger than w,.

with the exception of s =0. Then

o _ oxp (—Y/Z (ke —kp)}

Im Vgg 5 2" (ka, k) + 01" (Ka, kg)],
° (5.4)
v (ko k) =7 Nvo” (kayk)vo - (K, kg)d(E — Ex);
ko” (5.5)

vy actually determines that part of the total cross
section of the interaction connected with pure
elastic coherent scattering by an individual atom.
At low temperatures, when we can neglect the
lattice vibrations, the second term in (5.3) turns
out to be pure real because we have excluded
from the sum over K the terms with K =0 and
K =K. Then Im Vgg/ is determined only by the

first term in (5.4), i.e., only by inelastic processes.
The approximate value for arbitrary tempera-

tures can be obtained by the same method as in

the derivation of (3.12)—(3.14), if we separate

first in explicit form the term with s =0. As a

result we add to (5.4) the expression

TSV oT (ke k) o0 (k, kg) e~Zas®b (E — Ey)
Qo
n Qo -
+§;{§p%(ko+x)—(2 )3Sdkp (ko+1) };
(5.6)
oo’ 1 s\ dq 00’” o’
Pap= 577 2 S (23 ( (ka, k+q) 25~ (k + g, kg)
- exp {—Zas(k+q)}
[(ka—k—q)e(q,u)][(ka— —q)e(q, )]
o(q, 1)
X(272(q, u) + 1)8 (E — Ex+q). (5.7

From this expression it follows that the imag-
inary part of the coefficients of the dynamic sys-
tem of equations contains a temperature depend-
ence which is more complicated than that deter-
mined by the Debye-Waller factor. This result is
significant when the scattering cross section is
comparable with the absorption cross section. In
the opposite case, we can neglect the term (5.6)
and we arrive at the values obtained in %3 for the
coefficients of the dynamic system in the case of
a broad line. (In the case of a broad nuclear line
(I > w,) potential scattering and resonance scat-
tering are physically equivalent.)

In the case of x rays we have

2me? (5.8)

it (@) = ———F ()8,

where F(q) is the atomic form factor and mg is
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the electron mass. In this case in the coefficients
Ag&lﬁ (2.22) of the system (2.21), connected with
scattering by the phonons (second term in the
brackets in (5.4) and the term (5.6)), is given by

. 4t ez \2 kik!
- il f—— —_ — Nl —
Agas lch( mec? ) { SF(ka k) F (ke — ke) (6 k2
dQx
X [exp {—1/2Z (ko — kg) } — exp {—Zap (k) }] 7
1 E=Ro
o kyiky
+ e ( 89— 220 |F (K |2
KiZ 3T qo
X —Z(K))}— —1 }
eXp{ ( 1)} %2 2Mcanz HQmin Y# *
Gmin = max {1/L, goox}. (5.9)

Here the tensor 6i¢ — kik!/Kk? picks out, upon in-
tegration over the directions of the vector k, only
the transverse polarizations (see the derivation
of the systems (2.10) and (2.11)).
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We have retained in the last term of (5.6) only
the diverging logarithmic part. It is interesting
that it appears only for the diagonal coefficients
of the dynamic system. This is very important
for anomalous penetration.
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