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The paper is devoted to the study of dynamics of the quasilinear relaxation of unstable states 
of collisionless plasma. A self-similar solution of the quasilinear equation is found for the 
case when a small group of electrons has at the initial instant of time a high velocity in com
parison with the other electrons (i.e., a weak beam is present in the plasma). The distribution 
function has the shape of a step with a steep front, moving towards lower velocities. The proc
ess is shown to exhibit such a behavior for a wide class of initial distribution functions, and an 
equation is derived for the velocity of the steep front of the wave. The stationary distribution 
function and the Langmuir-oscillation spectrum are determined as functions of the coordinates 
in the case of stationary injection of a beam in a half-space occupied by a plasma. 

}. IN the first papers on the quasilinear theory of 
plasma oscillations[ 1• Zl it was shown that one
dimensional plasma oscillations that grow in time 
modify the initial unstable distribution function in 
such a way that the growth of the oscillation ampli
tude in time ceases. As a result, the initially un
stable distribution function becomes stable, and 
noise at a level much higher than thermal is pro
duced in appropriate regions of wave-number 
space. If there are practically no collisions be
tween particles, this state is stationary. All the 
parameters of the particle-plus-wave system in 
the final state can be determined by using the con
servation laws that follow from the quasilinear 
equations. The process producing the transition to 
the stationary state was never considered. We 
investigate below the laws governing the time vari
ation of the distribution function during the course 
of the quasilinear relaxation process. 

We start with a system of quasilinear equations 
for one dimensional Langmuir oscillations. The 
initial electron distribution function is chosen to 
be that shown in Fig. 1. The second small peak of 
the distribution function signifies that a beam of 
low-velocity electrons moves through the plasma 
with velocity v0• The beam velocity is much 
larger than the thermal velocity scatter of the 
plasma electrons ce. It is known that such a dis
tribution function is unstable. According to linear 
theory, the instability has a different character in 
two limiting cases. [aJ When the beam is dense and 
almost monoenergetic, oscillations grow in the 
plasma, and frequency and increment are deter
mined by the parameter of the entire system. On 
the other hand, if the velocity scatter in the beam 
c1e is not too small, and the beam density n1 is 

not too large compared with the plasma density no. 
namely, 

then the beam excites Langmuir oscillations with 
an increment which is determined by introducing 
the distribution function of the beam in the vicinity 
of the point v = v0• To describe the relaxation of 
the unstable state to the stable ones in the second 
limiting case we can use the equations of the qua
silinear theory 

f)F Wo2 a ( I dF ) -=--- J Bh6(w-kv)dk- , at 2nom av av (1) 

(2) 

~ F dv = n,/no, (3) 

where F is the distribution function of the beam
electron velocities, normalized in accordance with 
relation (3), Ek is the spectral density of the en
ergy of the Langmuir oscillations (noise), and w 
and k are the frequency and the wave number. [ 4 l 

For the problem considered below, the thermal 
correction to the frequency of the Langmuir oscil
lations w = w0 is immaterial. By virtue of the 
uniqueness of the connection between k and e, 
which follows from the relation w0 = kv, we can 
choose for the function Ek the velocity v as the 
independent variable in lieu of k. Then the spec
tral density in k-space will be connected with the 
spectral density E (v) in the following fashion: 
Ek = E(v)w0/v2• 

If we now introduce convenient dimensionless 
variables and functions 
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n1 
't = ffio-t, 

no 

v 
V=-, 

Vo 

then (1), (2), and (3) take the following form 

_!!___ = _!____ 1r w P !L) 
a't av , av ' 

(4) 

aw at 
-- = wV2 -----
<h av' 

(5) 

~ ~ fdV= 1. 
:it • 

(6) 

From (4) and (5) follows an important simple 
relation between the distribution function and the 
noise: 

a 
t-fo= av (w-wo), (7) 

where f0 and w0 are the distribution function and 
the value of w at the initial instant of time. To 
obtain this relation, we must substitute mV28f/8V 
from (5) in (4) and integrate with respect to T. 

f 

J 
0 

FIG. 1 

With the aid of (7) we can eliminate f from (5) 
and obtain an equation containing only w(V, T): 

aw _ yz a2(W- Wo) + V ajo 
-- w w-
~ aP av· 

(8) 

In the region where 8fo/8V = 0, Eq. (8) remotely 
resembles the equation describing the propagation 
of heat in space, when the thermal-conductivity co
efficient is a power-function of the amount of 
heat.U As ts well known, in this case the heat 
propagates in the form of a wave with a steep 
front, and regions exist where the heat has not yet 
arrived and the temperature has the initial 

1 )Recently the authors have learned that similar consider
ations were advanced by E. P. Velikhov. 

value. [ 5J Using a special form of the boundary and 
initial conditions, it is possible to obtain self
similar solutions for the equation describing such 
a wave. [ 5J 

2. Let us attempt, as in the theory of thermal 
waves, to find a self-similar solution for our prob
lem. We consider those instants of time, when the 
distribution function of the beam has expanded to
wards V, to V = Vm, such that 

(9) 

The initial stage of the process of quasilinear re
laxation, which leads to a smoothing of the distri
bution function of the beam, depends, of course, on 
the initial form of fo. One can hope, however, that 
in the succeeding phase of the process, when the 
left-side inequality of (9) is satisfied, and the de
tailed form of the initial distribution function of 
the beam electrons does not influence the solution, 
just as the law governing the propagation of the 
thermal wave at a sufficiently large distance from 
an explosion is determined only by the amount of 
heat released in the explosion. 

When the right-side inequality of (9) is satisfied, 
we can replace in (8) V2 by 1, and w0(V) by w0(1). 
After such a simplification, Eq. (8) does not de
pend explicitly on the velocity, and this greatly 
facilitates the search for self-similarity. 

In the region V m < V < V 1 (V 1 is the point where 
f0 is negligibly small) Eqs. (7) and (8) do not de
pend explicitly on f0• It then follows from (7) that 

vm vi 

w(1)- w0 (1) =- ~ fdV = 1t =- ~ fodV. (10) 
v, v, 

The last equality is approximate and is valid 
accurate to terms of the order of (1 - V 1)(1- V m>• 
and is based on the assumption that the process of 
quasilinear relaxation leads to a smoothing of the 
distribution function. 

In order to verify that the problem actually has 
a self-similar solution satisfying the boundary con
dition (10), we introduce in (7) and (8) a new vari
able and a new function 

1-V 
"=---

in:r: 
w- Wo(V) 

cp= 

Then they take the form 

f = -l'n /np', 
- 1M,ocp' = (cp + o<po)ocp", 

(11) 

(12) 

(13) 

where the prime denotes differentiation with re
spect to L and cp0 = w0(1)/rr. 

Since f is positive by definition, only those so
lutions of (13) for which cp'(~) ::::: 0 for all ~ have a 
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physical meaning, in accord with (12). 
The botmdary condition (10), following such a 

substitution, is cp(O) = 1, and the boundary condi
tion for cp = oo takes the form cp(oo) = 0, since the 
noise ahead of the front of the propagating wave 
retains its initial value, and the distribution ftmc
tion is equal to zero. 

Thus, to find the distribution function at any in
stant of time it is necessary to find the solution of 
(13) with the indicated boundary conditions, such 
that cp' (0 :50 0. These requirements are sufficient 
to make the solution unique and possessing a hori
zontal asymptote cp = 0. [ Gl Unfortunately, it cannot 
be written in terms of quadratures and, generally 
speaking, the equation must be solved numerically. 
Figure 2 shows the functions cp and I cp' 112 ob
tained as a result of a numerical solution of (13) 
for cpo ~ 11t3o. 

1.00 

0.50 

0.25 

0 0.25 0.50 

FIG. 2 

In the case when ln (cp /cp0) » 1, we can write an 
approximate analytic solution of (13). We shall 
verify directly that the solution will be the follow
ing function: 

1 cp 1 1 ~ ~ 
cp(~) = 2~o(~o- ~)lnq;;; + 2 (~o- ~)-!; (~o- £) 2• (14) 

Indeed, differentiating cp (~), we obtain 

' 1 cp 1 cp' 1 1 
cp (;) =- -~oln-+ -~o(~o- ~)----;:- +--;- (~o- ~). 

2 ~ 2 cp 2 2 

Further, dividing cp' by the function cp defined by 
(14), we obtain, accurate to small quantities 
~ [ln (cp lcp0)]-1, that cp'l cp = 11(~- ~ 0 ). Therefore 

1 cp 1 
cp'::::::; --~oln--- (1 + ~). 

2 cpo 2 

We obtain cp "· in similar fashion: 

cp" ::::::; ~ --~-. 
2 ~o- s 

The terms containing ln (cp I cp 0) in the expressions 
for cp and cp' are, by assumption, the principal 
ones, but we have retained also small terms, since 
they make a contribution to the second derivative 
of cp. In verifying solutions (14), it is possible to 
substitute into (13) cp(O and cp'(O without the 
small terms. 

Finally, since the logarithm ln (cp I cp 0) is a 
slowly varying ftmction when the ratio cp I cp0 is 
large, we have with "logarithmic accuracy" 

1 .1 
cp =- so(so- s)ln-. 

2 cpo 
(15) 

The constant ~ 0 determines with "logarithmic 
accuracy" the "coordinate" of the wave front. Its 
magnitude can be determined from the boundary 
condition q; (0) = 1. It is equal to 

(16) 

Since (15) is valid when ln (cpl cp0) » 1, it does 
not describe the leading part of the front, where 
cp ~ cp 0• The form of the leading part of the front 
can be approximately determined by putting ~ = ~ 0 
in the left side of (13). The solution of such a sim
plified equation will be valid when ~- ~ 0 « ~ 0 • In
tegrating the obtained equation with respect to ~ , 
we get 

1 1 ( cp) cp = - --;:-so ln \ 1 + - . 
2 , cpo .. 

Hence 

2 [ . J = -cpo li( 1 + __!_) -li(2) , 
So cpo 

where li is the integral logarithm. We assume 
here that cp = cp 0 1- 0 when ~ = ~ 0 • Expanding 

(17) 

(18) 

ln (1 + cp I cp0) in terms of the small quantity cp I cp 0 

« 1, we obtain for the leading part of the front the 
following formula: 

cp = cpoexp{- 2;o (~-so)}. 
From this expression we see that cp approaches 
zero exponentially, and the characteristic length 
is the very small quantity 2cp0 1~ 0 • 

Let us find also the time after which quasilinear 
relaxation of the beam occurs on the interval t::N. 
It is approximately equal to the time during which 
the wave front traverses a distance .6-v in velocity 
space. We have from (16) 
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i.e.' 

1 1 1 lnq>0- 1 
t=--=----

y so2 y 2 ' 
n1 ( Vo ) 2 

y= :rtcDo-1-
no \ ~u 

Actually, for beams with a relatively large par
ticle density, the ratio 1/ cp0 , which is equal to the 
ratio of the energy of the final and initial noise, is 
a very large quantity. Thus, if initially the noise 
was at the thermal level, then 1/ cp0 ~ NnntJn0, 

where Nn is the number of particles in the Debye 
sphere. In other words, ln cp01 is practically equal 
to the Coulomb logarithm. The latter, on the other 
hand, under conditions which are typical of the ex
periment, is approximately equal to 20. 

The results can be intuitively explained in the 
following simple manner. After a time 1/y, the 
front of the wave traverses a path in velocity space 
which is approximately equal to !:l vI ln cp01• Behind 
the wave front, where the noise has almost the 
final value, a plateau is formed after the same 
time 1/y. If the noise level ahead of the front 
were equal to zero, then the "wave" would stand 
still and its front would be infinitely steep. Actu
ally, the slope of the front is finite, but is large 
because the wave moves rather slowly in the scale 
of the time 1/y. 

3. We shall now show that the picture of the 
quasilinear relaxation which we have described 
does not change appreciably, and all the conclusions 
remain valid, for a broader class of initial distri
bution functions. To this end we return to the ini
tial system of equations (4)-(7). Now, however, 
the initial distribution function will be the one 
shown in Fig. 3, i.e., a beam moving with average 
velocity V = 0 is present in the plasma, as before, 
but now fo = 0 in the entire velocity interval. 

We can expect the solution of Eqs. (4)-(7) to 
describe a wave whose front moves in V -space 
with a certain velocity u(T). This means that the 
quantities f and w depend on V and T as follows: 

j(V, 1:) = j(V- u(T), 1:) == f(rJ, T); 
w(l',,.) =w(V-u(T),'t) =w(rJ,'t). 

The width of the wave front 11 1 is small com
pared with the distance 1 - u traversed by the 
wave. Over the distance 1J1> the distribution func
tion f increases rapidly from an initial value fo 
to a certain value f(V 0, T) (see Fig. 3), which will 
be determined later, after which it remains prac
tically unchanged. As the wave moves on, f(V0, T) 

and the waveform vary, but these changes occur on 
the time scale of T. Therefore, on the wave front 
we have 

l oj I ·I oj I I ow I I ow . -o,. ~ u ihl ' . 7ir ~ I a;] u I 

I 

u(T) v* 1 v 
FIG. 3 

With equal accuracy, we can simplify and re
write (5) in the form 

ow . oj 
~-u=wu2-

0f] OfJ ' 

and then, integrating once, we get 

U W(rJ) 
/(rJ)- fo(u) =--In--. 

u2 w (u) 

(19) 

(20) 

The quantity w(u, T) is determined by the noise 
level at the point u at the instant of arrival of the 
wave front at this point. It must be emphasized 
that if the linear increment at this point differs 
from zero, then w(u) must be calculated with the 
formula of the linear theory, since by definition 
w(u) is taken at a point where the distribution func
tion w is equal to the initial value f0 (u), and the 
quasilinear effects are not yet significant. 

Equation (7) in terms of the variables 1J is 
written as follows: 

(21) 

In the region of the front we can replace fo(1J) 
in this formula, at the accuracy assumed, by fo(u), 
since fo(1J)- fo(u) = 1]8fo/8V, and we can neglect 
8wo /81] compared with aw /81], after which, sub
stituting the expression (20) for f(1]) into (21), we 
obtain 

OW _ U W(fJ) 
----In--
Of] u2 w ( u) · 

(22) 

The integral of (22) is 

n= ~2 w(u)[li( w(fJ) )-li(2)] (23) 
u , w(u) 

In that region of values of 1), where ln(w(1J)/w(u)) 
» 1, the solution of (22) can be written approxi
mately, with "logarithmic accuracy," as follows: 

zi ( zi w(V•)) w = ------,-f]ln - f]-ln--- . 
u2 u2 w(u) 

(24) 
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(V* is defined in Fig. 3). 
The law governing the variation of the distribu

tion function on the front of the wave has, with the 
same accuracy, the form 

I = lo- !:_In (- TJ !:_ ln w( v·) ) , 
u2 u2 w(u) 

(25) 

i.e., the quantity f - f0 is in the form of a step. 
Expressions (23), (24), and (25) justify the assump
tions made in the derivation of (22), namely that 
the wavefront form changes weakly, only to the ex
tent that u changes. 

Such an approximation is not valid on the bound
ary of the wave in the vicinity of the point 7J = 0 
(V = u). The law governing the manner in which w 
tends to w(u) can be readily established by ex
panding ln (w /w(u)) under the assumption that 
(w - w(u)) /w(u) « 1. Then, linearizing (22), we ob
tain 

w- w(u) = w(u)exp{- TJ ~-'!_· - }. 
u2w(u) 

Thus, w tends to w(u) very rapidly, since w(u) is 
by definition a small quantity. For this reason we 
can actually neglect the term aw0(7])/87] in (22). 

We now determine the solution on the right of 
the juncture point V = V* (see Fig. 3). Here we 
can assume in first approximation that the elec
tron velocity distribution function is a plateau, 
the height of which depends on the time, i.e., 
f = c( T ). To determine the next approximation, we 
use (4). Substituting in it f = c(T) + of, we obtain 

1 1- V' 
61 = c ~ V'Zw(V') dV'. (26) 

If we replace in the integrand V by u and 
w(V') by w(V*), where V* is the point at which 
the two solutions are joined together, then Of will 
only increase. Estimating Of in this manner, we 
can find the region of values of V in which the in
equality I Of I « c( T) is satisfied: 

. (1-u)2 
c'>M ,_.lei 2uzw(V") (27) 

The distribution function in the region of the 
plateau can be related with the coordinate of the 
wave front u. Since the wave front is assumed 
narrow compared with 1 - u, the particle-number 
conservation law can be rewritten in the form 

t 

(1- u)c = ~ lodV. 
u 

It follows therefore that 

c/c,.....u/(1-u). 

(28) 

(29) 

Expressing in (27) c in terms of u and substi
tuting w(V*) from formula (24), we obtain 

('1- u) /In w(V") -<TJ· (30} 
w(u) 

with ''logarithmic accuracy" we can replace 
ln [w(V*)/w(u)] by ln [w(1)/w(u)] in the estimate 
(30). Thus, f = c(T) for all values of 7J = V- u 
satisfying the condition (30). 

Since ln [w(l)/w(u)] » 1, there exists a region 
of values of 1J for which condition (30) and the con
dition of the narrowness of the front 7J « 1 - u 
can be simultaneously satisfied (see Fig. 3). Let 
us join together the distribution function at some 
point V = V* of this region. From (21) and (28) 
it follows that (w(V*) » w(u)! ): 

1 

(v• • aw 1 1 I )=lo(V )+-=-J lodV. al'j 1-u,. 

This equation can be simplified by putting fo (V*) 
~ f0 (u) and w(V*) ~ w(1). The relative error in 
this case will not be larger than (V* - u) /u « 1. 
Then the equation for determining the law of wave 
motion assumes the form: 

u w(1) 1 1 

--ln--+lo(u)=--~ lodV. (31) 
u2 w(u) 1- u ~ 

We solve it, for example, for the problem al
ready considered above, when fo = 1r0 (V- 1). In 
this case (31) takes the form 

zi ln w(1) _ n 
- uz w (u) -1- u · 

Integrating the obtained equation with respect to 
time with logarithmic accuracy, we get 

_!_ +In u - 1 = n-r /In w ( 1) . 
u w(u) 

The time is reckoned here in such a manner 
that u = 1 when T = 0. In order to compare this 
result with the solution of the self-similar prob
lem, we must consider those instants of time when 
u is close to unity. Expanding the expression on 
the left in terms of the small quantity 1 - u « u, 
we obtain the already known law of motion (16): 

1 - u IY-; = const. 

If u « 1, then 

'l'U = const. 

It must be emphasized that the results obtained 
in Sec. 3 are valid only if at each instant of time 
ln [w(1)/w(u)] » 1, where w(u) = w~ exp [y 0 (u)T]. 
The quantities w(1) and w~ are determined here 
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by the noise levels in the final and initial states, 
and Yo (u) is the increment calculated from the 
initial distribution function. This is certainly not 
the case if the initial distribution function is such 
that the increment y 0 is the same in the entire in
stability region. In this case the relaxation occurs 
within a time 1 /y 0 after the noise grows to a level 
close to the final one. 

If we exclude from consideration this particular 
case, then the noise will grow first of all in the 
vicinity of the point V, where the linear increment 
y 0(V) is maximal. Thus, a situation arises in 
which the noise is larger in some region of V than 
in the other regions. This, as we have seen earlier, 
leads to an increase in the slope of the distribution 
function and to propagation of the wave in velocity 
space. 

We note the following circumstance, which 
greatly limits the region of applicability of the the
ory developed above. At not very small ratios 
n1/n0 the derivatives af/aV of the distribution 
function are very large at the front, and conse
quently the increment defined by formula (2) is 
large and can become formally larger than the fre
quency w0• Actually expression (2) for the incre
ment and the quasilinear equation (1) are not valid 
for sufficiently steep distribution functions. 

Thus, a more accurate equation for the incre
ment is 

2y Wo2 ~ aF I av 
Rew =yk (Rew-kv)2+y2dv (32) 

(for weak beams Re w ~ w0). 

If the distribution function varies weakly over a 
distance y /k about the vicinity of the point 
v = Re w/k, then the derivative a F jav can be taken 
outside the integral sign, and the remaining inte
gral is equal to 1r I I k I y. 

Consequently, in this case we can use the ex
pression for y in formula (2), when the value of 
the increment at the point k = w0/v is related with 
the value of the function aF /av at the point v. 
Such an approximation of the integral in the right 
side of (32) is valid if 

iJ2F y iJF 
{)-;]: -k <Tv . 

Substituting into this inequality the expression for 
y used in formula (2), we obtain 

nt f}2j 
V3--~1 or 

no aV2 -
n1 82/ --<1. since v~1. (33) 
no aV2 

Here V = v/v0 and f = 1rv0 Fno/n1• 

This (local) connection is lost if in the vicinity 
of the point v m = Re w /k the function a F /av 

changes appreciably over the length y /k. In this 
case all the particles with velocities I v - v m I 
~ y/k contribute to the integral in (32). 

If the distribution function is the step shown in 
Fig. 1, then the increment is equal to 

)•;, 
Wo. 

I 

(34) 

This expression is valid if the width of the transi
tion region of the step 6v is smaller than y /k, 
i.e., if 

ou ( n1 Vm )'h 
-~ --,----
Vo - no 2 (vo- Vm) 

The instability of Langmuir oscillations with 
such an increment is frequently called hydrody
namic. It was investigated in [T J, and the quasi
linear stage of relaxation of a narrow beam with 
c1e/v0 .$ (ntfno) 1/ 3 was considered in [BJ. We have 
immediately excluded from consideration the ini
tial stage of relaxation of the beam by the inequal
ity Cte /vo ,:s (ntfno) 1/3 . 

However, owing to the effect observed by us, 
namely the increase in the slope, the "hydrody
namic stage" of the buildup of Langmuir oscilla
tions by the beam will be significant at all stages 
of the relaxation process. A consideration of this 
stage is the subject of a separate investigation. 

The relaxation process is described by Eqs. 
(1)-(3) from the beginning to the end only for very 
weak beams, when the "local connection" is valid 
even in the region of the maximum derivative 
aF/av. 

Substituting in (33) the concrete expression for 
the distribution function (12), we obtain the condi
tion for the applicability of our theory, which re
lates the beam-particle energy with the initial en
ergy density of the noise: 

(35) 

Since ntfno(1- u) 3 « 1 from the very beginning, 
the right side of the inequality (35) is a small 
quantity (when 1/(1- u) ~ 1 it is simply equal to 
(ntfno)t/z. 

The quantitative picture of the quasilinear re
laxation process apparently does not change much 
in the case of dense beams. Indeed, as explained 
above, the presence of a gently-sloping part behind 
the front is connected with the slow motion of the 
front. On the other hand, the velocity of the front 
is determined by the rate of noise growth. The 
maximum growth rate can be estimated in the case 
of dense beams by choosing for the increment the 
maximum value (34), corresponding to a distribu-
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tion function in the form of a step. In this case, 
unlike the ''local'' case, the noise with wave vec
tor k begins to grow when the front of the wave 
moving with velocity Vm reaches the point 
v ~ w/k + y/k and ceases to grow when the wave 
is displaced through a distance ""'2 y /k. The noise 
energy increases over this length by the following 
factor: 

exp{2v ::}~exp{4k~:J~exp{ u(i~u) }· 
If we assume, on the other hand, that the noise has 
grown by a factor w(1}/w(u) and use the expres
sion just obtained, then the rate of motion of the 
wave front in velocity space u turns out to be 
equal to that obtained earlier. 

4. Addendum (August 9, 1966). Experimental 
observation of the temporal process of relaxation 
of an electron beam is made difficult by the fact 
that the relaxation time is quite short. As a rule, 
it is smaller than the time necessary for the beam 
electrons to traverse the length of the installa
tion. [ 91 More amenable to experiment is a differ
ent formulation of the problem, namely, investiga
tion of the stationary particle distribution function 
and the noise occurring upon stationary injection 
of a weak beam of electrons into a half-space oc
cupied by a plasma normally to the separation 
boundary. 2> 

We shall reckon the coordinate x from the 
boundary inside the plasma. When x = 0 the elec
tron velocity distribution function takes the form 
shown in Fig. 1 (x = 0 corresponds to t = 0 in the 
temporal problem). The state of the plasma-beam 
system, occurring following stationary injection, 
is described by equations that are derived from 
the system (1)-(3} by replacing in Eq. (1) 8f/8t by 
vaf/8x, and in Eq. (2) 8Ek/8t by (8w/c)k}(8Ek/8x). 
The latter expression describes the change in the 
spectral density of the noise energy due to the 
drift of the noise along the x axis with group ve
locity vgr = 8w/8k. The resultant system of equa
tions is similar to that investigated in the preced
ing sections. In particular, there exists a quasi
linear integral 

[j(V,x)-f(V,O)]V= 0~[ vv:r (w(V,x)-w(V,o))]. 

(36) 

In this formula and henceforth, the group velocity 
is calculated at the point k = w0/v, and is there-

2)The initial nonstationary phase of this process was con
sidered by Fainberg and Shapiro [10]. 

fore a function of the variable V. It is assumed 
that v gr is determined by the properties of the 
entire plasma and does not depend on the coordi
nate x. With the aid of (36) we can eliminate the 
distribution function from the system of quasilin
ear equations and obtain an equation for w(V, x): 

vgr ow a ( 1 a [ Vgr ]) --=-= V2w- --- --(w-w(V,O)) 
Vo OX oV V oV Vo 

(37) + V2w iJf( V, 0) 
av 

in lieu of (8}. The dimensionless coordinate x is 
given by x = w0xntfv0no. In lieu of the boundary 
condition (10) we obtain the following relation: 

_ 1&Vo 
w(1,x)- w(1,0) = --(1-. Vgr ) 

(38) 

The system (36)-(37) with boundary condition (38) 
has a self-similar solution described by Eq. (13) 
for the function 

cp(s)= w(V,x) w(V, 0) 

3t 

The solution of (13), for large values of ln (q; I q;0) 

is of the form (15). However, now the variable ~ 

is 

6= 
1-V 

)"nx 

and the constant ~ 0 is determined from the bound
ary condition q;(O) = 7rv0/vgr(1}, which follows from 
(38). The distance x over which the width of the 
beam becomes equal to D.v is 

x = ~(~ ) 2 no vgr(vo) 
2n Vo nt Wo 

1 
ln-. 

Cjlo 

Self-similarity holds so long as l:!.v « v0, i.e., in 
the region 

no Vgr 1 
x~---ln-. 

n1 wo Cjlo 

Using the analogy between the temporal and spatial 
problems, we can obtain a solution which is valid 
for all values of D. v and x. 

Figures 1 and 4 show plots of the beam-electron 
distribution function and of the spectral energy 
density of the Langmuir oscillations for the case 
when ln (Ek/Eo) » 1. The distribution function is 
shown for three values of the dimensionless co
ordinate x = w0xntfv0no. The boundary u(x) of the 
distribution function in velocity space is deter
mined from the equation 

1 4nx 2 Vo2 
-+2lnu-1=---·--
u2 ln ( 1/ Cjlo) 3 c.2 ' 
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FIG. 4 

If 8w/8k = 3/ 2 c~kw01 • The spectral density, meas
ured in units of n1mvV2 as a function of the di
mensionless coordinate x, is given for three val
ues of the phase velocity. Its analytic expression 
is 

Beyond the point 

_ 1 ( Vo no 1 ) 
Xm ~In- x=--ln-

q>o Wo n1 q>o 

the growth of the oscillations ceases, since the 
distribution function becomes stable. Figures 1 
and 4 will agree with experiment if the oscilla
tions are absorbed on the wall opposite the injec
tor. 

We have purposely not written out the explicit 
expression for the group velocity. For a half
space the group velocity is v gr = % c~kw01 • Under 
real experimental conditions, when the beam diam
eter is comparable with the wavelength and the 
plasma is situated in a magnetic field, the group 
velocity can be determined by these factors and 
can be much larger than% c~kwjj1 • In addition, 
when j Ekdk > I1o T e (and the formulas presented 
above are still valid), the group velocity depends 

th . [ 11] . on e noise energy. From the requirement 

that the functions f and w vary slowly over a 
wavelength, which is necessary for the applicabil
ity of the quasilinear theory, it follows that the 
results obtained above are valid when n1v0/novgr 
«1. 

In conclusion we are grateful to D. B. Ryutov 
for useful discussions. 
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