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The charge exchange effective cross sections for fast protons in hydrogen, helium, lithium, 
nitrogen, neon, argon, and krypton are calculated in the one-electron variant of the Brinkman­
Kramers approximation, using hydrogen-like wave functions. A simple generalization of the 
Brinkman-Kramers formula is obtained for arbitrary values of the external and internal 
screening parameters. The ratio of experimental to calculated cross sections can be repre­
sented, accurate to 20-25%, by a single-parameter function that is valid for all media. This 
function is used to determine the proton charge exchange cross section in the indicated media 
at energies between 20 keV and 13 MeV. The procedure is proposed as a semi-empirical 
method for calculating the charge exchange cross sections of protons colliding with atoms or 
simple molecules. The latest experimental data on cross sections for electron capture by 
highly excited hydrogen atom states are discussed. 

1. INTRODUCTION 

A CONSISTENT theoretical calculation of the 
effective cross sections of charge exchange of fast 
ions in rapid atomic collisions entails considerable 
difficulties even in the simplest case when the 
electron is captured by protons in collisions with 
hydrogen and helium atoms. [ 1- 51 In this connec­
tion, appreciable interest attaches to attempts to 
determine, from the empirical laws, the param­
eters that exert the strongest influence on the val­
ues of the cross section, to attempts at an approx­
imate theoretical description of the charge ex­
change by using a minimum number of the most 
important parameters, and to the development on 
this basis of semi-empirical methods of cross­
section calculation. 

From the presently available experimental data 
it is seen that in the region of relative colliding­
particle velocities v > v0 = e2 /li, there exist defi­
nite approximate relations, which depend little on 
the medium, [ 61 between the cross sections for 
proton charge exchange and the cross sections for 
the capture of electrons by other nuclei (and ions 
having sufficiently large charges). Using these re­
lations, we can estimate, from the known proton 
charge-exchange cross sections, the cross sec­
tions for the capture of the electron by other nu­
clei and large-charge ions in the same medium, 
so that the problem of finding the cross sections 
for the capture of the electron by different ions 

reduces to a considerable degree to the problem of 
finding the cross sections for charge exchange of 
protons in different media. 

At a proton energy E ,G 25 keV, corresponding 
to v 2: Vo = 2.19 x 108 em/ sec, theoretical values 
close to those given by experiment are obtained 
for the cross sections of charge exchange of pro­
tons in hydrogen and helium in the first Bornil and 
other approximations of the same order (or 
higher), and these call for cumbersome calcula­
tions. [ 1- 51 However, the most important regulari­
ties in the cross sections for electron capture are 
fairly well described also by the simplest Brink­
man-Kramers approximation, [ 111 which is charac­
terized by the fact that in the expression for the 
matrix element of the transition, taken in the usual 
first Born approximation, one omits the term cor­
responding to the interaction of the proton by the 
atomic nucleus, and one retains only one term, 
corresponding to the interaction of the proton with 
the captured electron. Although the cross sections 
obtained in this approximation turns out to be ex­
aggerated by a factor of several times, the Brink­
man-Kramers approximation, as shown by theory 
and experiment, [ 1- 6, 12 • 151 gives a qualitatively 
correct dependence of the differential cross sec-

l)we use here the most widely accepted terminology, 
adopted in particular in the reviews of Bates and McCarroll [1} 

and Gerjuoy [2]. In the papers of Butler and May and co-work­
ers (7" 10], the Brinkman-Kramers approximation [11 ] is called the 
Born approximation. 
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tions on the impact parameter, a dependence of 
the cross sections on the proton velocity v which 
is close to reality, and a qualitatively correct de­
pendence of the cross sections for the capture of 
the electron in the state with a given value of the 
principal quantum number n on n. Because of 
this, the Brinkman-Kramers approximation can 
be used in estimates of the relative role of the 
capture of the electron in different excited states 
and the relations between the cross sections for 
the charge exchange of protons at different veloci­
ties v. [7-10, 16, 17J 

The cross section for the capture of electrons 
by atoms containing more than two electrons was 
calculated only in the Brinkman-Kramers approxi­
mation.c18•19J Mapleton[ 1BJ calculated in this ap­
proximation the cross section for the capture of 
2p-electrons from oxygen and nitrogen atoms by a 
proton, and then, using the relations between the 
cross sections in the Born and the Brinkman­
Kramers approximations for the cases of charge 
exchange of protons in collisions with hydrogen 
and helium atoms, he estimated the same cross 
sections in the Born approximation. Florance et 
al. [ 19 ] used the Brinkman-Kramers approximation 
in the calculation of the cross sections for the cap­
ture of an electron by singly charged ions of alu­
minum in collisions with argon atoms. 

In this paper we calculate the cross sections 
for charge exchange of protons in different media 
at velocity v ranging from 2 x 108 to 5 x 10 9 em/sec, 
corresponding to a proton energy E from 0.02 to 
13 MeV, in the simplest single-electron variant of 
the Brinkman-Kramers approximation. By intro­
ducing the parameters of the external screening 
we obtain a generalization of the well known 
Brinkman-Kramers formula for the cross sec­
tions of capture of electrons by atomic nuclei in 
collisions with hydrogen-like particles to the case 
of capture of an electron from completely filled 
atomic shells2> and configurations 2s 3s23p6 and 

2 6 ' ' 4s 4p of arbitrary atoms. The ratio of the exper-
imental cross sections for the charge exchange of 
protons in different media to those calculated with 
accuracy of 25% can be represented in the form of 
a function R of a single variable which is the same 
for all media. By using the function r and the 
cross sections obtained in the Brinkman-Kramers 
approximation, we obtain the charge-exchange 

2 >In accordance with the terminology adopted in the widely 
known handbooks which we use, namely by Moore [' 0 ] and 
Wapstra et al.l21 ], we define the atomic shell here as an an ag­
gregate of electrons in states with equal values of the princi­
pal quantum number n. 

cross sections for protons in hydrogen, helium, 
lithium, nitrogen, neon, argon, and krypton. 

2. CROSS SECTIONS FOR THE CAPTURE OF 
AN ELECTRON FROM COMPLETELY 
FILLED ATOMIC SHELLS 

According to the energy and momentum conser­
vation laws, when an electron goes over from an 
atom with mass rna + fJ. (where fJ. is the mass of 
the electron in question) to a fast ion with mass m, 
a change must take place in the momenta of the 
particles with masses rna and m, respectively, by 
amounts - M and fiB; the electron momentum 
changes by an amount M - fiB. The absolute val­
ues of these quantities, with a relative accuracy of 
the order of f.J.Ima and f.J.Im, are given by the fol­
lowing expressions: 

with M 0 = (E- Ea)/v + f.J.V/2 and OB0 
= (E - Ea) /v - f.J.V /2, where v is the relative veloc­
ity of the colliding particles, E a and E are the 
binding energies of the electron in the initial and 
final states, and B is the particle scattering angle 
in the c.m.s. From this we see that n2A2 + 2f.J.E 
= n2B2 + 2 f.J.E . a 

Thus, owing the "recoil" effect, the momenta 
of the fast ion and of the atomic remnant should 
change during the course of electron capture by 
amounts not smaller than nB0 and M 0. These 
quantities are of the order of f.J.V /2 and are those 
impact characteristics on which the cross section 
for electron capture depends essentially. 

The electron capture cross section a(i / k) from 
the initial state i of the atom into the final state k 
of the fast ion is expressed in terms of the inter­
action matrix element U: [ 22 J 

where dQ is the solid-angle element. 
In the Brinkman-Kramers approximation, in 

which U is assumed equal to the Coulomb inter­
action of the ion with the captured electron, the 
square of the modulus of the matrix element as 
follows from the work of Jackson and Schiff h 3J 

' can be represented for the cases when the electron 
is captured from a single-electron ion as follows 
(in atomic units): 
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where 1Jli(p) and 1/Jk(P) are the wave functions of 
the initial state of the electron relative to the 
atom of the medium and the final state of the elec­
tron relative to the fast ion in the momentum rep­
resentation. 

The total cross section for the capture of the 
electron in several final states kj corresponds to 
a summary square of the modulus of the matrix 
element: 

For cases of capture of an electron by atoms of 
a medium with several electrons, we shall have in 
place of (4) in the simplest single-electron variant 
of the Brinkman -Kramers approximation 

When an electron is captured by atomic nuclei, 
the final states of the electron are described by 
hydrogen like wave functions Fnlm(P), for which, 
as can be readily established for example from 
May's paper, [241 the following relation is satis­
fied: 

The quantity ba, just as the binding energy Ea of 
the atomic electron, depends on the orbital quan­
tum number la. However, in order to obtain first 
the simplest expression for the cross sections for 
electron capture, we shall assume that for all the 
electrons situated in states with given value of the 
principal quantum number na, the values of ba 
and Ea are identical, i.e., they depend only on na. 

In such a case, when summing in (8) over the 
electrons making up a completely filled shell (K or 
L, or M etc.), a relation similar to (6) is satisfied, 
so that for the corresponding square of the modu­
Ius of the matrix element we have 

(9) 

where Na is the number of electrons in the atomic 
shell. 

From (2) and (9), taking (1) into account, we ob­
tain for the cross section for the capture by the 
atomic nucleus of an electron in the state with 
principal quantum number n from a completely 
filled shell, characterized by a principal quantum 
number na, the following expression: 

(10) 

where ao = n2 /e2 and Vo = e2 /n are the atomiC n-t l 32 b5 

1~ m~-1 1Fnzm(P) 12 = -;-··(pZ + b2)4 n2 (6) units of length and velocity, 

with b = Z In, where n, l, m are respectively the 
principal, orbital, and magnetic quantum numbers 
and Z is the charge of the nucleus (in units of 
electron charge e). In addition 

y = 4V-2[1 + 2(1 + '1Jn2) v-2 + (1- '1Jn2)2V-4]-t, 
V = vI u, u = (2ea I J..t) 'h, 
'l]n = (e I ea) 'f, = Zvo I nu, 
~ = 2ea I J.lVo2ba2 - 1. 

e = (J..te2 I li) ( b2 I 2) (7) The function <P 4({3y) belongs to the class of func­
tions 

so that for the summary cross section of the cap­
ture of the electron in all the states with specified 
value of the principal quantum number we have 

l ( ~ 8 i,j Ujn) 12 = 29n5b5n2 ~ s j'¢;8 (A) j2(B82 + b2)-2. 

(8) 

The hydrogen-like wave functions can be used 
also to describe states of electrons in multi-elec­
tron atoms of a medium. [ 251 In this case the pa­
rameter b = Z/n, on which the wave function de­
pends, should be replaced by the quantity 
ba = z;t/n;t, where z;t and ni are the effective 
values of the charge of the nucleus and of the 
principal quantum number for the atomic electron. 

(11) 

which can be represented when t .$ 1 in the form 
of a series 

<I> (t) = ~ (-1)v (k + 1) I (v + 1) I tv 
k v~o ( k + 1 + \1) ! • 

(lla) 

In all cases of capture of an electron by protons 
in collisions with different atoms, the values of 
{3, y, and TJ stay within the following limits: 0 ~ i3 
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:::: 5, 0 < y :::: 1, 0 < 71 :::: 1. The relatively cumber­
some expression for <I>4 ( {3y) when {3y < 5 is ap­
proximated within 10% by the function (1 + {3y) -0.4G, 

and when {3y :::: 1 it is approximated accurate to 
3% by the binomial 1- 0.25 {3y. 

Formula (10) is the simplest generalization of 
the widely known Brinkman-Kramers formula for 
the cross sections for capture of electrons by 
atomic nuclei from the ground state of a hydrogen­
like ion[ 11 • 26 • 61 to include the case of capture of 
an electron from completely filled atomic shells 
with arbitrary values of na and {3. If the expres­
sion for the cross sections given by the Brinkman­
Kramers formula[ 11 • 26 • 61 is represented as a 
function of the parameters y and 71 introduced 
here, then the resultant formula will differ from 
(10) in the absence of the factor Na(1 + {3) 5/ 2 

x (1 + {3y)-3<I> 4({3y), which becomes equal to Na 
when {3 = 0. Thus, we have introduced in the gen­
eralization of the well known Brinkman-Kramers 
formula presented here only one additional param­
eter {3, which characterizes the external screen­
ing. The quantity {3 is connected with the usually 
employed screening parameter e [ 211 by the rela­
tion {3 = e -1 - 1. 

Regarding formula (10) as a first trial approxi­
mation, we have calculated with its aid, in the ve­
locity region v > 2 x 108 em/sec, the cross sec­
tions for the capture of an electron by protons in 
collisions with atoms of helium, neon, argon, kryp­
ton, xenon, and molecules of hydrogen and nitrogen, 
i.e., we used it not only for completely filled shells, 
but also as a trial approximation for unfilled 
atomic shells. The choice of the foregoing media 
is explained by the fact that in practice the exper­
imental values of the cross sections at v > 2 
x 108 em/sec are known only for these gases. [ 28 • 151 

The values of ba were obtained by the Slater 
rules. [ 29• 211 The binding energy for the internal-

shell electrons was taken from the tables of Wap­
~tra et al., [ 211 while those for the electrons in the 
outer shell were taken for simplicity from the 
ionization potentials of the atoms. [ 211 (Allowance 
for the difference between the bind;,~ energy of 
the s and p electrons of the outer shells changes 
the cross sections obtained by formula (10) by 
.$ 10%.) The binding energy of the external elec­
trons in the molecules H2 and N2 was determined 
from the ionization potentials of these molecules, 
and the values of {3 were assumed to be the same 
as for the isolated atoms. In the calculation of the 
cross sections for the capture of the electron by 
any shell we used the values of E a and {3 aver­
aged over all the electrons of the shell. The values 
of Ea, ba, 711> and {3 for the individual atomic 
shells, used in the calculations, are listed in the 
table. 

It follows from (10) that when v > v0 the cross 
section for the capture of an electron in the ground 
state of the produced hydrogen atom amounts to 
60-85% of the total cross section for the capture 
in all states, for all the media considered. On the 
other hand, if account is taken of the conclusions 
presented at the end of the article, then it must be 
assumed that in practice this cross section 
amounts to about 80% of the total charge exchange 
cross section in all cases. In this connection, to 
compare the theory with the experiment, Fig. 1 
shows the ratios R' of the experimental charge 
exchange cross sections of protons and different 
gases[ 28 • 151 to the calculated cross sections for 
electron capture in the ground state of the hydro­
gen atom. It is seen from Fig. 1 that the general 
character of the variation of these ratios R' with 
v and the maximum values of R' in different me­
dia turn out to be the same. The only exception is 
the dependence of R' on v in the case of proton 
charge exchange in argon, for which an apprecia-

I· Medium configura- I •a• e V I 
tion 

'Ill 

Outer electron shell H. is 15.4 1.07 0,94 0 
He 1s2 14,6 1. 70 0,74 0.59 
Li 2s 5,4 0.65 1.59 0,06 
N• 2s•2pB 15.6 2,10 0,93 2.57 
Ne 2s22p6 21.5 2,93 0,79 4.45 
Ar 3s23p6 15.8 2.25 0,93 3.35 
Kr 4s24p6 14.0 2.22 0,98 3.77 
Xe 5s25p6 12.1 2,06 1,06 3,80 

Deeper shell Li 1s2 55 2,7 0.497 0,80 
N. 1s2 400 6.7 0,184 0.52 
Ne 1s2 867 9.7 0.125 0,47 
AF 2s22p6 257 6.9 0.230 1.53 
Kr 3s23p63d10 153 6.6 0.298 2.88 

Still deeper shell Ar 1s2 3200 17.7 0.065 0,33 
Kr 2s22p6 1750 15.9 0,088 0.96 
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R' = Uexpf 

Ucalc ...... "z -···-He - -N1 - -Ne -llr,Kflr 
45 

«Mz~----~--~--~--~~~~~~ 
J 'I .f 5 7 8 I !Oiftz 

o,IO'-cmjsec 

FIG. 1. Ratio R' of the experimental charge exchange 
cross sections for protons in different gases to those calcu­
lated by formula (10), the cross sections for the capture of an 
electron in the ground state of the hydrogen atom as a func­
tion of the proton velocity v. 

ble decrease in the ratios R' is observed at v 
~ (7 -9) x 108 em/sec. This decrease, as will be 
shown below, is completely due to the incomplete 
filling of the external electron shell of the argon 
atom, i.e., to the fact that in the external shell of 
these atoms there are only 3s and 3p electrons and 
there are no electrons in the 3d states. 

3. CROSS SECTION FOR THE CAPTURE OF AN 
ELECTRON FROM SOME FILLED 
SUBSHELLS 

Among the atoms mentioned above, nitrogen, 
argon, krypton, and xenon have incompletely filled 
external shells. The outer external shell of the 
nitrogen atom can be regarded as consisting of a 
filled shell with na = 2, in which are contained 
four electrons with parallel spins, and one elec­
tron in the state 2s with oppositely directed spin. 
In the outer shells of the atoms of argon, krypton, 
and xenon in the states with principal quantum 
number na = 3, 4 and 5 there are only eight s and 
p electrons each. In this connection, we calculate 
the cross section for the capture of the electron 
from the states 2s, 3s23p6 , and 4s24p6 in nitrogen, 
argon, and krypton. 

For the hydrogen-like wave functions the sum 
l 

:6 I Fnzm(P) 12 does not depend on the angle 
m=-l 
angle variables and is determined only by the ab-
solute values of p and ba, as can be seen, for ex­
ample, from May's paper. [ 241 According to [ 301 , 

for the cases of interest to us we shall have 

IF200(P) 12 = 4 .[1- 4ba2pi ] 32 ba" 
(p2+ba2)2 n (p2+ba2)4. 

(12a) 
1 

IFsoo(P) 12 + ~ IFatm(P) 12 

m=-1 

(12b) 

IF,oo(P) 12 + ~ IFum(P) 12 

m=-1 

= 16 [ 1 _ 64ba4P8- 76_.8ba6P6 + 64ba8P4] 
I (p2 + bi)6 

32 ba5 

x-n (p2 + ba2)4 . (12c) 

From (2), (8), and (12), taking (1) into account 
for the corresponding cross sections for the cap­
ture of an electron, we obtain the following ex­
pressions: 

cr(2.0in) = N ·(2 0) 4cr(2 1n) · 
a • Na(2) 

x{ 1- 3 (1 ~~~;!~~(3y) [ xa((3y)- ~v<l>a((3y) ]}. 

cr(301ln)=N (301) 9cr(3 1n) 
' a ' 4Na(3) 

X { 1 - 640(1 + (3)2y2 

63(1 + (3y) 4 <1>,((3y) 

(13a) 

X [ 1- ~vxs(l3v)+~v2<1>a(13v) ]} , (13b) 

cr(4,01ln) = Na(4,01) 4cr(4jn) {1- 320(1 + (3)2y2 
Na (4) 7 ( 1 + (3y) 4$4 ((3y) 

X [ 1 _ 7 (5,2 + 3.2(3)y + 71( 10,6 + 10.8(3 + 3,2(32)y2 
8(1 + (3y) 9(1 + (3y)2 

7(9.6 + 7.6(3+2(32)y3 
- 10(1 + (3y)z XtO(~y) 

+ 7(3.2+3.2(3+(32)'\'4$ (A>]} 
11 ( 1 + (3y) 2 10 t''V ' 

(13c) 

Where Na(na, lal~) is the number of atomic elec­
trons in states with principal quantum number na 
and orbital quantum numbers Za and l~; the val­
ues of a(naln) are given by formula (10), and the 
values of q.6(j3y) and q.8(j3y) by (11) and (lla). The 
functions x6(J3y), Xs(/3y), and x10 (J3y) are defined 
as follows: 

Xk ( t) = ~ [( 1 + ! r-1 ln ( 1 + t)-~ ~ ( 1 + f r-t-v] 
(14) 

When t ::::: 1 the following expansion holds: 

co 

"' klv! . 
Xk(t)= ~o (-1)v (k+v)l tv. 

(14a) 
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When {3-y :S 5, the functions Xk(f3y) and <l>k( {3-y) are 
approximated, accurate to 5%, by the binomials 
(1 + {3-y)-ak with exponents a 6 = 0.22, a8 = 0.17, 
a 10 = 0.16 for Xk({3y) and exponents a6 ~ 0.37, 
a8 ~ 0. 33, and a 10 ~ 0.28 for <l>k( {3-y). 

Since 

cr(2ln) = cr(2.0in) + cr(2,1ln), 

cr(3ln) = cr(3,01ln) + cr(3.2ln), 

cr(4ln) = cr(4.01ln) + cr(4.23lro), (15) 

we obtain directly from (10) and (13) expressions 
for a (2, 11 n), a(3, 21 n), and a(4, 231 n). In partic­
ular, for a(2, lin), taking into consideration the 
fact that Na(2, 0) = Na(2)/4, we obtain 

cr(21ln)= (2in) iO(i+fi)'Y 
• 11 3 ( 1 + flv)2 <D, (fi'Y) 

x [ :x:a(flv)-;v<I>a(fi'Y) J. (16) 

Formulas (13a), (13b), and (16) are generaliza­
tions of the formulas of May and Lodge[ 10 J for the 
cross sections for the capture of an electron from 
excited hydrogen atoms in states with different la 
at na = 2 and 3, and for arbitrary values of {3. 
When {3 = 0 formulas (13a), (13b), and (16), coin­
cide with the corresponding formulas of May and 
Lodge. [ 10 ] 

Figure 2 shows the ratios of the cross sections 
given by formula (13) to the cross sections calcu­
lated by formula (10), for the values of Ea, {3, and 
7J 1 corresponding to the capture of an electron in 
the ground state of a hydrogen atom from the outer 
shell of nitrogen, argon, and krypton (see the table). 
A similar picture (with a rather insignificant shift 
in the velocity v) hqlds also for the case of cap­
ture of an electron in states with n > 1. From 
Fig. 2 we see that allowance for the incomplete 
filling of the shell leads to either increase or de-

5 

Q5 

az 
a1 2~--~J~--74--~S~~6~7~8~9~W~------~ro 

u. 108 cmjsec 

FIG. 2. Ratio of the cross sections given by formulas (13) 
to the cross sections calculated by formula (10), at values of 
Ea. TJ 1, and f3 corresponding to the capture of an electron in 
the ground state of the hydrogen atom from the outer shell of 
the atoms of nitrogen, argon, and krypton, as a function of the 
proton velocity v. 

crease of the cross sections, by a factor up to 
2-6. The decrease in the proton charge exchange 
cross section in argon at v = (6-12) x 108 em/sec, 
shown in Fig. 2, agrees fully with that observed in 
experiment (Fig. 1). In the case of nitrogen atoms, 
the considered change in the cross section pertains 
only to one of the five L electrons, therefore for 
the summary cross section of electron capture 
from the L shell of nitrogen this correction does 
not exceed ± 25%. 

From the calculation results shown in Fig. 2 it 
follows that in the region of V between ~ 2 and 
~5 the cross section for the capture of the 2s elec­
tron is smaller (and for V ~ 3-4, appreciably 
smaller) than the average cross section for the 
capture of the L electron. Therefore for 
v = (5-13) x 108 em/sec, more than 80% of the 
cross section for the capture of an electron from 
the completely filled L shell is due to the capture 
of the p electrons. The ratio cross sections for 
capture of electrons making up the configuration 
2s2p3, to the cross section for the capture of only 
2p3 electrons of nitrogen, is shown in Fig. 3. 

100 

f 

0,1 

IJ.OI z Z,.f J .f fi 7 8910 ff ZO Z.f 
v; 106 cmjsec 

FIG. 3. Cross section for the capture of an electron in the 
ground state of the hydrogen atom from the L-shell of the nitro­
gen atom: 1-cross section for the capture of 2s2p' electrons 
as given by formula (10) with u/v0 = 1.08, f3 = 3.55 (after Sla­
ter); 2-cross section for the capture of 2p' electrons according 
to formula (13a) for the same values of u and {3; 3-cross sec­
tion for the capture of 2s2p3 electrons as given by (13a) and 
(16) with u/v0 = 1.41 and f3 = 1.55 for 2s electrons and 
u/v0 = 1.08 and f3 = 1.92 for 2p3 electrons (after Hartree-Fock); 
4-Cross section for the capture of 2p' electrons, according to 
(13a), with ajv0 = 1.08 and f3 = 1.92; points-cross sections 
for the capture of 2p' electrons as obtained by Mapleton [18]. 
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The same figure shows for comparison the 
cross section for the capture of 2p3 electrons and 
the summary cross sections for the capture of the 
2s2p3 electrons, calculated for values u/v0 = 1.41 
and {3 = 1.55 for the 2s electron, and u;V0 = 1.08, 
{3 = 2. 92 for the 2p3 electrons. The value u/v0 = 1.41 
corresponds to the average binding energy of the 
2s electrons in the nitrogen atom, obtained from 
spectroscopic data, [20 1 while the values of {3 cor­
respond to the parameters ba = a~/n~, obtained 
from calculations of the wave function of the nitro­
gen atom by the Hartree-Fok method. [ 251 Fig-
ure 3 shows also the cross section for the capture 
of 2p3 electrons of nitrogen atoms, calculated by 
MapletonUBl by using a better analytic wave func­
tion. 

When comparing Mapleton's results with ours, 
it must be borne in mind that in the case of pro­
tons colliding with nitrogen atoms, the cross sec­
tions for the capture of the electrons from the 
outer shell should, according to formula (10), in 
the region of v from ~6 x 108 to 15 x108 em/sec, 
be ~20% smaller than in colltsions with nitrogen 
molecules. 

It is seen from Fig. 3 that the use of a better 
wave function for more exact values of u and {3 
does not lead as a rule to any serious changes in 
the values of the obtained cross sections. In addi­
tion, within the framework of the comparatively 
crude Brinkman-Kramers approximation, it is 
meaningless to aim at high calculation accuracy. 
Therefore in calculating the cross sections for the 
charge exchange of protons in the Brinkman­
Kramers approximation, the state of the atoms of 
the medium can be described by hydrogen-like 
functions with values of u and {3 averaged for the 
shell, and use formulas (10), (13), and (16). 

4. SEMI-EMPIRICAL METHOD OF CALCU­
LATING THE CROSS SECTIONS FOR 
CHARGE EXCHANGE OF PROTONS IN 
DIFFERENT MEDIA 

The ratio of the experimental cross sections 
for charge exchange of protons in hydrogen, he­
lium, nitrogen, neon, argon, and krypton to the 
calculated cross sections for the capture of an 
electron from the outer shells of the correspond­
ing atoms in the ground state of the hydrogen atom 
is shown in Fig. 4 as a function of the quantity 
v / v0~. It is seen from Fig. 4 that for identical 
values of v /v0Vv;;,, in the region of v /v0v'l:>a from 
0.6 to 3-5, these ratios R, for all the media under 
consideration, turn out to be practically the same 
and do not differ within approximately 20% from 

tD 
R = Uexp 

atheor 
tJ..f 

2 J ~ .fo769!D Z/1 

~~~ 
FIG. 4. Ratio R of the experimental cross sections for 

charge exchange of protons in different gases, to the calculated 
cross sections for the capture of electrons from the outer shell 
of the corresponding atoms in the ground state of the hydrogen 
atom. 

the values of R0(v /v0../TJ;.) given by the formula 

Ro(t) = 0.3( (VII) -s + 7 / 9t] -o.z (17) 

with t = v /v0../TJ;,. 
It should be noted that the error in the experi­

mental charge exchange cross sections amounts as 
a rule to 10-20%. 

For cases of charge exchange for which the 
ratios R are given in Fig. 4, the values of {3 
change from zero to 4.5, and those of Ea from 14 
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FIG. 5. Cross sections for the charge exchange of protons 
in lithium as a function of the proton velocity v; continuous 
curve-experimental data, dashed-calculated; the curves K, L, 
and L-2 indicate respectively: a(l\l)R0(v/1.64v0), 

a(2\l)R 0(v/0.8v0), and a(2\2)R0 (v/0.8v 0 ). The values of n3an 
for n ~ 10 are shown as follows: dash-dot curves-experimental, 
dotted curves-calculated. 
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to 24 eV, corresponding to a change of 171 from 
....,1 to "'0.75. For any other atom, the values of {3 

lie in the same interval, while the values of the 
binding energy Ea of the electrons, even if we con­
sider only the outer shell of the atoms, go beyond 
the indicated interval. In order to check the suit­
ability of formula (17) for small values of Ea, we 
calculated the cross sections for the charge ex­
change of protons in collisions with lithium atoms. 
The cross sections for the capture of K and L 
electrons, calculated from formulas (10) and (13a) 
with the values of Ea and {3 listed in the table, 
were multiplied by the correcting function (17). 

It follows from these calculations (Fig. 5) that 
when Ea = 5.4 eV, i.e., e/v0 = 0.363, unlike the 
case of capture of electrons with Ea;::: 14 eV, when 
u/v0 > 1, in the region v ~ (1-2) x 108 em/sec the 
main contribution to the total charge-exchange 
section of the protons is made by the cross section 
for the capture of the electron in the excited state 
of the hydrogen atom with· n = 2. (Processes of 
electron capture in all other states given not more 
than 40% of the total cross section.) In this con­
nection, in order to obtain the total charge-ex­
change cross section of the protons in lithium, we 
took the sum a (1i1)R0(v /1. 64v0) + [a(2i1) 
+ a(2j2)] Ro(v /0. 8v0). The cross section obtained, 
as seen from Fig. 5, agrees well with the experi­
mental value.[ 311 

Assuming that the function (17) is valid in the 
case of capture of an electron from arbitrary 
atomic shells, we have calculated for v from 
2 x 108 to 5 x 109 em/sec the cross sections for 
charge exchange of protons in hydrogen, helium, 
nitrogen, neon, argon, and krypton. The cross sec­
tions for the capture of electrons from individual 
atomic shells in the ground state of the hydrogen 
atom, calculated by means of formulas (10) and 
(13), were multiplied by the correcting function Ro 
of v /v0-./TJ;. and summed. The values of Ea. ba, 111o 
and {3 used in these calculations are listed in the 
table. The results of the calculations, together 
with the available experimental data [ 28 ' 15 l , are 
shown in Fi.g. 6, from which we see that there is 
good agreement between experiment and the calcu­
lation results. 

From the calculations it follows (see Fig. 6) 
that v "'v0 the proton charge exchange cross sec­
tions are determined practically completely by the 
capture of electrons from the outer shell of the 
atoms. The electrons in the next shell, i.e., the 
M electrons of the krypton atom, the L electron 
of the argon atom, and the K electrons of the ni­
trogen and neon atoms, begin to make a noticeable 
contribution ("' 20%) to the cross sections at v ~ 7, 

9, 12, and 18 x 108 em/sec respectively. With fur­
ther increase in the proton velocity, the role of 
these electrons increases rapidly: an increase of 
their contribution to the total cross section from 
20 to 80% takes place when the velocity v is in­
creased by a factor 1. 7-2. The electrons of the 
deeper shells, i.e., the L electrons of the kryp­
ton atoms and the K electrons of the argon atoms 
begin to exert a noticeable influence on the total 
cross section at v = 30-40 x 108 em/sec. 

In all cases, the electrons of the internal atomic 
shells play an appreciable role in the charge ex­
change of the protons when v > u, and v /v0-.fb;. > 1 
and the correcting function Ro depends little on v: 
R0 = 0.3 (7v/9v0~)-1/ 5 . The good agreement be­
tween the calculated and the experimental charge 
exchange cross sections for protons and nitrogen 
and in argon for v equal to 1.4 x 109, 3.5 x 10 9, 

and 4.4 x 10 9 em/sec, indicates that the correcting 
function (17) can be used not only for the capture 
of an electron from the outer shells with E a of the 
order of 10-20 eV, when 17 1 ...., 1, but also in cases 
of capture of an electron from internal shells, 
when the values of 17 1 turn out to be close to zero. 

Thus, we can assume that for all the values of 
11 and {3 realized in practice, corresponding to 
transitions which make the main contribution to 
the total cross section for proton charge exchange, 
the single-electron Brinkman-Kramers approxi­
mation employed in this paper, together with the 
correcting function (17), will give values close to 
actual values of the cross section of the charge 
exchange of protons colliding with any atom or 
simple molecule. This procedure can be regarded 
as a semi -empirical method of calculating proton 
charge exchange cross sections, with an accuracy 
estimated at 20-25%. 

In view of the great interest recently shown in 
processes of electron capture in highly excited 
states of the hydrogen atom with n ...., 10, the method 
proposed here, i.e., formulas (10), (13), and (17), 
was used to calculate the cross section for the cap­
ture of an electron in highly excited states of the 
hydrogen atom with n ...., 10 in hydrogen, helium, 
lithium, nitrogen, neon, and argon. From (10) and 
(13), and also from experiment, [ 31 • 321 it follows 
that these cross sections <Tn are proportional to 
n3, and therefore the results of the calculations 
and the experimental data[ 31• 321 are presented in 
Figs. 5 and 6 in the form of the product n3an· 

It is seen from Figs. 5 and 6 that in the region 
of small velocities, the calculated values of n3an 
are as a rule larger than a 1. Furthermore, 
whereas in helium and neon with u/v0 = 1. 35 and 
1.26 the ratio of these quantities does not exceed 
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1.5-1. 7, in media such as hydrogen, nitrogen, and 
argon, for which u/v0 i":j 1.08, these ratios reach 
2.5 -3, and in lithium (u/v0 = 0. 63) they turn out to 
be larger than 10. The increase in the calculated 
values of n3an on going from n ~ 1 to n ~ 10 is 
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due to the decrease in the lower limit Mo of the 
momenta of the captured atomic electrons. With 
increasing velocity v, the relative difference be­
tween the values of A0 for n = 1 and n ~ 10 de­
creases, and when v < u (1 -1)~/2)1 / 2 , where k~ 1, 
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FIG. 6. Cross sections for the charge exchange of protons in hydrogen, helium, nitrogen, neon, argon, and krypton as func­
tions of the proton velocity v: continuous curves-experimental from [28], points- experimental from [15 ], dashed curves-calcu­
lated. The curves K, L, and M indicate the cross sections for the capture of electrons from the individual (respective) shells. 
The values of n3a 0 for n ~ 10 are shown as follows: dash-dot curves-experimental, dashed curve-calculated. (continued) 
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the quantity Ao for n ~ 10 becomes smaller than 
for n = k ~ 1, therefore in the region of high ve­
locities the values of n3an for different n come 
closer together, while in the region of small ve­
locities the values of n3an for n ~ 10 becomes 
smaller than a1. 

The experimental values of n3an for n ~ 1 do 
not exceed as a rule the total charge exchange 
cross sections a, and amounts to (4-5)a in the 
case of a lithium target with v .$ 2 x 108 em/sec, 
when the main contribution to the total cross sec-

tion a is made by collisions with capture of an 
electron in states with n = 2. In other words, the 
an are proportional to n3 starting with n = 1, and 
for a lithium target starting with n = 2. Thus, the 
difference in the values of Ao for n ~ 1 and 
n ~ 10, which according to (10) and (13) should lead 
to an essential increase in the values of n3an 
when n increases from ~ 1 to ~ 10, actually exerts 
no influence on the value of the cross sections 
when v ~ v0• This means that there is such a 
strong decrease in the probability for the capture 
of electrons possessing small momenta, that these 
electrons make no noticeable contribution to the 
charge exchange cross section. 

The sharp decrease in the probability of cap­
turing electrons with small momenta is apparently 
connected with an interaction, not accounted for in 
the Born approximation, between the captured 
electron and the atom of the medium in the final 
state, and should also influence the value of the 
cross sections for the capture of an electron in 
states with n ~ 1. In this connection it should be 
noted that in the region of v from v0 to 1.2v0v'l>;, 
where a decrease in the value of R is observed 
(Fig. 4), the total cross sections for the charge 
exchange of protons are proportional to v-2, i.e., 
they depend on v in the same manner as for a 
constant value of A0, whereas the energy and mo­
mentum conservation laws lead to values of A0 

which decrease with decreasing v, and conse­
quently the cross sections calculated from (10) 
and (13) turn out to be approximately proportional 
to v - 3• 5• It follows therefore that if the decrease 
in the values of Rat v = v0-1.2v0v'l>; is due to 
the strong decrease of the probability for the cap­
ture of electrons with small momenta, then the 
upper limit p' of these momenta is determined by 
the values fiAo = (tJ.V /2)[1- (1-ry2)(u/v)2] for 
v ~ 1.3 v0v'l>;, i.e., p'~ (0.5-1)tJ.Vo. Thus, if we 
assume that electrons with p < p' make no essen­
tial contribution to the cross section of electron 
capture, then it is necessary to take in place of the 
correcting function ( 1 7) the quantity R ~ 0. 3, which 
depends little on v. Within the framework of the 
approximation considered here, we can then obtain 
also agreement with experiment for the cross sec­
tions for the capture of an electron in states with 
different values of n. 

The author is deeply grateful to 0. B. Firsov 
and G. F. Drukarev for valuable remarks during 
the discussion of the present work. 
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ERRATUM 

In the article by N. Y. Delyagin et al., "Magnetic Hyperfine Structure of the Gd155 Levels in Metallic 
Gadolinium and in the Intermetallic Compound GdA12" Soviet Phys. JETP 24, 64 (1967), in the second 
paragraph of the Introduction (right-hand column, 14th line from the bottom), the phrase "temperature of 
liquid helium" should read "temperature of liquid nitrogen." This is a translation error and does not 
appear in the original Russian. 


