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When a current passes through a many-valley semiconducting plate, the densities of the elec-
trons in all the valleys differs from the equilibrium values because of the different inclinations
of the valleys to the faces of the plate; the effect appears clearly if the intervalley scattering
lifetime is considerably longer than the usual relaxation time. The case is considered of strong
electric fields E, for which the drift length, L, before the intervalley scattering takes place
is considerably longer than the diffusion length L. If the plate thickness is 2d < Lg, then the
plate splits up into layers (domains) which are parallel to the faces of the plate. Each domain
contains, as a rule, only the electrons which belong to one valley; the sequential order of the
domains is governed by the inclination of the valleys to the faces of the plate, while the num-
ber of domains and their thickness are governed by the ratio of the rates of intervalley scat-
tering in the interior and on the surface. The number of domains is equal to or less than the
number of valleys; the electrons not included in the domains are concentrated at the plate sur-
faces in narrow layers of thickness ~L2/LE. If 2d > Lyx, then the regions in which the density
differs markedly from the equilibrium value extend to a distance of the order of Ly from both
surfaces; as a rule, these regions consist of alternating sections of a smooth or abrupt varia-
tion in the density, the widths of the sections being respectively of the order of Ly and Lz/LE.
The appearance of the domains alters the electrical conductivity of the plate, gives rise to
strong transverse fields which vary rapidly at domain boundaries, etc.

INTRODUCTION

THE electron energy bands of many semiconduc-
tors and semimetals (Ge, Si, Bi, and others) have
a many-valley structure, i.e., the electron spec-

trum has many energy minima in momentum space.

If the intervalley scattering is so strong that it is
comparable with the intravalley scattering, the
former alters the values and the temperature de-
pendences of the electrical conductivity and of the
galvanomagnetic coefficients; the intervalley scat-
tering may be determined by investigating these
effects. However, in many cases, particularly at
low temperatures, the intervalley scattering is
much weaker than the intravalley scattering and
has practically no effect on the transport coeffi-
cients. Therefore, if the intervalley relaxation
time 7 is long, other methods have to be used to
measure T.

These methods are based on the fact that, in
the presence of several groups of electrons char-
acterized by a long time 7T needed to establish
equilibrium between various paths, distributions
departing strongly from equilibrium may be estab-

lished so that the density of electrons in each of
the groups will differ considerably from the equi-
librium value although the sample as a whole will

" remain quasi-neutral. This gives rise to a strong

acoustoelectric effect,[ 1,21 ¢, amplification of
ultrasound,[” etc. Since the value of L = \/_I_)F,
which represents the diffusion length (D is the
diffusion coefficient) is then also large, the depar-
tures from the equilibrium distribution should ex-
tend over large regions of a semiconductor and
should lead to characteristic size effects. The ex-
istence of the size effects in the electrical conduc-
tivity of many-valley crystals was mentioned in (4]
and their existence in the galvanomagnetic phe-
nomena, in '% ®; the magnetoresistance of Bi in
the pre-pinch region was interpreted in L6 on this
basis. The photomagnetic effect in many-valley
crystals was recently studied in L,

The case of weak electric fields, when the non-
equilibrium corrections to the density are suffi-
ciently small, was considered in C4-61 However,
the estimates given in £4] show that the criteria
for the validity of such an approach may not be
obeyed even in fields of the order of several V/cm.
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Therefore, in the present investigation we shall
consider the opposite limiting case of strong fields
which disturb strongly the carrier distribution in
the valleys practically throughout the whole sam-
ple.

The main results of this investigation are as
follows. When a current giving rise to a strong
electric field passes through a many-valley uni-
polar semiconducting plate, the electron currents
in each of the valleys are directed at an angle to
the electric field. The conditions of continuity of
these currents in the interior and on the surface
give rise to the splitting of the plate into several
layers (domains) with boundaries parallel to the
surfaces of the plate. Each domain contains, as a
rule, only those electrons which belong to one val-
ley, their number being such as to ensure the elec-
trical neutrality. The number of domains is equal
to or less than the number of valleys; if there are
fewer domains than valleys, the electrons not in-
cluded in the domains are always concentrated in
a thin layer next to one of the surfaces of the plate
and the surface electron density is greater than the
equilibrium value. The sequential order of the do-
mains is governed by the angles that the principal
axes of the electrical conductivity tensors, corre-
sponding to the various valleys, make with the sur-
faces of the plate. The number of domains and the
positions of their boundaries depend on the ratio
of the intervalley scattering rates in the interior
and on the surfaces of the plate.

The splitting of a crystal, in a strong electric
field, into domains with anisotropic electrical con-
ductivity leads to the appearance of effects charac-
teristic of anisotropic semiconductors. As shown
in [8'1“, narrow strongly enriched layers appear
on one of the surfaces in plates made of anisotro-
pic intrinsic semiconductors. Similar enriched
layers, but at both surfaces, should appear in
plates made of many-valley ambipolar semicon-
ductors, but we shall discuss this in a separate
communication.

1. BASIC EQUATIONS

We shall consider only those many-valley semi-
conductors in which the intervalley scattering time
T is the longest relaxation time, much longer than
the characteristic times corresponding to all the
intravalley relaxation processes (both in momen-
tum and energy). Then, the electrons in each valley
may be ascribed the mobility and diffusion coeffi-
cient tensors (u{ja) and Dﬁ)‘ )); a is the number of
the valley. We shall assume that the strong elec-
tric fields considered here, which alter markedly
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the carrier densities in the valleys, do not alter
the energy distribution. The equilibrium electron
densities in all the valleys are identical and equal
to ny. Though the equilibrium is disturbed, the
quasi-neutrality condition is still satisfied:

Zna=vno=N, (1)
(-3
where v is the number of valleys.

When an electric current flows through an infi-
nite plate of thickness 2d (—d =y = d), the follow-
ing components of the electron currents are im-
portant when E, =0

Ji® = —DxxoEx — Dy} (dno. [ dy + naky), (2)
™ = —Dy®(dna [ dy + naky) — Dxy®nakx, (3)

where E is the electric field, measured in units
of kT/e. For simplicity, the electrons are as-
sumed to be nondegenerate; all the main conclu-
sions of the present paper remain qualitatively
valid in the presence of degeneracy. In a finite
sample of rectangular parallelepiped shape, the
condition E, = 0 is satisfied approximately by the
following ratio of dimensions: dz > dx > dy = 2d.
From the condition

Jy= 2 =20 (4)
a
it follows that

dn
E,=— [Ex § Dy ng +§ Dy dya ] / aZ Dy Ma- (5)

Substituting Eq. (5) for Ey in Eq. (3) and then
substituting j(ya) into the continuity equation

G _ _raT (6)
dy S ToB ’
where T,g =Tgy is the relaxation time for transi-

tions between the valleys a and 3, we obtain a
system of diffusion equations for the densities
ny(y). These equations should be supplemented by
the boundary conditions

@ (£d) = % ) sap* (na* — ng*), )
B
where szﬁ = si'a are the rates of the intervalley
scattering at the surfaces y = +d, and nY = ng(d).

2. TWO-VALLEY SEMICONDUCTOR

As an example, we shall consider a two-valley
isotropic semiconductor, cut as shown in Fig. 1.
We shall use the notation

kT
D =‘7 u = D,,4d = D,, 12,
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a= D, _ D, ny—ny
o D - D - ny !
T=1/2, st=2sp. (8)

Then, instead of Eq. (5), we have

E, = —afE,, 9)
and Egs. (6) and (7) assume the form
P
I & n f=0, (10)
df _ _
[ R F)iS*f]n=i6 =0,
where
g,:Ex/EL, EL=1/aL1 L=]/'-D—T_:
St—=stL/D. n=y/L §=4dJL, (12)

Integrating Eq. (2), we obtain the total current
through the sample
+&
L= 2end [a(1(0)— 1(— )+ E<L § dn(t =) | (13
]

We shall consider only the solution of Eq. (10)
in the limiting nonlinear case of large &; an analy-
sis for intermediate fields and a comparison with
the linearized solution are given in the Appendix.

In accordance with the usual procedure, in the
case of large |&] > 1 we must retain in Eq. (10)
the second term, which is proportional to & , as
well as the first term because it contains the higher
derivative. In this approximation, the first integral
of Eq. (10) is

df | dn — &+ &Cy =0, (14)

and it is evident from Eq. (11) that the constant Cy
is close to unity, i.e., in any case Cy = C%>0 (to
make the case definite, we shall assume that

C > 0). Then, the solution of Eq. (14) becomes

f(n) = —C tanh [C&(n —no) ]. (15)

2 /'g .y
% Q

I
2d

N

FIG. 1
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FIG. 2. Distribution of the elec-
tron density in the first valley of a z !
plate made of a two-valley semicon- | ————~ AN -
ductor: curve 1 — §<0;2 - 8> 0; : 4
3-§8=0. |
-8 0 7 &7

The graph of the function (15) consists of two
wide plateaus with f(n) =~ +C and a region A7
~1/& wide in which f(n) varies rapidly (Fig. 2).
Substitution of Eq. (15) into Eq. (10) shows that
near 7, the omitted last term is indeed small com-~
pared with the first two terms. However, in the
region of the plateau, where the terms containing
the derivatives are exponentially small in the ap-
proximation of Eq. (15), the last term becomes
more important; in this case, we can retain high
accuracy and still drop the second derivative so
that

f(n) = —Csign [&(m —mo)] — (n —mo) /2&. (16)

The first term in Eq. (16) is selected so that the
formulas (15) and (16) join smoothly near |7 —n,|
~1In'|2&|/|&|. Since C is close to unity, it follows
from Eqgs. (15) and (16) that the plate splits into
two layers (domains), each of which contains al-
most exclusively the electrons which belong to one
of the valleys; the width of the transition region
(domain wall) is of the order of L/&. The field

Ey is almost constant within a domain but it de-
creases rapidly in a domain wall.

In domain walls, where Ey varies rapidly, the
condition of quasi-neutrality (1) may not be obeyed;
the usual condition of quasi-neutrality has the form,
as indicated by Egs. (9) and (15), Ip& < L, where
lp is the Debye length.

In the case considered, | & [6> 1 and if 7, is
not too close to the edges of the plate, we can use
Eq. (16) and omit the diffusion term in Eq. (11);

then,
1 S48
C=[1~2|$|<6+ 2 )] amn

SH) — S
No — —2‘7
The physical meaning of this formula for 7y can
be easily understood by writing the equations for
the integral balance of carriers of each type in the
approximation of the ‘‘stepped’’ carrier distribu-
tion; we then obtain

L(®—mo) /T—L(§ +mo) [T+ (sV—s) =0, (18)

which leads directly to the expression (17) just ob-
tained, Thus, the general distribution of the densi-
ties in the form of two domains is obtained even if
the intervalley scattering in the interior and at the
surface is neglected; however, the position of the
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boundary between the domains is governed entirely
by the integral balance of the scattering acts.

If the difference between the surface scattering
rates is large and |n,|2 6, determined from
Eq. (17), the point f =0 lies at a distance ~1/&
from one of these surfaces of the plate. For ex-
ample, if 77> ', we must substitute, into the
boundary conditions (11), f(n) from Eq. (15) if
n = -0 and f(n) from Eq. (16) if n = +6. Then,
for n, and C, we obtain the formulas

28 - S
tanh &(8 +no) = —g5—
€= =gy 2+ 5%). (19)

In this case, the sample consists only of one do-
main.

The current—voltage characteristic in strong
fields |&| > 1, calculated from the formula (13),
has the form

T
= de—e— SwEx + 1Y, (20)

where

Yo = 6(1 —a?), o= 2euny=-eulN (21)

(2w is the effective electrical conductivity in the
limiting nonlinear case), and

(ay LCA 1
IY=2eD|a|n, kf) [1— (—6—> +(7(S(+)+S( ))J (22)
for a step inside a sample if 7y is given by the
formula (17), or
d \2 s
Ix0=4eD|a[n9(f) [1+ ” ] (23)

if ny = —46. It is clear from Eqs. (22) and (23) that
in both cases I,% > 0.

By way of comparison, we note that the effec-
tive conductivity in weak fields Z; is given by the
formula

, tanh 81
6 9

Zo=0[1-—ga <1, (24)
which is analogous to the formula (10) in [4]; here,
[€) . s
the parameter g depends on s and is given by
the formula (11) in the same paper.“ Hence, it
follows that Z, > 2, and the current—voltage
characteristic is sublinear; because of the sym-
metrical distribution of the valleys, Ix(—Ey)

= —I(E,).

DWe take this opportunity to note that this formula contains
an error 2(L/D) in the numerator should be replaced by (L/2D).
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The change in the spatial distribution of the
density due to an increase in Ey is considered in
the Appendix.

It is clear from Eq. (9) that an investigation of
the dependence Ey(y) allows us to find directly the
density distribution f(y). In particular, we can de-
termine the quantities oW,

1
E.d

0
{ E,(y)dy, (25)

—d

d
1
tan® = —— (E,(y)dy, tan®e) =
*o

which are odd functions of Ex. From Eq. (16), it
follows that

(26)

+
— _I_Wié:ﬂ)_ ) ‘Sign Ex.

&)
tan B, = =+ |a| (1

In weak fields, @* ~ E; for example, for 8© =0

2
e =2 g (11 ),

d Gosh(d/L) (27)

The appearance of two layers, each of which
contains almost exclusively electrons belonging to
one valley, leads to a sharp drop in the transverse
conductivity, which is now limited by the interval-
ley scattering rate. Although the value of the re-
sistance to a small current passed along the direc-
tion y depends on the conditions at the contacts (in
the planes y =+d), it can be estimated as follows.
If we assume that in each of these layers the trans-
verse current consists mainly of the majority car-
riers, it follows from the integral condition of
balance that the boundary between the layers shifts
by jy'r/Zeno (jy is the current density along the y
axis). This leads to a change in the transverse po-
tential difference, by an amount jy'raEx/eno, which
is equivalent to a transverse conductivity
o0E1,/2LEx, which is less than the equilibrium
transverse conductivity o/2d by a factor Lg/d,
where Ly = LEy/|Ef,| is the extended diffusion
length.

So far we have considered thin plates with
d <Lg. We shall now deal with a semi-infinite
semiconductor occupying the half-space y > 0.

For a sufficiently large value of y, the distribution
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differs little from the equilibrium state, f is
small, and we can omit the quadratic term in

Eq. (10). Then f~ exp (—n). This distribution is
valid for | ]S |2& |71, At low values of 1, we
can omit the diffusion term and then

f(n) ~ sign & — (S +n) /28&.

Thus, f(y) decreases linearly by a factor of |2&|
in a region ~2LE wide and then decreases rapidly
as exp (—y/L).

In all the cases considered so far, the current-
voltage characteristic has remained symmetrical
because of the same inclination of the energy el-
lipsoids with respect to the faces of the plate. If
a plate is cut as shown in Fig. 3, then

Uy = U@ = u(1 % asin 20),

(28)

Uy 1D = —-au cos 26, (29)

and an analysis of the equations shows that all the
main conclusions obtained earlier are still valid;
in strong fields, for 6 # +m/4, the function f(7) is
retains the form of a step and 7y is found from
Eq. (17). However, the criterion of strong fields
becomes more rigorous because of a reduction in
uxy by a factor of cos 260 [cf. Eq. (29)] and a cor-
responding increase in the diffusion field [cf.

Eq. (12)]. If s = s\, rectification is obtained;
for example, if one of these velocities is equal to
zero, and the other is infinite, then

St  1—asin20
S  1+asin26’

0<|e|<%. (30)

3. MANY-VALLEY SEMICONDUCTOR

We shall now consider a semiconductor with an
arbitrary number of valleys v in a strong field
Ex. Since the density of electrons in each valley is
limited by the condition (1) if sqp # e and Tap £0,
the currents j'*’ remain finite when |Ey|— c.
Since the individual terms on the right-hand side
of Eq. (3) increase then without limit, the distribu-
tion of the densities ng(y) for |Ex|— = should be
found from Eq. (3) by dividing it by Ex and re-
placing the left hand side with zero. Substituting
Ey from Eq. (5), we obtain

(31)

) 1 d_ /n
] ZDuunﬂ{ (ae — ap) +E@1n<-ﬁ%)} =0,
p

where ag = D}((OS‘,’/D%‘,). Because ng(y) is finite,

for large values of Ex the last term in Eq. (31)
can remain finite only in narrow regions of width
~ E;(i. Therefore, we can almost always omit this
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term and then Eq. (31) has v solutions satisfying
the condition (1):

ng = Nbag, Ey= —aaBx, a=1,2, ..., v (32

Thus, as in the case of a two-valley semicon-
ductor, a plate can split into domains each of which
contains only electrons which belong to one valley;
altogether, v types of domain are possible. A
special case is obtained in the presence of ‘‘de-
generacy,’’ when the coefficients ag are equal for
several valleys; then, one domain contains elec-
trons belonging to several valleys.

We shall now consider the possible sequential
order of domains. For this purpose, we shall take
a boundary between domains, where some of the
derivatives in Eq. (31) are large. Let the bound-
ary be at a point y,q’, and on the left (where
y < yaq') there is a domain containing electrons
from the valley «, and on the right there is a do-
main containing electrons from the valley o’.
Since, in this region, all ng = @, o’ tend to zero,
it follows from Eq. (31) that

aa——aa'—}——i—iln (”—f):o, (33)
and therefore a, > a,s for Ey> 0. Consequently,
only those arrangements of domains are possible
which make the algebraic values of the anisotropy
factors a, for electrons in these domains decrease
from the left to the right. When the field is re-
versed (Ex — —), the anisotropy factors ay in-
crease from the left to the right.

We shall select, for Ey > 0, an order of num-
bering of the valleys (and, consequently of the do-
mains) such that the anisotropy factors ap, de-
crease as the valley number increases:

UG =0 =... 2= 0yg =0y, (34)

The equations for the determination of the thick-
nesses of individual domains dg = yg,q+1

- Ya-i,o canbe obtained by integrating Eq. (6)
over the sample thickness and using Eq. (7):

de — d .
Z[N—a————ﬁ- + Sapt (nat — npt) -+ Sap™ (e — nﬁ_)] =0
B Tap
(35)
then,
Nds=2d, Dngt= dng" =N. (36)
B B

B

In the ‘‘nondegenerate’’ case, the system (35), (36)
gives all dg and ng*, if we take into account the
limitation of nBi, which follows from the sequen-
tial order of domains; namely, n,* #0 only for a
domain o lying immediately next to the surface
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y = +d, and also for all cases a > o' (if o' <v);
then dy =0 for o< o< v. Similarly, n,- #0
only for the domain «~, lying next to the surface
y=-d, and for all @ <a~ (if o~ >1); all d,, =0
when o< a”.

Thus, depending on the relationship between
Top and s,g* between one and v domains may
exist in a plate. When the number of domains is
less than v, electrons which belong to the valleys
with the largest and smallest ag (@< a” and
a > o) accumulate only in the surface layers
whose thickness is of the order of the compressed
diffusion length 1/E.

In the presence of the ‘‘degeneracy,’’ the maxi-
mum number of domains is equal to the number of
different ag; then each domain contains electrons
from all valleys with given ag. The relationships
between their densities, as well as the domain
thicknesses, are found from Eqgs. (35) and (36).

The distribution of the densities in the domain
walls is found from Eq. (33); for example, in the
nondegenerate case

Nt — g = N tanh[ﬁ—;—aﬁEx(y — You') ] . (37)

The current Iy flowing through a sample is
found by integrating Eq. (2) over the thickness;
then, in the absence of the ‘‘degeneracy’’

Iy

2o = S IkTH Je

elV @ @
=57 §(um — Galxy )da.  (38)
The value of Z,, depends, through d,, on the rela-
tionship between the intervalley scattering in the
interior and on the surface; for sqg* =0, all d,

=2d/v and Eq. (38) simplifies.

4. PLATE OF n-TYPE Ge

The general theory, presented in the preceding
section, can be illustrated conveniently by a plate
of n-type Ge cut at right angles to a fourfold axis
(for example, 010). N-type Ge has four valleys
elongated along the threefold axes (Fig. 4). From
the symmetry considerations, it follows that all
Taf =T and there are only two different rates
Sap —for transitions between neighboring (for ex-
ample, 1 3= 2) and opposite (for example, 1 = 4)
valleys; we shall denote them by s and s’.

We shall determine the dependence of the posi-
tions of the domains on the angle ¢, which gives
the direction of the current with respect to the
crystallographic axes (Fig. 4); it is sufficient to
consider the interval 0 = ¢ = /4, since all the
remaining cases can be obtained from this interval
by a suitable transposition of the valleys. Table I
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FIG. 4. Ellipsoids of
the conductivity tensors in
germanium. The XYZ axes | %,
are related to the orienta-
tion of the plate.

lists D(i-a) and a, for all the valleys. If we use
the notation

s'=t

e = 0 (39)

Zba=2na=1.

(40)

In the symmetrical case (s, = 8,8 = 8'), we
have by 5 = by 3, 84 2" =843 , 8’ drops out of
Eq. (35) and two situations are possible, depending
on the value of

1) 28 = 1. Then

1—2s 1425

b= T by = W= =1, (41)
the remaining n,+ = 0, and the conductivity is
Nu .
S = ety (z: + 2u; + 28 (uy — wi)cos 2¢]. (42)
u; -+ 2uy
2) 28 > 1, Then
1 25 +1
=0, bz=—2—, = nt= 4s
28 —1
=t =2 (43)
the remaining n,+ = 0, and
L WY cos? g 44
o = ——1[3u, u; — u;) cos? ¢l
w + 2u 1 t 1 P (44)
Table 1
a
1 | 2
2 L, | 2D, + D, 2 ,
DSC) D, — —3~(Dt — D)) cos’e 3 (Dy— D))cos* @
V2 Vi )
D) 5 (Dy—Dy) cos@ —5(D,—D)sing
Ay % COS @ % sin @
Dy+2D
Note: Dﬂf’,;“:pfx'”, ny’m =_ Dg]’i), ag = —agy, Dgﬁ/) —_ —1—3—'—t— ,
w=ys 270, incipal values of the diffusi
3 _DI——i—Z‘Dt—’ 1 and Dt are the principal values of the diffusion

coefficient tensor for each of the valleys; it is assumed that, as usual,
<
D; S D
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Table II
’ 348 >2, ,
prw<t) o buf 53 +8)>
343 <2 |38+8)<58+38 >5 +3
o, | 1+ |((1+8)B+8) | (1+38)(E+8) 1
A 2(33-+8") 2(38+ %)
o, | 1+3 | 48+(@+8) 5845 —8(3+3) 0
4 4 (33 +3) 2(3+8)
by | 118 2—2@—!—9) 0 0
1—23—3
b4 % 0 0 0
+ 3(3+8)—38 —53
n 0 0 0 -——————4§(§+§,)
848 —2 143
n| 0 0 2G+9) 73
+ 0 2843 —1 43 + (3 +3)? 143
n, 33+ 3 2(548)(38 48 43
. 1 143 1438 3(31+38)+3—%
n 3+ 33+8 43 (34 38')
Note: n‘_=1, ﬂ::n =n =

From Eqs. (42) and (44), it is clear that Z de-
pends on s only if s< 1/2; when s =0, Z, loses
its angular dependence and

Zw(3=0) =0(1—x%/2), o="seN(u + 2us). (45)

In the asymmetrical case, the number of possi-
ble situations increases and their criteria become
cumbersome. Therefore, we shall consider only
the case when s., si # 0 (we shall denote them by
s, /) and s-=s_=0. The thicknesses of the lay-
ers and the carrier densities on the surface are
given in Table II. Depending on the values of s
and s’, between one and four domains may exist.
When s, 8’ — =, the electrons from one valley fill
the whole sample, with the exception of a narrow
layer at the boundary y = +d, whose thickness is
of the order of the compressed diffusion length and
in which electrons of all the valleys are repre-
sented in densities close to the equilibrium value
(g — 1/ 4)

The degeneracy appears when ¢ =0, 7/4.

1. For ¢ = /4, the current is directed along a
fourfold axis,and, as indicated in Table I, Dg}z
= D,((Z,z, DQ} = D%}, ay = ay. Therefore, electrons
from the valleys 1 and 2 behaved in exactly the
same way and ny = ny always; the same is true
also of electrons from the valleys 3 and 4. The
problem reduces to that considered in Sec. 2 for
a= K/‘/‘_Z_ with a corresponding re-definition of T
and s*.

2. If ¢ =0, i.e., if the current is directed
along a twofold axis, then a, = a; = 0. Therefore,
the number of domains cannot exceed three: in ad-
dition to the domains containing solely electrons
from the valleys 1 and 4, there may exist a domain

containing equal amounts of electrons from the
valleys 2 and 3; the width of this domain can be
calculated, from the formulas given above, as the
sum dy + dj.

In conclusion, we shall calculate, for the same
case ay = ag = 0, the density distribution in a semi-
infinite sample (y > 0). We shall introduce dimen-
sionless variables which are convenient in such a
calculation

ny+n,—nzy—ng
— N 9y

ny—ny
N ,

2 wE L
J7 R

£ — (46)

Then, from Eqgs. (1), (3), (5), and (6) it follows that

d%(%—uxi+u§)=x,

%(%&g_ ne2 + ulz) =L

(47)
The treatment for an ‘“‘infinite’’ sample for high
values of u differs from the treatment for a
‘‘finite”” sample in that we cannot regard the ex-
tended diffusion length to be much longer than the
thickness of the sample 2d, but a rigorous oppo-
site inequality must be satisfied. Therefore, in the
expressions of Eq. (47) it is necessary to retain
the right-hand sides, which describe the interval-
ley scattering. The diffusion currents, due to the
high derivatives in these expressions, should be
always neglected for the same reasons as in the
case of plates, with the possible exception of nar-
row regions near certain points. The integrals of
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the expressions in Eq. (47), without the higher-
derivative terms, have the form

P=c(+1)2—x—1/2,

R P N
=3t

where c is a constant of integration.

On the surface of a sample, a boundary condi-
tion of the type of Eq. (7) is satisfied and gives
rise, in strong fields |u| > S,8’, 1, to

x(0) =1,

the upper sign is used for g > 0, and the lower —
for 4 <0. To make the treatment concrete, we
shall consider only the case u >0. The results for
p# <0 are obtained by reversing the sign in front
of ¢.

On the other hand, when £— «, the densities
tend to equilibrium values so that

1(00) = g(o0) = 0.

The constants of integration, which satisfy the
boundary conditions (49a) and (49b) are, respec-
tively,

(48)

£(0) = =1; (49a)

(49b)

CO=5/81 Coo ’:1/2'

(50)

Near a certain point £ = &4, the solution with
the constant c; transforms into the solution with
C, In a region whose width is of the order of the
compressed diffusion length. We shall determine,
for g — o, the limiting values of X on the left and
right of the point £;: ¥Xy(§;) and X.(£;). For this
purpose, we shall require an infinite sample (like
a finite sample in Sec. 3) to satisfy the equation
for the balance of the intervalley transitions, which

Ng/N
0

onr

050~

025

1 1 | {

e

FIG. 5. Distribution of the electron densities in the valleys
1,2, and 4 in a semi-infinite n-type Ge sample for ¢= 0: 1) n;/N
for u > 0 and n,/N for u < 0; 2) n,/N; 4) n,/N for z > Oiand
n,/N for 4 < 0.
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follows from the equation of continuity (6). This
equation reduces to the requirement of continuity
of the electron currents in each of the valleys,
from which it follows that

bolte =) [ =To(xo — 1) |5,

=goz-—’_(2_°_

K=
Gt =73 (51)

An analysis of Eq. (48) with the boundary condi-
tions (49a) and (49b) and the continuity conditions
(51), shows that x (£) and ¢(¢) are monotonic in
the continuous regions, ¢(£) > 0 everywhere, and
X(£) is positive for £ <£, and negative for ¢ > ¢,.
The solution of Eq. (51), using the first of the two
expressions in Eq. (48), as well as Eq. (50), gives

_ 3 2.6 — 1
8 = 118, 00 =53 el = 2o 0217,
2,6 — 1

and allows us to determine the coordinate &,
~0.35u and the solutions £(£) and X(£) over the
whole range (0, «).

The dependences of ny, %y, and #, on & /u, ob-
tained from these solutions, are plotted in Fig. 5.

Thus, an infinite sample should also have a do-
main wall separating a surface domain from the
sample interior, the width of the surface domain
being proportional to the field Ey, and there should
be a strong departure from the equilibrium densi-
ties of electrons in the valleys.

Naturally, in the general case of a semi-infinite
many-valleyed semiconductor, there should also be
a domain structure in a surface layer of thickness
~pu.

CONCLUSIONS

We shall now consider the problem of the theo-
retical criteria. The first limitation is that the in-
tervalley time T should be considerably longer
than the intravalley relaxation time t. As far as
we know, at present only the values of 7 for Ge
and Bi are known. As already mentioned in a1
it follows from the data of Weinreich et al.'!} that
this criterion is satisfied by Ge at temperatures
close to 30°K and that L is sufficiently large to
observe a redistribution of carriers between do-
mains even in fields of the order of several V/cm.
If we assume that the intervalley scattering time
for Bi is of the order of the electron—hole recom-
bination time, the ratio 7/t is found to be about
30 at 4° K (according to “”; then 7~2 x 1078 sec)
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and about 5000 at 77° K (according to [6]). In these
estimates, the value of t was determined from the
mobility; the use of the energy relaxation time tg
might change somewhat the values of t. However,
we can show that the heating of carriers by an
electric field, accompanied by a severalfold in-
crease in their average energy, does not invalidate
the pattern of splitting of a sample into domains,
as discussed above, provided the heating is not ac-
companied by a sharp drop in 7.

The second criterion is related to the value of
the intervalley surface scattering rate s. We can

assume that in Eq. (3) all jgla) ~ 0 only for fields
Eyx such that

|Ex|> s [ |Dxy®] (53)
for all «. This criterion can be satisfied even in
the range of fields which do not heat carriers, if

s < Iny(a)lEc’

where E. is a characteristic field corresponding
to the heating of carriers; for the usual values of
the parameters, the right-hand side of Eq. (54) is
of the order of 10107 ¢cm/sec. The criterion (54),
expressed in terms of the relaxation times, has the
form

(54)

S =sL| Dy, <<Vt /[t

To determine the domain dimensions, we need
to know the absolute values of S. If there is no
surface band curvature, then the maximum possi-
ble value of s can be estimated from the wall cur-
rent on the surface. For example, for a two-valley
semiconductor with equiprobable surface scatter-
ing into both valleys, smax =~ v/8, where v is the
average thermal velocity of electrons. Hence, it
follows that

Smax = SmaxL [ Dyy ~ i/5.'/‘—5—/)5.

(55)

(56)

It is clear from Eq. (56) that the value of Sy 4«
for T/t ~10% is only slightly greater than unity.
The condition S < 1 is easily obtained by an up-
ward bending of the bands near the surface.

We have assumed earlier that E, = 0. However,
as in the galvanomagnetic experiments, in addition
to E; =0, another limiting case is possible: I, =0,
which is obtained when dy > dy > dy,. In this case,
the whole qualitative pattern of the effects and the
equations for the balance of carriers [including
Eq. (35) for the domain thickness] are retained,
but the formulas for the field Ey and for the cur-
rents become different. When E, vanishes, both
cases—in terms of the symmetry considerations—
are naturally identical; in particular, this happens
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in the situations considered in Sec. 2 as well as in
Sec. 4 for ¢ =0, 7/4.

In conclusion, we shall list again the effects
which appear in many-valley unipolar semiconduc-
tors in strong electric fields and give rise to the
splitting of plates into domains.

1. The nonlinearity of the current-voltage
characteristic.

2. The appearance, in plates of cubic crystals,
of a transverse electric field and, in the case of
the inequality of the surface intervalley scattering
rates s* and s”, a transverse emf. For a two-
valley sample, this emf is

§+— 8-
26
¥, = +2|aE:|d when

when

W, = 2|aE,|d |§+ — 8-| < 25,

| S+ —8-|>26. (57)

3. A considerable rise in the transverse re-
sistivity.

4. The rectification of the current in the case
of unequal rates s* and s~ and unequal slopes of
the valleys with respect to the faces of a plate.

5. Anisotropy of the conductivity of a plate
which depends on the velocities Sap*-

6. The partial or even complete emptying of
some electron valleys for a suitable selection of
the values of s,z +.

The splitting of semiconductors into domains
may be the cause of a number of other effects
which we have not considered in this paper. In
particular, it may alter greatly the piezoresistance
coefficients which, in a many-valley semiconductor,
are governed to a considerable degree by electron
transitions to a valley ‘‘vacated’’ as a consequence
of deformation. This mechanism of the piezore-
sistance does not apply when such a transition has
already taken place under the influence of a field.

A considerable change in the galvanomagnetic
properties of a sample is also possible.

APPENDIX

We shall use F = &f. Then, Eq. (10) becomes

Lo
dn? dn

F =0, (A.1)

and its first integral is

FPPdc=P —1ln|1+2P|, P=idF/dn. (A.2)

This function is plotted in Fig. 6; it has two
branches, which approach at the point of discon-
tinuity. We shall now determine which parts of the
plot correspond to the integral curves of the bound-
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FIG. 6. Plot of the function F? + C = f(P) as given by for-
mula (A.2).

ary problem considered for various &. For sim-
plicity, we shall assume that S* = 0; then, Eq. (11)
becomes

P4 & — F2 =0 when n = =+6. (A.3)

In weak fields, the right-hand side of Eq. (A.2)
can be expanded in powers of P, including only the
quadratic terms, and F? can be neglected in
Eq. (A.3). Then,

2cosh n

— A.4
coshg ’ (B.4)

i.e., the solution corresponds to the region P <0
of the right-hand branch (Fig. 6). The dependence
F(n) is superlinear.

By analogy with Sec. 2, we can easily see that
in strong fields P varies from —!/,, which corre-
sponds to the plateau regions, to — & 2 in the region
of the most rapid variation of F(n); therefore, the
solution lies on the left-hand branch in Fig. 6. The
dependence F(n) is now sublinear.

The conditions for a transition when & in-
creases, from a solution corresponding to one
branch to a solution corresponding to the other
branch are interesting. This transition may be
continuous, if in the critical region P(n) is con-
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stant over the whole sample and equal to —'/,. We
can easily check that F(n) = —n/2 does indeed
satisfy the equations (A.1) and (A.3) for

Eer® ="+ (8/2)%

The effective electrical conductivity in this field

(A.5)

is

, L0 As
Zcr=0(1_az'{——+62/§)y (A. )

for all values of 6 we have I, < Z,p < Z). Simi-
larly

(A.7)

tan QP = =+ |a sign E..
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