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The problem of the propagation of sound in superfluid helium is studied for frequencies wT
21 (w is the frequency, T some characteristic time). Expressions are found for the velocity
and absorption coefficient of first sound and second sound, and also for the kinetic coefficients

ps Xp » M1 M2y M3

It is shown that a significant dispersion of first sound appears when wt~ 1,

and for second sound when wT ~ uy/uy. Thus in both cases dispersion sets in when the wave-
length of the corresponding sound is comparable with the mean free path of the phonon, that is,
we are dealing with a spatial dispersion. In the region of high frequencies, wT > u,/uy, second
sound, not being damped, propagates only by means of the roton gas with a velocity u,,(2.4),
which differs strongly from the equilibrium velocity uy, (2.8). The results of the investigations

are compared with experimental data.

IN a previous article!!? a set of equations was ob-

tained describing the propagation of sound vibra-
tions in superfluid helium, which is valid for all
frequencies wT < 1, where T is some character-
istic time [Eqgs. 1(2.28)-1(2.31), I(2.33), 1(2.34)].
In the present article, by using these equations, we
shall consider the phenomena of dispersion and ab-
sorption of first and second sound in superfluid
helium.

We shall begin the investigation of the problem
with first sound. Investigation, carried out pre-
Viously,[z’ 31 of the problem of the absorption of
first sound at high frequencies was based on an
assumption of the relative slowness of the proc-
esses of establishing equilibrium in the number of
phonons and rotons. Such a situation does not ex-
ist, so far as we know, in superfluid helium in the
more interesting region of temperatures (below
1.2°K), and takes place only at very low tempera-
tures.

1. FIRST SOUND

The region of temperatures from 0.9 to 1.2° K.
This temperature region is characterized by the
fact that the interaction of phonons with one an-
other in it is negligibly small, and the principal
role is played by the scattering of phonons by ro-
tons. Equations I(2.30) and I(2.31), which describe
the propagation of first sound with consideration of

DIn what follows the references to formulas from [*] will
be denoted by the Roman numeral I.

small terms having an order not larger than pnp/p
have the form

POVERTEE pnp,
— 0o ‘F]r’_‘p*H: )

0 , hp o~ o~
i (—gb) o+ aly [(@ — zpr) Vi — 3uve] = 0,
2\ 0p/r 0
(1.1)
where vy, and v are, according to 1(2.33) and
1(2.34), equal to

—oj, +

ou In Ep’—}—zp, (—2 zNpr In E) J

Yo = o Ter (1.2)
’ 24 (1—8)(@—2zp) Ina

vi = 3010’ + jr + 3[0 — B(® — 2pr) 103 (1.3)

o—2 G —w 1 ~ il

(D:—kzl Zpr:m(i_'i(l)fpr), a = 7;,,-——-1

From the condition for the existence of a non-
trivial solution of (1.1), we obtain the complex ve-
locity of first sound:

® 1 on
—7C—= um——z—c%p(p(zpr),

(1.4)
where uy) = (85’3/8;)),11‘/2 is the velocity of propaga-

tion of first sound in the region of low frequencies
wTpr < 1, while the function ¢(zpy) is equal to?

@(2pr) =2zpr — 3

wina+ {2uzp: + 2p:2[1 — B(1 — 2p:) [} (— 2+ 2pr Ina)

x 2+ (1—p) (1 — zpr)Ina

2Inasmuch as the second component on the right side of
(1.4) is much smaller than the first and u,, = c, we shall set
@ = 1 everywhere in the function P(zp,)-

274



DISPERSION OF FIRST AND SECOND SOUND IN SUPERFLUID HELIUM

1 r
Zpr=1——-—, a=2r T +1, (1.5)
iOTpr Zpr — 1

The real part of (1.4) is the velocity of first sound

1 pn
Uy = um—z—cQRecp(zpr)

(1.6)
The absorption coefficient of first sound «; is the
imaginary part of the wave vector. According to
(1.4), it is

1 @ pnp

o = —— —p~Im¢(zp,)

5 2 (1.7)

Equations (1.6) and (1.7) determine the disper-
sion and absorption of ordinary sound, due to the
comparatively slow process of scattering of pho-
nons by rotons. Analysis of the function ¢(z pr)
shows that the principal dispersion of ordinary
sound sets in when the parameter wTpy becomes
of the order of unity.

Let us consider the region of low frequencies
satisfying the condition

0Ty << 1.

In this region l/zpr << 1, and the expression in
(1.5) which contains In a can be expanded in a
power series in the quantity 1/zpy:

2 1 1 >
lna—z';(i‘i_g Zpr?‘ )

—2+42prIlna = ( ) (1.8)

Zpr? Zpe?
Substituting (1.8) in (1.5) and keeping terms linear
in wTpr, we get

+(E"u+1) :l

¢ = l0Tpr [15 3p

whence, in accord with (1.6) and (1.7), it follows
that in the region of low frequencies

mzrpr pnp (3u+ 1)
c o [ 15 T 6p }

The first term in the absorption of sound corre-
sponds to the phonon part of the coefficient of or-
dinary viscosity

Uy =y, = (1.9)

Np = 1/f')czpnp—':pr, (1.10)

the second term to the coefficient of second vis-
cosity 3

1
b= (3w + 1)2 2pnpTpr. (1.11)

3)For more details on the coefficients Nps Kps &n & &
and £,, see Sec. 5.
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As has already been noted above, the second vis-
cosity is due to the fact that the establishment of
the energy balance between the phonon and roton
gases is made more difficult, while at the same
time it exists in each of them separately.

Substitution in (1.9) of the numerical values of
all the parameters shows that the second term is
much greater in order of magnitude than the first
in all regions of temperatures taken into consider-
ation. Thus at low frequencies wTpr <1, the ab-
sorption of ordinary sound is chiefly due to the
second viscosity.

In the region of high frequencies, satisfying the
equation

(DTpr > 1)
Zpy becomes of the order of unity. Setting the

quantity zpp in (1.6) and (1.7) equal to unity, we
get

= w0+ ¢ p;" [3 (44 1)21In (207,r) —3u—2-l (1.12)

= Sn(ut1)2 2 e (1.13)
8 c p

Region of temperatures from 0.6 to 0.9°K. In
this temperature region, in addition to the scatter-
ing of phonons by rotons, phonon-phonon scattering
is also important. Therefore, we must keep the
collision integral Jpp(n) in Eq. I(2.16). Account of
Jpp(n) has an effect only on the form of the func-
tion ¢, which now depends on the two parameters
zpr and zpp =1 - 1/iwTpp:

¢ (2pr, 2pp) = Zpr — 3{u?ln a + [2uzp,

+ zp?[1 — B(1 — 2pr)] + 3u2(1 — zpp) ]

X [—2 + (2pr + 2pp — 1) Ina]} {2 + [1 — zpp

+ (1 —p)(1 —zpr)] Ina+ 3(1 — zpp)

X [1 =B —2pr)1[—2 + (zpr + 2pp — 1) Ina]},
a = (2pr + 2pp) / (2pr =+ 2pp — 2). (1.14)

The velocity and the absorption coefficient of the
first sound are determined as before by Eqgs. (1.6)
and (1.7) but with the functions ¢(zpy, zpp) from
(1.14):

1
Uy = U0 — 56 p'npp Be(p(Zpr, pr), (1.15)
1
o1 = 5 — L2 1 @ (21, Zpp). (1.16)

2¢c

In Egs. (1.1) we took into account only terms of
small order not larger than pnp/p. If we take the
next terms of the expansion in (1.1), then a compo-
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nent appears in the expressions for ¢ (1.5) and
(1.14) containing the derivative (9p/8 T)s (that is,
8). Account of this component is important only in
the region of low frequencies wTpr, WTpp < 1,
and at temperatures below 0.9°K. The velocity
and absorption coefficient in this case are equal to
Sp onp
c o’
2/15 1 Co\?
S (3u +1e)
1+ vpr/Top 6B c .

) )

Uy = u10+%662 (117)

__ ©%Tpr Prp
4 P

el

As will be shown in Sec. 5, the first term in
Eq. (1.18) is due to the phonon part of the first
viscosity coefficient

(1.18)

1c2p Tor
5 TP 14 tpe/Tpp’

the second term to the coefficient of second vis-
cosity

= (1.19)

1
f = 3B( +1+6—)c onpTpr,  (1.20)
and the third to the phonon part of the coefficient

of thermal conductivity

%p = &Sptpr (1 — TS / pnc?)2 (1.21)

For high frequencies, WTprs WTpp > 1, in the
temperature region under consideration, the veloc-
ity of first sound is equal to

2(O‘l'pr
—3u— 2},
14 rp,/TPp

while the absorption coefficient is determined as
before by the expression (1.13).

— Pnp E 2
= oo 2 {4(u+1) In

2, SECOND SOUND

As will be shown below, the dispersion feature
of second sound begins at frequencies satisfying
the condition

OTpr ~ Uz [ Wy

(u, is the velocity of second sound). In spite of
the smallness of the ratio uy/uy, up to the present
time it has been regarded as insurmountably dif-
ficult to obtain temperature oscillations of such a
frequency. However, according to Notarys and
Pellam,[“ this range of frequencies can be ob-
tained at the present time for second sound.
Region of temperatures from 0.9 to 1.2°K.

Equations I(2.28) and I(2.29), which determine the
propagation of second sound, have the following
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form, with account of terms of small order not
higher than pnp/p,

—GT,'+&SI r+——B(m—zpr)(Vo+T g
+S—9~g£(v1+w,):0,
—Bu o ST R G T (b w) =0, (2.)
where
vo+ T, = !
T T 2 (1 —B) (@ —Zpr) In
X{[2 4+ (@ —Zpr) Ina] T’
+ [@—(py/0) Zpr]l (-— 2 + Zpr Ina)w,},
v we = —30T:’ 4+ (ps/ 0)wr
+ 3[0 — B0 — Zpr) 1 {ve + T+). (2.2)

It actually follows from Eq. (2.2) that the im-
portant dispersion of second sound begins when
wTpy becomes of the order of uy/uy. This circum-
stance favors observation of the phenomenon de-
scribed, since (inasmuch as u,/u; < 1) the disper-
sion of the second sound begins at much lower
frequencies than for first sound. The condition
wTpr~ uy/uy can be rewritten in the form I,~A
where [ is the mean free path of the phonon and
A is the wavelength of second sound. Thus the dis-
persion of second sound begins (as should be ex-
pected) when the wavelength of the second sound
is comparable with the mean free path of the pho-
nons, that is, we are dealing with spatial disper-
sion.

The condition for the existence of a nontrivial
solution of the system (2.1) is obtained by setting
its determinant equal to zero. Expanding the de-
terminant, we obtain an equation for the determin-
ation of the complex velocity of second sound w/k.
For frequencies of the order of w7py ~ u,/uy, this
equation runs as follows:

(2){

) 2 (0—Zpr)Ina }_2

Zpr O = (= Ugoo,
24+ (1—B)(0o—2zp)Ina
(2.3)
1/?.
Onr TSr2
Ugeo = [(1—?)&”0‘-] , (2.4)

(3= Zpr +1) /('Zpr — 1)). The expression for uye is
identical with the well-known expression for the
velocity of second sound in which all the thermody-
namic quantities for the roton gas have been sub-
stituted. In (2.3) we have omitted all terms the ra-
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tio of which to the last term does not exceed
1(kA/cPO)2 <« 1. (This inequality is satisfied for
all temperatures above 0.3°K.)

Equation (2.3) for the frequencies w ~ 'rf)i-uz/ui
cannot be solved in algebraic form; its solution re-
quires numerical calculations.

In the region of high frequencies,

OTpr > Uy [ uy,

it is materially simplified and one easily obtains

BCP/Cr h

lOTpr / (2.5)

% = Useo (1 —_
It is seen from Eq. (2.5) in the case of very high
frequencies WTpr >>ﬂCp /Cr that second sound
propagates only via the roton gas, with a velocity
equal to uy. (2.4), while the absorption coefficient
does not depend on the frequency and is equal to
1BCo/C,

9 = =

2 UpeT pr

(2.6)

In the region of low frequencies, satisfying the
condition

OTpr <K U [ Uy,

l/zpr <« 1, and one can expand the expression in
(2.2) containing ln a in a power series in the
quantity 1/zpr (1.8). As the result of lengthy cal-
culations, the condition of consistency of the set of
equations (2.1) takes the following form:

0\ _ r,ps pnp{ pn pC TS )Z
(T) = n® — loTprct = 5 :rc(1 Onc?

3;5 (1 o 3£)2}

_(ps TS*\'h ‘
uzo——(a pC) . (2.8)

(2.7)

For the frequencies considered, the imaginary
terms on the right side of (2.7) are small in com-
parison with the real terms. In this case, the ve-
locity of propagation of second sound is equal to
uy (2.8), while its absorption coefficient is deter-
mined by the expression

_ 9%™Tor ps fre { 2 4 Lon oc (1-
= on o U5 " 20, TC

TS )2

uzo® PnC?

+6B<1_ S\}

The first two terms in (2.9) are due to the ap-
pearance respectively of the phonon part of the
first viscosity coefficient 1y (1.10) and the phonon
part of the coefficient of thermal conductivity Kp

(2.9)

(1.21). 9 The third term in (2.9) corresponds to a
combination of the coefficients of second viscosity
(& + p2§3 —2p¢4) entering into I(2). As will be
shown in Sec. 5, the coefficients ¢; and ¢; are
equal to

1 S
Pl = (ut1) (u+) uoton

2
P = %( u-+ %) *PnpTpr

Substitution of the numerical values of all pa-
rameters in (2.9) shows that the second term
greatly exceeds the other two in magnitude. Thus,
in the region of low frequencies (wTpp < u,/uy),
the absorption of second sound is essentially de-
termined by the phonon part of the coefficient of
thermal conductivity. The temperature depend-
ences of the velocities uy, (4.8) and uy,, (4.4) are
drawn in Fig. 1. For a fixed temperature, as the
frequency is increased, we gradually go over from
the curve u,;, which describes the equilibrium
second sound, to the curve uy,, which describes
the roton second sound.
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FIG. 1. Temperature dependence of the velocities u,,
and u,.

The region of temperatures from 0.6 to 0.9° K.
In this temperature region, phonon-phonon scat-
tering becomes important and one must take into
consideration in Eq. I(2.16) the collision integral
Jpp(n) which characterizes this scattering process.
Consideration of Jpp(n) transforms the equation

4)Equation (1.21) for the phonon part of the coefficient of
thermal conductivity is valid in the entire temperature range
from 0.6 to 1.2°K (for more details see Sec. 5).
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(2.3) to the form

(%)2 [1 —Bg-i’(i —2p) 2+ (6—Fp) In @

+ 36 (® — Zpp) [— 2+ (Zpr + Zpp— ©) Inal}

X {2+ [0 —7Zpr + (1 —B) (@ — Zpr) In @]
4+ 3 (0 —Zpp) [0 —B (®©— Zpr)] [— 2 + (zpr +

+ Zpp— o) In Z{}-l} = uye (2.10)
(where a = (zpy + zpp)/(zpr + Zpp — 2), Zpp
=w(l-1/iw Tpp)- As we have pointed out above,
in the general case, this can be solved only numer-
ically.

For high frequencies WTpr, WTpp < 1, Eq.(2.5)
is again obtained from Eq. (2.10). For sufficiently
low temperatures, the ratio ,BCp/Cr can become
large and, as is seen from Eq. (2.5), the roton
second sound will be strongly damped. At very
high frequencies, wrpy > BCp/Cr, Egs. (2.4) and
(2.6) are valid as before.

In the region of low frequencies WTprs WTpp
< 1, the scattering of phonons by phonons does not
give a significant contribution to the absorption of
second sound, inasmuch as the account of the scat-
tering mentioned has an effect only on the form of
the term in Eq. (2.9) that is smallest in magnitude:

2.2 2 2
az.—_"_’_c?r&‘)ﬂp { 2/15 +LE’LPL 1_.T_S2
up® 0, © 14 Tpr/Tpp 2 p. T 0,
1 S \2
+6—B(1—3?) } (2.11)

corresponding to np (1.19).

In the temperature region under consideration,
for the frequencies WTpr, WTpp < 1, one must
take into account in Egs. (2.1) terms containing
the derivative (8p/8T) »(~0). Its account leads to
the appearance of additional components in the ex-
pression for the velocity of second sound:

1_.Sp pn
Up ==y (1 — -2 ")
2 u”( 2T o )
and also in the expressions for the coefficient 7,
of second viscosity (1.20),

S

1 Cp\ S
oty = (304 1402 (1ot T 07 ) onste

3 S Sp\?
92§3=E<u+’6“+6c_p) Czpinpr- (2.12)

The fact that the derivative (9p/9T), does not
enter intc the expression for the absorption of sec-

ond sound is connected with the fact that the com-
bination of the coefficients of second viscosity

and D. M. CHERNIKOVA

(1.20), (2.12), entering into (2.11) remains the same
as before for T < 0.9°K and is equal to

Lo+ 0% — 20t = (1 —35/C)%/ 3.

3. REGION OF TEMPERATURES ABOVE 1.2°K

At temperatures above 1.2° K, the phonons
which move in a given direction, as has already
been pointed out in the work of L1l are described
by the quasi-equilibrium distribution function I
(1.14), which depends on the chemical potential «
in this direction. The departure of n from its
constant equilibrium value n; is from (1.15) equal
to

ano
de

4

[g_: p’ -+ ev(cos 0) + kT a(cos 0) ] (3D

where v(cos 6) and «a(cos 6) are unknown func-
tions of the angle § which will be found as a result
of solution of the kinetic equation. The total en-
ergy of the phonons moving in a given direction
and their number in small-angle scattering are
conserved in a four-phonon process. In the region
T >1.2°K, a five-phonon process does not change
the energy of the phonons moving in a given direc-
tion but significantly changes their number.

We substitute (3.1) into Eq. I (2.8) and integrate
the right and left sides over all phonons and over
all possible energies. Inasmuch as the integrals

( stomyeprdp, 1o (myprdp,  § Toa(nyeprap
are equal to zero, according to what has been
pointed out, we have 5)

(5 —co0s 0) [v(cos 0)+ EZ—or.(cos 0) ] + wup’ + cos? 0vs
T

o
=——\Jp 2d
o g pr(n)ep*dp

/ { . capt dp,
de

~ 2
(& — cos 0) [v(cos 0)+ % a(cos0) ] + wup’ + cos? O,

(O]

10}

-I—S Js_,z(n)pzdp/ S a7’1;—sp2dp}.

on
§7ocmprap | § S eprap
(3.2)

The collision integral Jpr(n) computed from
Eq. I(2.19) with the distribution function (3.1) is

5)We shall neglect the magnitude of the collision integral

Jpp (n) in the region of temperatures above 1.2°K in compari-
son with J,  (n).
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equal to
J (7)_._ 1 ﬂ{ [v 0) — vo + cos 0w, ]
pr(n) = T—pr(_PT 7% e[v(cos vo + cos Qw,
&2
-}——3 q(vo—l—Tr’)—I—kT[a(cosG)-—ao]}, (3.3)
pe?

where «; is the coefficient for the zeroth har-
monic in the expansion of the function «(cos 0) in
spherical harmonics:

s

Il

a(cos0) = a;iP;(cos 0).

1

Integrating both sides of Eq. (3.3) over all phonons
and over all possible energies, we obtain

{ Tor (n)ep2dp = —

! {v(cos 0) — vo 4 cos Bw;

pr

1 Bvo+Te) + é[a(cos 0)— ao]} { 8—0’1"- e2p2dp, (3.4)

S Jpr () p*dp = —;-[l—— [\(cose —vo+ cos Bw,

216 «
- ' —~ )
+§-f5(\'0 + T )+-§[a(cos 0) Go]} S o ep? dp.

The value of the integral fJg_,z n)pzdp has
been previously computed: !

{ 7o2(n)p? dp = a(cos O) Ty

With account of (1.13), this expression can be re-
written in the following form:

d
a(cos0) K -;TO eptdp, (3.5)

S Jsro(n)p2dp = —

T3>2

where T3_,9 is the time characterizing the five
phonon process, t??

1 kT2 kT
= A , ~ 2.4-4
T32 3Np Vo T ( )

(3.6)

(Np is the number of phonons per unit volume of
helium II).

Substituting (3.4) in (3.5) on the right side of
Eq. (3.2), we finally obtain

(® — cos 0) [v (cos ) + i—z a (cos e)} + @up’ + cos? v,

=9 {v (008 ) — vo + cos Buwr 3 (vo -+ T')

{OTpr

1
+ g [ (cos 0) —m] |,
® — cos 0) {v (cos B) 4 o a (cos 9)] + aup’ I cos? B,
(= 108 ™ :

o
= 216 ot

-+ T [2(cos B) — 10]} + -

{

8 ’
{v (cos 0) — vo - cos Bwy + -8 (vo + 1)

a (cos 0). (3.7)

—2
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The further solution of the problem T >1.2°K
is similar to the solution given in L for T
< 1.2° K. The computation of the velocity and the
sound absorption in the general case of an arbi-
trary value of the parameter WTpy is very com-
plicated; therefore we shall limit ourselves to
consideration only of low frequencies satisfying
the inequality w7py <1 for first sound and w7y
< uy/uy for second sound. For first sound, such a
consideration practically exhausts all possible
frequencies for temperatures above 1.2°K, inas-
much as the value of w7y is very much less than
unity for T > 1.2°K in accordance with I(1.18).

As the result of the lengthy calculations, Egs.
1(2.8)—I(2.11), which describe the propagation of
first and second sound in the region of low frequen-
cies with account only of terms linear in WT pys
take the following form:®

S
(1-32)

.3 1&511“
W+ r ~
PC BP

—afl,’ +

p,.c2 TS _
L 1_,—T-§)(1—m—2)}wr—o, (3.8)
1 p S
— ) Trl r_'p P — __S_ J— —_—
0w + - oty " {3B(D 5 (1 30)
b1 0  ~ X o
1558 (1= )=
~. 1 (0P ,
—(D]r-i-c—g(gp* 0P
- bpfh o
— 0Ty, Y {1—5 + =@u-+1)2p =0,
—op -+ =0. (3.9)
Here
B p £ 97 1
1/ nt 2p b 1 mt Tor \]?
T (T
X{ +8 216 /216 56 216  Tas2
1 4 2 4 4 . —1
_~1_=_L[1‘+_(f__1) /n (il_i_"_l’)il
Tpr Tpr 8 \216 216 V56 216  T3s2 :

(3.10)

From the condition of consistency of the set of
equations (3.8) and (3.9), we obtain the velocity and
absorption coefficients of first and second sound:

N(su%—i)}, (3.11)

153

©*Tpr Pnp [ 2
Uy = Uy, —

ay = -
¢ (Y

6)In (3.8) and (3.9), we have omitted terms with (ap/aT)@,
inasmuch as they are essential only at low temperatures (be-
low 0.9°K), as has already been pointed out in Sec. 1.
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_ __ ©"CTpr s eref 2 1 on 0
Uy = Uz, a2_~u203 Pn P 15 2 Os TC
TS \2 1 2
X(i— )+-—(1~3~S—>]. (3.12)
Pnc? 6p c

The first terms in the square brackets in Eqgs.
(3.11) and (3.12) are due to the phonon part of the
coefficient of ordinary viscosity

Np = /5*OnpTor

the second corresponds to the coefficient of second
viscosity

Lo = (3u + 1)%2pngtpr / 3B

and the phonon part of the coefficient of thermal
conductivity

*p = 2SpTpr(1 — TS/ pnc?)2.

The third term in (3.12) corresponds to the com-
bination of coefficients of second viscosity
£y +p Ly — 2pky entering into I(2), where

oty = B (3u + 1) (u + S/ C) T,
0% = '?:(3—1(11 + 8/ C)zczpn;Tpr

(for more details, see Sec. 5).

The value of the numerical coefficient A in
(3.6) can be computed from experimental values of
the coefficient of absorption of first sound in he-
lium II. According to the data of Atkins and
Chase, '™ A =3.4 x 10%. Substitution in (3.11) and
(3.12) of the numerical values of all the parame-
ters shows that the absorption of first sound is de-
termined by the second viscosity and second sound
by the thermal conductivity.

4. REGION OF TEMPERATURES BELOW 0.6°K

In the region of temperatures below 0.6°K, the
contribution of rotons to all the phenomena be-
comes unimportant and one can consider a purely
phonon gas. The equations described in the propa-
gation of sound in a phonon gas, according to 1(2.8),
I(2.10) and I(2.11), have the form

_a;p,—l_]:O;
~, 1 /0P , . Pnp b
o+ = (W)T" + 28 (3uT" + Gw)=0,
_aT'+%Qsp—"w+63“;1 o =0,

— 2+ (0—Zpp) Ina] T”

— (5— p;p pr) (—24+Zpplna)w

+ uoInap’ + Zpp(—2 4+ zZpplna)j =0 (4.1)
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(@ = (zpp + 1)/(Zpp—1)). In (4.1), we have intro-
duced the notation

Psp

Vs + Prp
Y

j=

Va |,

psp=1_g@, ’V0=_'TI,
o

(T’ and |v, — vg| are the ratios of the departure of
the temperature and the relative velocity, deter-
mined for the equilibrium state of helium II, to T,
and c, respectively).

The relations vy, = =T/, vy =—w follow from
the requirements that

V= —w

Se(n—n°)dr,=0, Sp(n—n")drr:O,

that is, that the nonequilibrium distribution func-
tion of the phonons n must lead to the same value
for the total energy and the total momentum as the
equilibrium function

o= foxp [0 =] gy

-

(4.2)

The condition for the consistency of the set (4.1)
is the vanishing of its determinant. By expanding
the determinant, we get an equation which, with
account of only the terms linear in pnp/p, splits
into two equations” (a = Zpp + 1) /(zpp - 1)):

(%) — u1o® + 02%‘:?(2;);1) =0, (4.3)

P (zpp) =1—3

w*lna—+ {2u 4+ 1+ 3u? (1 — zpp)} (— 2+ 2zpp In a) .
24+ (1 —zpp)Ina-+3(1—zpp)(—2-+zpplna) ’

2+ (@— Zpp) In 7 + 30 (@ — Zpp) (— 2+ Zpp In a)

X

Pap u? + 2u('1;2 + @2
o 0t —1
Equation (4.3) determines the complex velocity

of ordinary sound, the velocity and the coefficient
of absorption of which are equal to

—3

(—2+Zpplna)=0. (4.4)

1 n
Uy == Uy — ch_pp_ Re @ (zpp), (4.5)
1 o pn
= 5" I g (zpp). (4.6)
2 ¢ p

It is not difficult to establish the fact that the re-
sultant expressions for u; and «y, as also (1.6)

Dinasmuch as the last component in Eq. (4.3) is much
smaller than the first and u,, = c, we can everywhere set

@ =1 in the function cp(zpp).
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and (1.7), are the result of the more general for-
mulas (1.15) and (1.16).

Equation (4.4) has an undamped acoustic solu-
tion only in the region of low frequencies satisfy-
ing the condition WTpp < 1/\/§. In this region of
frequencies, one can expand In3a and -2 +z . 1lna
in power series in the function l/zpp (1.8), as a
result of which (4.4) takes the form

(o= 2[i-

k7 3

(3u~+2u—;—1)pnp

4
E 3 i(JJTpp:I .
The root of this equation determines the complex
viscosity and consequently the velocity and the ab-

sorption coefficient of second sound:

2 01pp
53 ¢
As was to be expected, in a purely phonon gas, the
quantity u, at low temperatures approaches the
limit ¢ A3, while its absorption depends only on
the coefficient of ordinary viscosity

, = —0_[1 3 Bur 2u o 1)-"“—"], 4 =
13 4 P

Np = Eci’pnprpp. (4.7)

In the region of low frequencies, WTpp < 1, the
velocity and absorption coefficient of first sound,
in accord with (4.5) and (4.6), are equal to

1
wy = w+ ¢ —(3u + 1)2228
4 o

3 ©*Tpp Pnp
- — 2———————- .
“ 10(u +1 c P

In a purely phonon gas,

3 1 p% 0% \ pnp
”*°=c[1_—2(“2‘27a—¢')TJ

and consequently for T =0, uy = ¢, as it must be. The

absorption of ordinary sound is connected with the
coefficient of ordinary viscosity (4.7). 8 The term
(u + 1)® arises because of the fact that we have
taken into account the derivative term (8p/9T),,
(6 =-3u—1) in Eqgs. (4.1).

For high frequencies, WTpp > 1

w0y = g+ cﬂﬁﬁ{.‘g,’(u 4 1)21n (207pp) — 3 — 2}, (4.8)

® Pnp
0

ai-—»~rc( —}—1)2 (4.9)
As has already been pointed out previously,[”
in the region of very high frequencies,
kT 2 B;
3y (2n— ) —
< ( T c ) Bz

®Tpp

8)As we shall see in Sec. 5, all kinetic coefficients in a
phonon gas are equal to zero except 7 p “.7).
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terms cubic in the momentum must k=2 taken into
consideration in the expression for the energy €
I(1.2) entering into Eqgs. I(2.8), I(2.10) and I(2.11).
Account of yp* gives the following formulas for uy
and o4 .9

111——1110——cpp{ (u +1)21nl- ( 3-|(4 10)
+3ut2},
3 Pnp kT -1
_,4(u+1)27[3y(2n-—6—1) B ] . (4.11)

5. THE KINETIC COEFFICIENTS

In the previous sections on the calculation of
the absorption coefficients of first and second
sound at low frequencies, we have obtained certain
linear combinations of the kinetic coefficients. In
this section, we shall concern ourselves with de-
riving formulas for each of these coefficients sep-
arately.

Equations I(2.28)-I(2.31), I(2.33) and 1(2.34),
which described the propagation of sound in he-
lium II in the region of low frequencies 10 have the
form

©o ., . - rs \ r )
9P P
— G o+ e \,T,
4 1

—————— ikC%PnpTpeLnr
10 1 + Tpr/‘l’pp

TS\}__ -

+ i0CPupTpr (l — onct! T

—‘i/cczpnprpr{ﬁ1 (3zz+l | bccf)) w4 +6—-)
P (jr_p”nr)‘f"%( 3u+1 45%‘)
% (3041462 o =00
_»_z +(0P‘) P'+<Zlﬁ Ty — ikctpnpTor | Su( _{__

S
+o

p),. , u( Cp) .
) o= ovn) 4o (3t 14852V e} =0

9In the research of Andreev and one of the authors,[°]
the case of the high frequency limit was considered for which
mtpp >> 1.
10)We recall that the low frequencies for first sound sat-
isfy the conditions oty wtpp << 1, and for second sound the
conditions oty oty <« u,/u,.
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With the help of Egs. (5.4), the set of equations
(5.1), after small transformations, reduces to the

282 I.
_ o / N ® GS\
— T N nr
W p (6T’,) + Sv
form
TS T
—il«.‘-rp,c'lSp(i

LnC
-+ icorpGC{%(\ u-*—z,——l- 6%) (jr— pVnr)

—l—3%-(3u+1+6i,—p) un,}=0, (5.1)
where Ti. and vy, are the temperature and ve-
locity of the normal part of the roton gas, while
jr = lpsVs + pn Vnr - The values of p’ and vg, as
has already been pointed out in t play the role
of external conditions for the excitation gas.

We convert the system (5.1) to the form of the
hydrodynamic equations. For this purpose, we use
the conditions

e(n—n0dv.+ (EW— Ny,

Spn—nar. + \P(V—N)dv.,  (5.2)
which follow from the requirement that the non-
equilibrium functions n and N must lead to the
same values of the total energy and total momen-
tum as the equilibrium function n’ (4.2), and

Vo — exp[__ E— P(kv;——vs)]

(here the temperature T and the velocity of the

normal part of the liquid v, refer to the equilib-
rium state of helium II). Deviations of the equi-
librium functions n’ and N° from their values in
the motionless liquid, ny and N;, are equal to 1V

nv ono {63 ’ r 0 :I
=—|—p —e—+ n=Us) |,
G app 7 T eos p (v Us)
. 8N0.‘0E
N — —— ——E P (vy, — vs ] .
3 Lop! +cosm‘3‘ (vn — vs) (5.3)

Substituting in (5.2) the values n, N, n’ and N
in the form of sums of the constant equilibrium
values nj, N; and the small corrections n’ I(2.12),
N’ [(2.13) and N°,N%’ (5.13), we get

TS)T’
pnc?/ T

(25) 7= () e (545

‘P

Pn¥nr = Pnln + ikczpnp'fpr (1 -

e poa)+ 5 (31487 o (5.4

IDThe index 0 is omitted for the constant equilibrium val-
ues of the thermodynamic quantities.

—op’ /k+j=0, (5.5)

17 c
[O8 P - -p
-—%]—}-gb _chzpnptp,{ﬁp 3u+‘1+60)
. S So\ .
/<(u+—67+6?) (7 =pvn)

y [%mﬁ—{-%(&z%— 14 6%)2],,"}, (5.6)

o . 3 S SpN2
—'zUs‘f—M :lkCZPinpr{B-pz<u+E+52?> (J —pvn)

1 o ( S Sp> !

— 1 — — — | Un ¢, 5.7
o Bt +6 2wt Gt o) (5.7)
o, . 7S\2I7

—%s + Son = ikt Sy ( 1 E?> = (5.8)
where &', $’, u’, and also j = |pgVvg + py vy | Te-

fer to the equilibrium state of helium II.
The equations written in this form allow us to
determine the kinetic coefficients which enter into

the hydrodynamic equation 12)
o - divj =0, (5.9)
dj , 4
W_I_ VP = §"r]Avn

+ V {tdiv(i — pVa) + Lo div va}, (5.10)
Vi V' = V{Gdiv (j — pva) + & div va), (5.11)
S+ S divv, = %AT" / T. (5.12)

Thus, from the comparison of the right side of
Egs. (5.8) and (5.12), and also (5.7) and (5.11), we

find the coefficient of the thermal conductivity 13)
%p = 2SpTpr (1 — I'S/ prc?)= (5.13)

and the coefficient of second viscosity

0y = ~( ut + 55p ) CPnpTpe, (5.14)

p
1 ( \
P§4=ﬁ—<3u+1+5 +~+a— ConpTpps (5.15)
In order to distinguish the coefficient of ordi-

nary viscosity 7, from the coefficient of second
viscosity &, in (5.6), we note that the second vis-

12)The set of equations (5.9) — (5.12) is written in the

linear approximation.

13)Naturally, in this way we find only the phonon part of
the coefficient of thermal conductivity and the phonon part of
the coefficient of ordinary viscosity.



DISPERSION OF FIRST AND SECOND SOUND IN SUPERFLUID HELIUM

cosity (as has already been said) is due to the com-
paratively slow processes of establishing the en-
ergy equilibrium between the phonon and roton
gases; therefore, in Eq. (5.6), the parameter B
should contain only the coefficients of second vis-
cosity ¢; and ¢,. Taking this into account, we get
from (5.6) and (5.10)

L

514 1o /Tpp
1 c S S

ot = (3t 1482 (b 4072 ) pugtn, (5.17)

Np = C2PnpTpr, (5.16)

@_?(3u+ 1+a~.)cpnprp,
The quantities ¢y and ¢y are thus seen to be
equal, as should be expected from Onsager’s sym-
metry principle for kinetic coefficients. In the ap-
proximations that we have considered, there ex
ists another relation between the coefficients o.

second viscosity:

(5.18)

&2 = Gola. (5.19)

While ¢y = £, is a rigorous equation which follows
from Onsager’s symmetry principle, the resultant
equation (5.19) follows from the fact that we have
taken into account in the theory only slow proc-
esses of establishing equilibrium, which take place
in the phonon gas. A curious situation is obtained,
viz., if

3(u+S/C + 8S5/C)
3u+1+06C,/C

then such a motion is not accompanied by dissipa-
tion of energy. In a certain sense, this situation is
reminiscent of the situation in a monatomic gas,
when a second viscosity is strictly equal to zero.

The formulas obtained above for the kinetic co-
efficients are valid in the region of temperatures
from 0.6 to 0.9°K. In the temperature region from
0.9 to 1.3°K, as has already been pointed out, the
terms containing the collision integral Jp,(n) and
the derivative (8p/0 T) s (~ 6) must be omitted in
the equations which describe the propagation of
sound in helium II. Taking this into account, it is
easy to obtain the result that

div(j — pva),

divv, = —

Np = 1/520npTpr,

S
u C ) *PnpTpr,

oty = pg4=1ﬁ-<3u+1)(

3
P2y = —

S 2
B (u_*‘F) czpinpn

1
b= ?ﬁ(u + 1)2 Czpinpn 82 = GG,
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and kp is defined as before by Eq. (5.13).

In a purely phonon gas (T < 0.6°K), Egs. (4.1),
which describe the propagation of sound, are trans-
formed by means of (5.2) (vy = ~T’/T, vy =—w/c)
in the region of low frequencies to the form

® ® 4
_ o, . _ 0. P 2
kp +] _‘0» ]f]+ gb = ik 15 Cp’ﬂpTPPUm
® ’— _ Py o
_;Vs‘*“l" =0, /s:S + Sva =0,

whence it is evident that for T < 0.6°K, all the
kinetic coefficients with the exception of Mp

=1L pnp Tpp are equal to zero. 1

In the region of relatively high temperatures,
above 1.2°K, as has already been said, in addition
to the scattering of phonons by rotons one should
also take into account a five-phonon process. Ac-
count of these two slow scattering processes gives
the following connection between the equilibrium
and roton values of the temperature and the rela-
tive velocity:

pWp=p,w + ikc?pnp-lrpr (1— p%) —]—;—,» )

(%g), T, = (g_‘;)p T + ikSpt pr {g (u + )(1'—pvn)

+é:(3u+1)vn } (5.20)
Here Tp and B are determined by Egs. (3.10).
With the help of (5.20), Eqgs. (3.8) and (3.9) can be
transformed to the form (5.9)—(5.12), and it is easy
to obtain the result that
rs

p,c?

Kp= SpTpr (1——— ) s Mp= % czpnp’;p,,

1 N ~
p%y = Ly = T (Bu +1) (u+ f) €0 Tor
_ 1 3 1)2¢20 v
;2 - 3«3 ( u + ) c Pnp'rpn

3 S\ ~
e R Y R A

Substitution of numerical values of the parame-
ter shows that one can neglect the term TS/pnc2
in the coefficient for thermal conductivity for all
temperatures above 0.8° K

The formulas obtained above for the phonon
part of the coefficients of ordinary viscosity and

14)The fact that the coefficients of thermal conductivity
and second viscosity are equal to zero in a purely phonon
gas also follows from Egs. (5.13) — (5.18), inasmuch as the
quantity 8 = —3u — 1 for T < 0.6°K.
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thermal conductivity in all the regions of tempera-
ture are identical with those which were calculated
earlier.[? "]

6. COMPARISON WITH EXPERIMENT

The calculation of the coefficient of absorption
of first sound has been carried out by us for the
frequency 14.4 Mc/sec and for the temperature
range from 0.6 to 1.6° K. For temperatures above
0.7° K, the absorption coefficient oy was com-
puted from Egs. (1.16) and (1.14) for T =< 0.9°K,
from (1.7) and (1.5) for T = 0.9-1.2° K, and from
(3.11) for T = 1.2° K. For the temperatures 0.6—
0.7°K, and for the frequency chosen by us, one of
the conditions 1(1.18) is violated, namely wTyp
<< 1. However, for the frequency 14.4 Mc/sec,
for the temperatures mentioned, as is seen
from Eq. (1.13) (wTpr, wTpp < 1), the rotons do
not in practice make a contribution to the absorp-
tion of first sound and «; can be computed from
Eq. (4.9) for the phonon gas. The temperature de-
pendence of the absorption and coefficient of first
sound computed in this fashion is represented by
this continuous curve in Fig. 2. For comparison,
the experimental data of Atkins and Chase!® are
indicated in the same drawing by the circles. The
values of oy measured by Atkins and Chase agreed
excellently with the theoretical values in the range
of temperatures from 0.6 to 1.6° K.

The temperature part of the velocity of first
sound uy(T) — uy(0)(uy(0) is the velocity of first
sound at absolute zero, u;(0) = ¢} was computed
by us for the frequency 1 Mc/sec and for the most
interesting region of temperatures for this fre-
quency, namely, from 0.5 to 0.8° K. In accord with
(1.15) and (4.5),

1 n
s (1) = uno(T) — 5 us(0) pp" Re ¢,

where the function ¢ is determined by Eqgs. (1.14)

~1

Z.B : l
I F="14h Mc/sec

%o

N S SRR ST S U S W AT S
04 06 08 10 12 14 16 18T°K

FIG. 2. Absorption coefficient of first sound in helium II:
the continuous curve gives the theoretical values, the points
are the experimental values of Atkins and Chase.
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N -~ =

u)(T)~u, (0), em/sec
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04 05 96 07 0,‘8 T K
FIG. 3. Velocity of first sound in helium II: the continu-
ous curve gives the theoretical values, the points are the
experimental data of Whitney and Chase.[*°]

(T =0.6°K) and (4.3) (T <0.6°K) while uy(T) is
equal to

m [0 dg OFE . s
Ui (1) = [p%(uwg%nodrr +5%Mdr,)h. (6.1)

The third term on the right side of (4.1), which
takes into account the contribution of rotons in the
temperature range from 0.5 to 0.8° K is unimpor-
tant in comparison with the first two terms and can
be neglected. Taking this into consideration and
carrying out the integration over all p and differ-
entiating with respect to the density, we obtain !9

, 1p? 6%)]

4 c dp?

() = u;(0) [1 —%(u

Thus the sought temperature differences are
finally equal to

uy (T) — uy (0)

1 Pnp

2 2
= — 5 u(0) Lot Fe)

[Reo+3(w—7 % or)] - (62

The values of uy(T) — u(0) computed from Eq.
(6.2) are represented by the continuous curve in
Fig. 3. For comparison, we have plotted the ex-
perimental values of uy(T) — uy(0) obtained by

15)The value of the second derivative of ¢ with respect to
the density as well as the first was computed from the data of
Atkins and Stasior[®] and the data of Keesom and Miss Kee-
som:[*] (p*/c)(d°c/dp?) = 5.5.
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Whitney and Chase!'’ in the same figure. Whitney
and Chase measured the velocity uy(T) directly.
The velocity u;(0) was obtained by them by inter-
polation of the curve u(T) to absolute zero; it is
equal to 238.27 + 0.1 m/sec. Comparing the curve
uy(T) — uy(0), obtained by Whitney and Chase with
that computed by Eq. (6.2), we reached the conclu-
sion that if we select uy(0) = 238.23 m/sec, which
does not fall outside the limits of accuracy of the
measurement by Whitney and Chase of the value of
the velocity uy(0), then both curves agree very
well.

Strictly speaking, for the calculation of the tem-
perature part of the velocity of first sound in the
region of temperatures below 0.6°K, it is neces-
sary to make use of the expression (4.10), and not
(6.2), inasmuch as, for T <0.6°K,

1 kT )2 B;

OTpp

<3y(2n

For the same reason, the absorption coefficient of
first sound at temperatures below 0.7° K must be
computed from Eq. (4.11), and not from (4.8). How-
ever, the fact that the theoretical values of «; and
uy(T) — uy(0) agree excellently with the experimen-
tal values indicates that the value of 7y is, appa-
rently, < 3 x 10%7.

For second sound unfortunately, there is no
such quantity of experimental data as for first
sound. Experiments on second sound occupy prin-
cipally the region of low frequencies (w~ 10*4cps),
for which the value of the parameter wTpy is
much smaller than unity in a wide range of tem-
peratures. In this region of frequencies, the values
of the absorption coefficient of second sound com-
puted from Egs. (2.9) and (3.12) are in excellent
agreement with the experimental data, as is seen
in Fig. 4.

At the present time the region of high frequen-
cies has already been achieved for second sound
(=~ 25 Mec/sec)') and it can be hoped that measure-

log (¢/w?)
-8

1 AL i 1 1 1
08 09 10 11 12 13T°K
FIG. 4. Absorption coefficient of second sound in helium

II: O —experimental values of Zinov’eval''] ®— Atkins and
Hart['2], the continuous curve gives the theoretical values.
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FIG. 5. a—dependence of the coefficient of thermal con-

ductivity « (erg/cm—sec—deg) in helium II on the tempera-

ture: O —experimental data of Zinov’eva,[“] continuous

curve — theoretical values; b — temperature dependence of the

coefficient of first viscosity in helium II: O — data of

Zinov’eva,[''] A —Heikkila and Hollis-Hallet,[**] curve —

Andronikashvili,[**] continuous curve — theoretical values,

+ — deFroyer and Van Itterbeek(*"].

ments of the sound velocity and absorption of sec-
ond sound for high frequencies will be carried out.

APPENDIX

In the preceding sections we have used for the
calculation of the velocities and absorption coeffi-
cients of first and second sound the values of the
parameters A, Py, u, 9A/9p, 8°A/9p%, 9P,/0p,
given in LU It is of interest to compare with the
experimental data the values of the coefficients of
first viscosity 1 and thermal conductivity k com-
puted with account of these new values of the pa-

rameters. According to I(1.12),
71=m+np, n = A -} %p,

where 7y and ky and the roton parts of the coef-
ficients in n and «

_ wp, _sA
T 0w Vol T PR ™

Computation of kp Was carried out by us from
Egs. (5.13) and (5.21). In the calculation of np
here we used an exact value rather than the value
of the cross section opy averaged over the angles
of the incident and scattered phonons and rotons
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(see (”). We also want to draw attention again to
the fact that in the calculation of oy and «j, sub-
stitution for the exact value of oy in the kinetic
equations by the average (over the angles) value
did not have a significant effect on the accuracy of
the results, inasmuch as such a substitution affects
only the very small term containing np. The values
of the coefficients of first viscosity and thermal
conductivity that have been computed agree with the
experiments in {145] within the limits of accuracy
of the experiment (Fig. 5). 16)
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