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Some properties of electromagnetic wave propagation associated with the appearance of a neg-
ative differential conductivity are considered. Dispersion relations are obtained for transverse
and longitudinal electromagnetic and electroacoustic waves in a semiconductor situated in con-
stant electric and magnetic fields. It is shown that amplification or generation of waves as a
result of change of sign of the conductivity is possible in a certain frequency range; the incre-
ments of amplitude increase of these waves are found.

AS is well known, nonlinear effects begin to man-

ifest themselves noticeably in semiconductors
even for relatively small electric field strengths.
These effects lead to a series of interesting phe-
nomena: the appearance of a negative differential
conductivity, the interaction of electromagnetic
waves of different frequencies, etc. In this con-
nection it is of definite interest to investigate the
electromagnetic properties of a semiconducting
plasma situated in a constant electric field. The
present communication examines certain proper-
ties of electromagnetic wave propagation at low
frequencies (w < v, where v is the characteris-
tic electron-collision frequency), associated with
electron heating.

1. STATEMENT OF THE PROBLEM. INITIAL
EQUATIONS

To solve the problem of electromagnetic wave
propagation in a medium one must first of all de-
termine the dielectric tensor of the medium, and
then obtain dispersion relationships by using Max-
well’s equations. Several authors'!:?) have con-
sidered the low-frequency properties of a plasma
in a constant electric field. These however did
not take into account the possible appearance of a
negative differential conductivity, which leads in
many cases to instability of electromagnetic oscil-
lations in a semiconductor. We confine ourselves
to semiconductors in which inter-electron colli-
sions play a substantial role. The kinetic equation
for the electron distribution function F(p, r, t) is
written as

70

or

1
SV I+ e{E +~C[VH]} VF = St {F}+ Stee{F).

(1)*

Here the following symbols have been introduced:
v is the electron velocity, E the electric field,
H the magnetic field, p the quasimomentum of the
electrons, St{F} the collision integral of electrons
with phonons and impurities, Sto{F} the inter-
electron collision integral. The dispersion law for
electrons is assumed to be quadratic, € = p%/2m
(¢ is the electron energy).

We shall seek a solution of (1) in the form

F(p’r’ t) = Fo(s, r, t) + (p/pv Fi(ea r, t))- (2)

As usual, we consider the second term on the right
hand side of (2) to be much smaller than the first.
If the electron concentration is large enough

(n > Ezl/ez,[s’ 4] where 1 is the mean free path

of the electrons in their interaction with phonons,
impurities, etc.), then only inter-electron colli-
sions!) are significant in (1) to a first approxima-
tion, i.e.,

Stge{Fo} = 0,
[3,5]

|

whence we obtain, following

&
0(r, )

. n(r,t)
Fo(B,l‘,t)—We (3)

|

*(vH] = v x H.

DThe condition imposed on the frequencies and wave vec-
tors is given below.
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n(r, t) and 6(r, t) are found from the equations of

continuity and energy balance (see [s ):
0 0
e£JFMVF=Q zan9+de—qE—-@Uze)(®

Here

. 8nem ¢

1= 3 §) el (e, r, t)de
is the electric current,

Q == —3—(8) 82F1(8, r, l)de
is the heat flux, and

P(n, )= 1St {Fo(e, r, ¢)}de
0
is the amount of heat transferred to the lattice by
the electron gas.
We use the usual expressions for the collision

integral®3?
oF F
St{Fo}=——3—[% VA (&) [ 0+70] },
P 1 p
St —F; p= — —F 5
{p1 w(e) p ©)

where A(e) is the diffusion coefficient in energy
space, associated with the relaxation time for en-
ergies, T is the lattice temperature, 7(€) is the
relaxation time for momenta. 7(¢) and A(e) may
be represented in the following form: 61

w(e) = () (e/T)8, A(e) = A(T)(e/T)".

The numbers q and r characterize the type of
scattering (phonons, impurities, etc.).

The kinetic equation for determining F; is
written as:?’

0F;

oF,
ot '

— vV, Fy—eE ap

(6)

—l— [H il + = p (8)

The distribution functions of the temperature,
concentration, etc. may be obtained similarly.

We shall assume that the variable fields, which
we shall designated by primed letters, are small
in comparison with the constant fields, designated
by zero indices:

E=E+}FE,
|E | <|E],

H=H"+H,
|H|<H.

2)The term in this equation associated directly with colli-
sions between electrons does not play a significant part since
the interaction between electrons changes neither the average
electron energy directly, nor the current strength (see[’]).

We then obtain the following: ®,, the temperature
in the zeroth approximation, is found from the
equation (see also [6])

o0

- (1 - —T) § 4 (e) ete-v/o0 d,
8’ ;

JOE! = 0B B0 = — 20
1 1 'Vn @03/2

(M

where the components of the electric conductivity
tensor are determined by the relation

ehF(g)T(e) {EO

1+ og*t?(e)
= e2H2/m2c2. (8)

__8an V2—mezg

0B = 36 HOEO]
o

0

@m}

Expanding (3) in a series in powers of n’ and
®’, we obtain for F§

F =R [0 FED (2 )]

®’ and n’ satisfy the linearized system (4), and j’
and Q’ are expressed in terms of F{ with the help
of the formulas given above. Fy{ satisfies the equa-
tion obtained by linearizing Eq. (6).

If we assume that all primed quantities can be
written in the form

00
W (r, ) = K S W (0, k) eitr—on dk de,

—o00

then we may easily obtain for F{(w, k)

, T (e)‘VZe/m
Fi =
Y
et*?

T e Ho (E°4) }’ (10
where T*(€) = 7(¢)/[1 — iwT(€)] is the effective
relaxation time,

_eE eE'rn’(0,k) O (0,k) e 5
a=o o [Tt (3]

(0, k
= (vole) EY)— B lva ()]} — ] 2
& (0,k)yre 3
+ (SN (@7 2_> ] ’
e
voe) = g ) {0 2 o - 5 o) .
(11)

Formulas (2)-(11) are applicable if
vr>uv, o+ iv[> kor,
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where vT =V 20,/m is the average thermal veloc-
ity of electrons.®

The first term in expression (11) describes the
current created directly by the changing field. If
we set E' =0 and k=0 we obtain an expression
for the conductivity of ojy(w), valid for arbitrary
relations between w and 1/7(€). (In what follows,
the case for wT(€) < 1 is considered.) The second
term is associated with the drift of electrons in a
constant electric field, and finally the third corre-
sponds to the diffusion and thermal diffusion cur-
rent. Expressing the concentration n’(w, k) and
temperature ®/(w, K) from Eqgs. (8)—(9) in terms
of the field E’(w, K), we determine the effective
conductivity tensor o jx(w, E, k).

The expressions for ojj(w, E’, k) are unwieldy
in general form. We shall thus confine ourselves
to considering individual cases.

2. PROPERTIES OF A PLASMA IN THE
ABSENCE OF A CONSTANT MAGNETIC
FIELD

If there is no magnetic field present, then ¢’

a scalar and the equation of balance (7) has the
form for T <0,

GVE — g%'(_%i_n')(%)rl‘ (r—i—%)

where o = ezno/mv(®0) and

is
(12)

v(80) = vo(T) 3yx ( T>q

4 (/o+4q) \ 6
is the effective electron collision frequency.
We shall consider the case of weak spatial dis-

persion when eE°/®0 > k. This inequality can be
re-written in the form

V> kvy, 6 = v/ vr?,

where vy = eEo/mv(G)) is the drift velocity. In addi-
tion to this we assume that
0<|r—q|oE2[n® (0<|r— q|bv).

In this approximation the conductivity tensor is
equal to
kivor 1

Oin + B . + (r—q)(w—kVU)

kVo >

()

O’ik=0°{ (1——6

ESE®
X {2(oq o

B = 3¥al (32 + 2q) / T2(3)2 + q).

+(r— ) " [kn (0 — Blvo) + Phov)

(13)

3)The limits of applicability of the expressions obtained
are discussed in detail in[*-*+5].

If q =0, then formula (13) goes over into the well
known expression obtained in %],
From the dispersion equation

n2 4 .
kzbih - kikh —_ % Sik’ = 0, &ip = Eéih + —ﬂ Oik (14)
(4 ®

(¢ is the dielectric constant of the medium) we ob-
tain

w2 4Tio
Bt e+ T —p) =0, (1)
kz[s+ﬂ__(osin2a+0‘~ 0s? ]
gy e 0 dif: C (1)
Oy o B [, toac )
o (D——kvo
(16)

where o4if = 0p(r + q) /(r — q) is the differential
conductivity, and « is the angle between k and v,.
Equation (16) describes oscillations polarized
in the (k, E") plane and Eq. (15) characterizes
transverse oscillations in the plane perpendicular
to (k, EO). For o =0 Eq. (16) breaks up into the
dispersion relation for longitudinal oscillations

470 gif 470 g;
—— =0, o =kvy, o/ =——"299

- (17a
o — kv € )

e+
(w = w’ + iw”) and the equation for transverse
oscillations (see (15))

o = Bkv,, 0”7 = —k%?[/4noe (k2> w’e/c?). (17b)

For
kvo>>4noo| (r+q) [ (r — q) |

the longitudinal oscillations are weakly damped if

(r+4q)/(r—gq) >0.

As is well known, negative differential conductivity
arises for r +q >0, and r —q < 0.t8

The appearance of a negative differential con-
ductivity has the following physical significance.
The effective electron collision frequency in-
creases as the electric field becomes stronger,
which results in the decrease of the electron drift
velocity and consequently the current decreases,
i.e., djy/dE? < 0. (It is assumed that the concen-
tration is independent of the field.) We then have
growing oscillations. This means that it is possi-
ble to have amplification or generation of longi-
tudinal waves propagating a constant field in a
semiconductor situated in a constant electric field.
If k~ 27n/a, where a is the length of the sample,
n is an integer, then a spectrum of frequencies is
generated in the system. The upper limiting fre-
quency w is here determined by the condition
wgr S |r —q|6v; the lower frequency is unre-
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stricted. The transverse waves are damped.
For o =7/2 we obtain from formula (16)

5 ,
e Trd
¢ c r—gq
we + 4mnicy = 0. (19)

Here longitudinal oscillations are strongly damped;
transverse waves can propagate, weakly damped
(or growing), on condition that

we S } r+gq .

400 r—gq
If

r+q| ®

|r—q >4noo’

then the field is strongly damped as is clear from
(18). In this case the surface impedance of the
semiconductor is of interest.

The impedance ¢ for a field polarized in the
(k, E% plane, equals

l/2
) (1+i)=%, (20)

b= (ore
8|0 qit |
for normal incidence of waves on the surface (E
parallel to the boundary), on condition that o gif
< 0. That is to say, the amplitude of the field in
the sample increases when Re ¢ > 0.

The surface impedance for a field polarized
perpendicular to (k, E%) is determined by the usual
expression (normal skin effect). For wave propa-
gation at an angle (o # 7/2) to the electric field
the dispersion equation has the form
” Kk*c®(oosin® @ + 04t cos? a)

(D f—d
4600 gif ’

@’ = Bkuy, (21)

if the inequality

elo — kvo| << 4nt| 0o sin? a + oq5¢ cos? af

o 16my??

_ 167y? (o’ — kvo) [ ()" — kvo) & — 4i (00 sin? o 4 0 aif cos? a)]

is fulfilled. In this case longitudinal and trans-
verse waves intermingle and when

ogr << 0, opsin?a > |ogg|cos®a

the amplitude of such a wave increases.

We note that negative differential conductivity
can be used for sound amplification in piezo-
semiconductors. It is well known that amplification
of sound oscillations is possible in piezo-semicon-
ductors if the carrier drift velocity exceeds the
velocity of sound.!™ In this case the electronic
conductivity changes sign. Negative differential
conductivity also leads to a similar effect. For
amplification it is of course necessary that in both
cases the increment of oscillation growth caused
by the electronic conductivity should exceed the
damping decrement brought about by other dissipa-
tion processes.

Using Poisson’s equations for a piezo-semicon-
ductor in a constant electric field and the equation
of elasticity, and assuming that the piezo-semicon-
ductor has isotropic elastic properties, we obtain
the dispersion equations for electro-acoustic oscil-
lations: s 81

o’ 1
<k—)1 = C; +2T(F1—F2)Re U’yz,

w” 1
T\ ——  (F,— 2.
( /‘:}1 5g; [1— Fo) Im v

m') 1 m”) 1
) = —F 2 —_ 2.
( 5= -+ % 2 Re 042, ( AT FyImv2; (22)

here c; and c¢; are the longitudinal and transverse
velocities of sound respectively:
Fy(a, ) = sin? a(cos? a 4 sin? a cos? ¢ sin® ¢),
Fs(a, @) = 9sin® a cos? a sin? ¢ cos? g,
where o and ¢ are the polar and azimuthal an-

gles of the k vector, with the polar axis directed
along E’;

Do =—
v peirkiky

where wy = keg, kej respectively for transverse
and longitudinal waves, v is a constant character-
istic of the elastic properties of the sample, p is
the mass density of the crystal. If we set q =0 in
(23) then expression (22) goes over into Hutson’s
well known formula for sound arnplification.[”

Increase of acoustic oscillations is possible for
w > kVO if

Ogis << 0, |ogif|cos®a > opsin?a,

If diffusion and thermal diffusion effects are sig-

p [e2(wo” — kvp)2 -+ 16m2 (0 sin? & + o ;5 cos? a)?] ’

(23)

nificant (eE’/®, < k—strong spatial dispersion),
then the differential conductivity does not charac-
terize energy dissipation processes. In this case
both longitudinal (k || E’) and transverse (k 1 EY)
oscillations are strongly damped.

The damping of longitudinal oscillations w” is
proportional to ookzré, where r%i = ®0/47re2n0 is
the Debye screening radius. (A similar result is
obtained in £?).) The damping of transverse oscil-
lations is determined by the static conductivity:

0" ~ c2k? [ 4na,.
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3. A SEMICONDUCTOR IN A STRONG
MAGNETIC FIELD

Low-frequency weakly damped oscillations,
namely helical waves (w < 771 « wy) with a dis-
persion law!®

k2c? k2c?
o = —-0cosa, 0 =— v; @ =

(Oh) @e?

4rengy

(24)

can exist in semiconductors or in a plasma in a
strong magnetic field. Here « is the angle be-
tween the direction of the magnetic field and the
wave vector.

Under certain conditions a constant electric
field may lead to the amplification of helical
waves. One of the conditions is that if the carrier
drift velocity exceeds the phase velocity of the
spiral wave, then as a result of the Cerenkov ef-
fect the amplitude of such a wave is amplified.
Moreover, in the low-frequency region of the spec-
trum a state of affairs is possible where the dif-
ferential conductivity plays the part of the real
conductivity. Increase of field amplitude on ac-
count of the negative differential conductivity then
takes place instead of damping.

Wave amplification for vy > w/k is considered
in the paper of Bok and Nozieres. [0

We shall consider the possibility of helical
wave amplification in the case when the semicon-
ductor has a negative differential conductivity. We
shall not take into account the effect of carrier
drift on the conductivity, i.e., we assume that the
frequency satisfies the condition 6v > w > kv.
Let

E° 1 HY, E'=(0,E,.0), H'= (0,0,H));
then
2 5 J—
Oxx = Gxxo p— OZZO_V__ M’
or? T(/2+79q)
v T(/2)
Oxy = Ox)? = —0© = 0,,"— E=vrymarasrel)
v = o T(/2+9)
r—gq
= o -
Oyy Oxx g ,
Oz = 0'120 = M <@>q (25)
3 Yn mvy T

As is clear from (25) the part of the true compo-
nent of the conductivity oyy at a frequency w <« ov
is played not by the static conductivity oyy = crg(x,
but by the differential conductivity.

o T4 .
r+gq

This circumstance can lead to amplification of

Oyy = Oxx

helical waves if r +q > 0 and r — q <0, since
damping depends on the diagonal components of the
conductivity tensor.

Substituting the value of ¢jix from (25) into (14),
we obtain the dispersion equation for helical waves
in the form

dno | )2_ 4TI 0% "0 k? [ r—gq

2 2
k* cos a—(—»c—zcx,, e —+ cos?a

c2

I2(*/2)
/29T (/2 —q)

whence it follows that

+ - sin? a} =0, (26)

k2c? cos a
- Y _ o 2
4oy,

4

”

k2c? r—
o’ = 0[ r—q—i—cosza

Snﬂxyoz 7‘+ q

I2(%/2)
L2+ q)T(/2—q)
If r+q>0, r—q <0, and

sin? a] . (27

sin? a,

l r—gq I'2(5/2)
r+gq ¢/ +q)T(¢/2—q)

then the helical wave is amplified. This condition
may be fulfilled if, for example, energy transfer
takes place by scattering from optical phonons
(r=-— 1/2), and momentum transfer by scattering
from charged impurities (q = 3/2).[6] The incre-
ment of amplitude growth for such a wave with
frequency w’ is equal to

! > cos?a +

_ v sl BT
2lomcosall r4g¢ costa (28)
2(5
+ /) sina | L 1.

I¢/a+a)T(/2—q)

In conclusion we shall examine the case of elec-
tromagnetic wave propagation transverse to the
magnetic field (¢ =7/2). Here, as is well known,
the dispersion equation breaks up into two equa-
tions for the ordinary and extraordinary waves:

o? o?
k2 — e &2 = 0, Keyy + ‘E?(&xysyx — exxgyy) = 0. (29)

In this case weakly damped waves do not arise in
the plasma. The surface impedance for normal
wave incidence is of interest. If the vector k is
directed along the constant electric field E°, then
we obtain

(0]

20 = ( - )'/z (1—1),

= (2 )" 1+

8ﬂ0'eff
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r+gq
r—gq

nyoz

Oxx’

Oeff = (r+¢>0, r—qg<<0). (30

The amplitude of the extraordinary wave increases
within the interior of the medium, and the energy
is released in the medium.

If the vector k vector is directed transverse to
the field E° the surface impedance for the extra-
ordinary wave is determined from the equation

2 — 4rie 0y

e oxd
and the wave amplitude does not increase.

The high frequency case when w > kv, v is of
definite interest. Under these assumptions the
conductivity tensor and refractive index are deter-
mined by the usual formulas (see for example [5]),
in which, however, the effective electron tempera-
ture ®, which depends on the electric and mag-
netic fields as well as on the form of the boundary
conditions, must be taken as the temperature. It
is easy to see that in the case where w > v the
damping of electromagnetic waves x is determined
by the formula k = ky(T/®y)4, where k; is the
damping in the absence of an electric field.

The line width A w and electromagnetic wave
damping for magnetoplasma and cyclotron reso-
nances are written in the form

)
Aw = Awo (g;)q, ® == Ao (%)q .
Here ®, is a function of r, q, 7¢4(T), and A(T), so
that by measuring the dependence of line width for
resonance or damping of electromagnetic waves
one can obtain some idea of the nature of electron-
phonon interaction.

Note added in proof (October 29, 1965). In the present paper
the magnetic field of the current itself is not taken into ac-
count. It is possible to show that allowance for this field

imposes the following limitations on the semiconductor par-
ameters:

Uoz rq2

< Vowo2d
4e? dz i

-V

Ty
2c?

(d is the dimension of the sample in the direction perpendicu-
lar to the constant current).

The first condition corresponds to neglect of the pinch
effect, the second to the neglect of the magnetic field of the
constant current itself.

The authors are grateful to A. A. Rukhadze for having
drawn their attention to this fact.
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