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Multiple scattering of particles or quanta from a plane layer of matter is considered for the
case of anisotropic scattering by an individual force center. An explicit analytic solution of
the transport equation is obtained for cases when the expansion of the cross section in
Legendre polynomials has a finite number of terms and when the cross section has a sharp

peak at small angles (Coulomb scattering).
INTRODUCTION

IN our earlier paper(!) we derived an equation
for multiple scattering of particles passing through
a body of finite dimensions. We used the approxi-
mation Ny| a|?A « 1, where N, is the concentration
of the scattering centers arranged randomly within
the body, a the scattering amplitude, and A the
wavelength of the incident particle. The scattering
was assumed to be purely elastic. All the inelastic
processes were regarded as absorption. For the
case when the scattering cross section is isotropic
(for example, scattering of slow neutrons by nuclei)
and the scattering body or target is spherical, the
derived equation was solved and an explicit ex-
pression obtained for the distribution of the scat-
tered particles outside and inside the body.

In this paper we consider the case when the
cross section for the scattering by an individual
force center is anisotropic, and the scattering body
has the form of a flat layer. This case is of inter-
est to the solution of many problems in atomic and
nuclear physics, astrophysics, and physics of tur-
bid bodies.

Coulomb scattering, which usually plays the
main role in problems involving the passage of
charged particles to various bodies, is highly
anisotropic. When light is scattered by atoms,
molecules or dust particles the anisotropy is not
so strongly pronounced, but noticeable errors can
result if it is neglected. It is equally important to
take into account the anisotropy in the case of mul-
tiple nuclear scattering of fast nucleons, etc.

In this paper we derive an explicit expression
for the distribution outside and inside a body of
finite dimensions, for particles multiply and aniso-
tropically scattered by an individual force center.
We use the same approximations as beforel1], It

is assumed for concreteness that the scattering
body-target has the form of a flat layer, although
the equation itself and the method of its solution
are valid for any geometry of the body. We note
that the problem of multiple scattering with an
anisotropic cross section was solved so far only
by numerical means (27, Approximate analytic ex-
pressions were obtained only for Coulomb scatter-
ing through small angles[®7.

1. STATEMENT OF THE PROBLEM

1. We consider a scatterer in the form of a flat
layer, with infinite x and y dimensions, with thick-
ness 2L in the z direction. The coordinate plane
(xy) coincides with the plane on which the particles
are incident. The number of particles leaving a
unit surface of the layer at an angle ¢, to the z axis
and striking a unit area located perpendicular to
their momentum is equal to

1(p1po) = 21 Noo K (my, Mo; i85y, i8p)
X|sec 0] exp [ —|si|L—]so|Ll;
a = N0y,

s =asec¥, Ssp= asecy,

P1 = poly, Po = Polo, (1)

K (nng; uw) == »(nno) f(u — w) -+ nlae S dnx (nyn)

+oo
X S dp [a + ip cos 911 K (nny; pw) f(u — p), (2)

®(mng) = o(mmo) oY, 05 = S dno (nno),

c0s U9 = ngny, cos ¥y = nyny, cos¥ = nny, cosH = nyny,

flu—p)=(u—p)tsin(u—p)L, &= 000" (3)

Here n, is a unit vector along the z axis; p, and p;
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are the momenta of the incident and scattered
particles. We put | p;| = |py|, since we are inter-
ested in particles passing through matter without a
change in their energy. A particle losing part of its
energy will be regarded as absorbed, ¢ (n;ny) is the
differential scattering cross section and o, is the
total cross section, including both elastic and in-
elastic processes; I, is the number of particles
incident on a unit surface of the layer.

Equation (2) is a particular form of a more
general equation, obtained earlier!) and suitable
for arbitrary geometry of the scattering body:

K(nmng; uw) = »(nme) F (u — w) + (2n) 2 ae S dnx (nm)

X S dp[a + ipn]~! K (nng; pw) F (u — p). (4)
The dependence on the geometry is determined
completely by the functions F (a — b). For a plane
layer

F(a—Db) = w(a, b)f(a, —1b,),
o(a, b) = 8n2d (ax — bx) 8 (ay — by) exp [ib,L — ia,L]. (5)

Substituting (5) in (4) and putting
K(nmy; uw) = o (uw) K(nyne; u,w,),

we obtain (2). Using then formulas (20), (24), (32),
and (35) from (1], we can check the correctness of
(1) and (2).

2. If the scattering is from a sphere of radius R
whose center is at the origin, then the number of
particles scattered through an angle ¢ to the direc-
tion of the incident beam is equal to

(6)

1(p1p0) = IoNoGs]{(nlno; iamiomo) 2R,

In this case
F(a—b) = 4nRy2[ (yR)tsin yR — cos y R],

y=|a—b]. (7)

3. To describe multiple scattering of light pass-
ing through a plane layer of substance V. A.
Ambartsumyanl4!, V. V. Sobolev[®], Chandrasek-
har(?J, and others used a kinetic equation in the
form

dl (v, 9) = [—I(x, 9) + B(r, 9)] sec 9dr, (8)

where 7 is the optical thickness of the layer. The
quantity B(r, ) satisfies an integral equation with
a resolvent expressed in terms of two functions,
which in turn are solutions of a system of two non-
linear integral equations of a single variable.
These functions were found by numerical means
and tabulated for many values of the argument.
The quantity B(r, ) is connected with (2) by the
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simple relation

2aL

K (ngny; uw) = (2el) 1 et { duB (v, 9) e-inar, (9)
[}

An advantage of our Eq. (4) is not that it can be
used directly for an arbitrary geometry of the
scattering body, but primarily that it yields a solu-
tion in explicit analytic form, with sufficient ac-
curacy for most physical applications. We shall
describe the method of solving (4), since it is not
trivial and is of interest in itself, all the more be-
cause similar equations are encountered in many
physical problems, for example in problems of
wave diffraction by bodies of different shapes.

4. We put K = K; +K;. We choose for K, the
solution of an equation that differs from (4) only
in that F(u — p) is replaced by (27)36 (u — p) under
the integral sign. K, is an exact solution of the
equation for an unbounded medium:

Ko(nne; uw) = F(u— w)[(nmg; u), (10)
F(nino; u) == y,(nino)
+ ae S dox (myn)[a - iun]~ T' (nng; u). (11)

Substituting (10) in (4) we verify that the resolvent
of the equation for K; is the function K itself. We
obtain for the equation

K(nmg; uw) = % (nmg) F (u — w)
+@2n) e | dpF(u—p)F (p— W) g (ming; p) — (27)~° ae?
x { dn { dp(a+ ipn)= K (nin; up) § dal(2m)? 6 (0 — )

— F(p—q)lg(nng; q) F(q— w), (12)

eg (nmg; p) = T(nyny; p) — »(nng). (13)
The equation for a flat layer is obtained from (12)
in which u and w are replaced by uy and wy,
F(a —b) by f(ay — b), (27)%€¢ by 77 ¢, (2m)%5(a — b)
by m6(az, — by), and [dp [dq by [dp, [dq,. The
subscript z will be left out from now on.

We expand all the angle-dependent quantities in
Legendre polynomials

'/,(nino) == (431:)_1 2 %lpl(n;no)
l

(14)

etc, and confine ourselves only to the case when
the particles are incident along the z axis, that is,
n, = n,. Denoting the expansion coefficient
K(n,ny; uw) by (47)7'K; (u, w), we obtain for them
the equation
+o0
K (u, w) = KO (u, w)+ n2e? Z [C,I{(?,l o S dpG(p) K, (u, p)

Lnl

—o0
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4o
x §dgli(p— 0)— 28(p — @)l gm(@)f(g—w);  (15)
o0

EP(u, w) = %f (u— w)+ a-te § dpau(p)f(u—p)f(p — w),
- (16)
GL= L—:—QL (%) e (u) = L (u) — b, &= Z ghiy
(17)

where Qr,(x) is a Legendre pclynomial of the sec-

ond kind and Cx%oolo are Clebsch-Gordan coefficients.

We have interchanged the vectors n; and n,, since
Eqgs. (1) and (2) are invariant relative to such an
interchange (reciprocity theorem).

Analogously, the expansion of I'(n;ngy; u) yields

Pi(y)P

n(¥) (189)
a+z

Ii(u) = %z+——-%zz S

n=0—1

L ().

2. SOLUTION OF THE EQUATION FOR MULTI-
PLE SCATTERING

1. We consider first the case when we can
neglect all the terms of the expansion (14) starting
with some term, so that all the x; 0 when I = [,.
Then (18) is a finite system of algebraic equations.
Its solution (for the imaginary u — iu of interest to
us) is

o bi(u) | ae b(u) ag h(u) . a+uqt
D) =3y T 2w R [1 2u Auw) a——u]
X hy()ln +Z ,
= 2 ®ndn(u)Pr(neng), b(u)= Z bi(w)Pi(a/u),
n l
h(u)=

 #nAni (1) Pa(a/u),  h(u)= Djh(u)Pi(a/u),
l

n

(19)

where A(u) is the determinant of the algebraic sys-
tem, consisting of the elements

L

Anl(u) = 6111 + ﬁ%n Z n()lo]2 S‘ i‘Pm 1( ) pL~m ("a )v

u . m— im u \Uu
and ApJ(u) is the cofactor of the corresponding
element of the determinant. The arguments of the
Legendre polynomials & /u can be larger than unity.

Since (19) has a logarithmic singularity at

u =+ a, we represent it in the form of a Cauchy
integral, choosing a contour consisting of a large
circle with cuts from ia to i® and from —ia to
—iw, and two small circles around the poles at the
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points iu = + i. Then I'j(iu) is uniquely determined
and can be written in the form

S 's'zu

pnu —

Ty (in) = % —

p=z1

cd

S d nzu(ai (20)
o oxTpu—z

Here &) , 1 is the residue of I';(iu) at the pole

u = £, where B is the root of the equation

2BA(B) = aek (B)lIn(a+ B)—In(a—B)];

& = Blu(nB)E(uB) = Blu(up) (¢® — %)
XALB* 4 a*(ed0 (B) — 1)+ B (a>— B2) 8:(B)1 2 (B)A(B)}

Eau, (21)

k

X D) k()= )
k

6¢(x) = h(x) AL 64(B) is the derivative of 6(x)
at the point x = g, divided by 6y(8); n7 + 1(X) is the
discontinuity of I'7(ix) on the x-plane cuts from
+ia to +iw:

e 2 Noet (2) = T (£z) D) b (2£2)[A (2)]20 (2),
k (22)
. ag h(z), z—a )2 ameh (z) ¥
O(x)= [( e re) 2t ) +( 2zA (2) )]

2. We substitute (16)—(22) in (15), calculate the
integrals, and replace u and w by iu and iw, since
(1) contains K for imaginary values of u and w. We
obtain

K (iu,iw) = K°(iu, iw) — ae
p=d=1, n

S ——Ixn (iu, ipnz)
o

X [Mate, By @)+ & § a0y S0 ]

Nu(z,y,2) = (2 + y) ' e =HIL f(iy + ipz), (23)

W00 = Sieihar s % (),

Si® (z,y) = v Z[Ci‘gho]z "](rln)—u (y)Pr ( P«Z‘ ) (24)

Ln

If the scattering from the individual force center
is isotropic, then K; differs from zero only when
!l =0, with

rou(z) = BE(uB), Sou(z, y) = ay=10(y).

3. Let us explain the physical meaning of the
different terms of (23). To this end we imagine an
infinite medium and pass through it the surfaces
corresponding to the boundaries of our layer. On
the layer boundary z = 0 we specify the flux of the
incident particles. Scattering and absorption in the
layer and in the surrounding medium results in a
definite particle distribution. From each point of
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the medium, the particles can enter the layer either
directly, without being scattered, or after a certain
number of collisions, that is, as a result of diffu-
sion. The free term K? determines the number of
particles that cross the boundary of the layer in
the ny direction. In order to describe the scatter-
ing by a layer of matter situated in vacuum, it is
necessary to subtract from Klo the contribution due
to the particles coming from the medium. The
first term in the integral of (23) compensates for
the contribution from diffusion. This term contains
a degenerate kernel and will be evaluated exactly.
The second term compensates for the contribution
from the particles entering the layer without being
scattered, and will be evaluated by successive
approximations. It turns out that high accuracy is
attained even in the first approximation. The
terms with u = +1 and g =—1 in (23) are connec-
ted with the particles crossing the surfaces z =0
and z = 2L, respectively.

4. Regarding the free term K? and the term with
the nondegenerate kernel as a new free term, we
can solve (23) formally. The obtained ‘‘solution’’
will again be an equation in Ky, but it will be
easier to solve than the initial equation. We thus
obtain

Kl(iu, LW) = Kl(iuy LUJ)
a32$,°°dz,., Mo (iz. i
— S_xKn(m, inz) My (iz, iw), (25)
p=zxi,n a
My™ (iz, iw) = Ryu™ (iz, iw)
as2 ¢ dy
S L Ry (iz, ivy) Mu® (iy, iw). (26)
v—:ti R a y

The quantity K; differs from the exact solution in

that it contains an additional contribution from the
particles entering the layer from the surrounding

medium without being scattered. This contribution
is compensated for by the integral term in (25):

K, (in, iw) = pu (u, w) Ti(in) + 2 {2/11»(” w)

w=zxA
o+ Du B gty (8, w) i — Bl-evsz }, =)
T (y, w) = Tif (ipy — iw)
— Dy, D X3 (wy) Hh(B, w) T, (28)
ART
Hl(l-’:)(ﬁ’ lU)
= f(ip — iw) DL (B) + (i + iw) D5 (B),  (29)
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where Dl':) is the determinant of the system of alge-
braic equations obtained in the solution of (23) as
an equation with degenerate kernel, while Dkl is

the corresponding cofactor:
Dyt = || dinduv + eXp™ (1B) I,

d
% o
y

Xaln(5, B) = Xl (3) = |

e

M‘ — ZX A.l'n

(y)NA-(& Y, z)v

(30)

The quantities x! e R} ), and Al cannot be ex-

pressed in terms of elementary functions, and we
shall therefore represent them henceforth in the
form of rapidly converging series:

R (i, iw)= S(Jc+(z/)-*e—@ﬂ%*u (@ ¥)praly, w), (31)

¢4

dz e(hu—x)L
— (2 ow (2, w).

Alp,(u lU) = GS (32)

T pu—
Solving (26) by the method of successive approxi-
mations, we can easily verify that when € = 0.7
the integral term does not exceed 0.3 (e/2)?% of the
first term. The small numerical factor is a result
of the fact that the integrand decreases like y°
with increasing y. On the other hand, if € — 1,
then we see directly from (28) that the quantities
Plu and Rl(z) decrease because of the increase of

the diffusion terms. In this case an estimate of the
integral term (26) yields < 0.1(e/2)%. We see that
in every case we can neglect with good accuracy
the integral term (25). This makes (25) not an
equation, but an expression for Kj (iu, iw). This
solves our problem and yields an expression for
K; in terms of quadratures. Multiplying Kj (iu, iw)
by Pj (nyng), summing over I, putting w = a sec
and u = @ secy; = &, and substituting in (1) we ob-
tain the sought-for expression for the intensity of
scattering by a plane layer.

3. INTENSITY OF MULTIPLE SCATTERING IN
THE CASE OF A WEAKLY ANISOTROPIC
CROSS SECTION

1. The general course of the solution is quite
complicated. We shall therefore consider two im-
portant cases: a) when the expansion of the cross
section in Legendre polynomials contains not too
many terms; b) when the scattering from an indi-
vidual force center has a sharp maximum at small
angles. Case a) covers a large group of problems
involving the scattering of light by atoms and elec-
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trons, the scattering of neutrons by nuclei, etc.
Case b) is characteristic of the scattering of
charged particles.

To simplify the final expressions even more,
we consider separately the cases of small (e ~1)
and large (€ « 1) absorption, and replace the single
formula (25) by two much simpler ones. It turns
out that these two formulas cover the entire region
of values of €, and can be joined together with good
accuracy at € ~0.7.

2. We consider first the case a) with € < 0.7.
Discarding in (2.5) terms smaller than €%/4, we
obtain

Ki(ia, is1) = Li(is1) f(is1 — ia)

+> {.g[Am(sl, a) — exiBiy(s1, a)]

p==1
(i — i) (51 — B) e 5P — e X_{ (s0)1
(33)
where
By (s1, a) = aS %f(ip,si — z) Ry (iz, ia). (34)

The explicit form of the quantities contained in
(33) also simplifies appreciably. We note that when
€ < 0.7 the quantity @ — 8 is of the order of
o exp(—2¢!). Inasmuch as the X) are propor-
tional to @ — B, we can replace pl“(y, w) by
f(ipy — iw). With the same accuracy,

B =« tanh[(edo)‘I]. Expressions (31) and (32)
contain under the integral sign the function 6(x),
which is equal to unity when x is large and to zero
when x = «, and which has a sharp maximum of
the order of 4r72€726;% at the point x, = @281, Using
the sharpness of 6(x) — 1, we can take out the ex-
pressions outside the integral sign at the point x.
This cannot be done if (& — 8)L >> 1, for then in
(31) p74(x, w) becomes sharper than 6(x) — 1. In
this case, however, we can discard in general the
terms containing 774, since they are smaller by a
factor exp [(B — @)L] than the terms with £7;. The
final formulas will contain the function

0 () — 1]

7 ()= §
e 2(c2—p?)
1—e &8P+ a2(edo—1)]

(35)

In this approximation

Ay (u, w) = —a (ed0) Lu(— o) [t + o] e~wL

N. GNEDIN and A. Z. DOLGINOYV

X f(ipzo + iw) 4 [2 (v — w) ] e~pu—wIL Z (—p) ™t

X din [On (w0, pw) — O (pus, pw)], (36)

where dj, is the coefficient of expansion of £; in
powers of x:

Li(z) = () b(z)[A(2)] 2= D} (az)™ din.

n

(37)

The functions &, are expressed in terms of the
integral exponential functions Ei:

Do (2,y) = (— 027)"Do(2,y) — D) (—azt)"=mH D (0;7),

m=1

Do(z,y) = az{In]1 + aiz|

+ 2L [Ei(—2aL) — L Ei(—2aL — 2zL)]};

Dt (0; y) — m—1 — e—2yL S z—m—1 g—20xL o (38)
1

The quantities X}S.l}\ can also be expressed in terms
of q>n'.
Xu®(y) = [2(hy — B) I e®v=BL BE(— up)

X A Cor(—pB) [Xn (B; My) — Xn (M, MY)],

n(n—1) (n—2) (n—3) B
+ 2-4-(2n—1) (2n—3) Onu(p, k) ],

Cri(2) = D[Crowl he (). (39)
L

Inasmuch as the Xfp_“(si) contained in (33) make a
noticeable contribution only when asj! = cos ¢ 0,
we can replace Xp(8, sy) and Xp(A sy, s9) by
Xp(B, ©) and Xp(A sy, ©). In addition, in the case
when 0 = ¢ = 7/2 it is sufficient to retain X_y,
and discard X;_y, and vice versa in the case when
0=4¢ =m/2.

The integral in (20) can also be evaluated:

u+ _2 Z n—lun~i

u—a n=1 pu==1

Ty(in) = %, +§ [ﬁ;(u) gln

a m—n+1
X 2 (luﬁ) dlm]

m=n

+a$‘

[ et B (=) 6(— )

+3 (e 20) 4 (eb0) Zu(—n) | (40)

With the same accuracy, the quantity (34) can be
written in the form
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B (u, w) = aJ (£80) b(—pazo) [A () ]

X [E (— ) 172X (1, o) f(inao + iw). (41)

The sum over L in (39) is determined by the num-
ber of the hy, that differ from zero, while the sum
over n in (39) is determined by the requirement
L+l=n=|L~1|,withn +L +1 of necessity
even. The sums over n in (36) and (40) are boun-
ded as a result of the rapid decrease in dj,; with
increasing n.

3. We present the explicit form of hy,, dzp in
(19) for the important case when

M(ﬂ‘) = 0'(1”}) 0‘5_1 =1 -[— %1P1 (COS 'll}) + %sz (COS 13’)
In this case
hy = zn (1 — ¢€),

h() == 1,

hy = —Yoma[1 — 22(1 — &) (3 — aws) ],
A=1+ez2{(1 — &) —0.75%[1 — 22 (1 — &) (3 —en) ]},
2
b= Dn,
1=0
Goo =1 —0.5%, Lot = %1(1 —¢), &1, n1 = 2 (1 — &) Lon,
Loz = 05%2(1 — 8) (3 - 8%1),

din = D) Lnyn-n, 2= as;i~t = cos ¥,
3

Go.n = 0.5%2[ (1 — &) (3 — &%1) Lo, n—2 — Lonl,
vo =1, y2 = —2¢[ss: (1 —¢) = 0.75x%2],
v = —1.5e(1 — &) (3 — &x1) % (42)

The remaining ¢ and vy, _k are small and can be
discarded.

4. If 2(a —B)L=1,¢ <0.7,and 0 < ¢ < 7/2,
further simplification of (33) is possible:

K (ia,is) =~

e(@—B)L )y e(s—BL
2(a—p) [ pp—

and when as™! = cos ¢ ~ 1, we can neglect ex;X_y;.

5. We now consider the case a) with 1 — ¢ « 1
and 2(c — B)L R 1. Discarding in (25) the terms
smaller than 0.1 (¢/2)%, we obtain

— enX—140(s) ] , (43)

Kl(i(l, ls) == gﬁla(a) plU(a: IS |)

(na—B)L
+Dlozgnu e _ Hl“-(n)(ﬁ7s)7
un
. B 1T demio(2)
9)?10(3)——/~l+§u‘_;ﬁ_us+'2’ag *;m‘_*jzg (44)

where o = 1 or —1 respectively for sec 4 > 0 or
< 0. In this case, accurate to terms ~1 — ¢, we
obtain
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~a[(1—e)e (3 —ew)]"

hy=w[(1 —e)e(d —ex)]",

ho =1, ks = —05%2 (1 — ¢) (45)

ete.

The quantities &,, and Di(‘) are proportional to
(1 — €)%, They enter in (44) only in a combination
of £, and Dy  which, in the limit as ¢ = 1, becomes
equal to

lim EluDl. = ah[(O)Alo
= 1/20h(0) {[1 + 201, (aLtor (0) — £02(0) ) [T (0)

X [ — 2u4(3(3 — w1) ) oo, T4 (0) [} . (46)

In analogous fashion, the calculation of p7, and

H{) for € =1 yields
Ly

Mo ba, s) == Myuf (ips — ia)

— Ay, 3} B (—)* T (0) x (0) HEL (0 5),

Ank

SHOu(O)(O; s) = sh sL{1 -+ 2(01,[(1Ltm (O) — toe (0) ]}

— 2u01,To(0) [aL ch s — ‘: sh sL], (47)*
where shI(O)H;;l is obtained by multiplying by
2uitHy [3(3 — ) w1, T1—1 (0)
the first term in (47) with / = 1 and the second
with I = 0; sh{? is obtained by multiplying the
second term in the curly brackets by
— 2301, [3 (3 — %1) 7T (0) sh sL,
wj, is a number the value of which for I =1, is
equal to
%2 )2 2
w2=(3~m)3{9(1———42> [2—;41— ) (3= %)
3 Ho e \ 72PN !
x(“‘_2”2(1_*8”)><1_7(> }} ’ (48)

oo

Ty(s) = a2 { dza=2(z + 5)~ e=E Py(a/x)sh(z +5)L;  (49)
o

t7;(s) is obtained by replacing sinh (x + s)L in (49)

by cosh (x + s)L, and t7,(s) is obtained by replacing

(x +s) 1 by a(x + s)%. The quantity

V= E(us — B) 'Ew
in (44) makes a contribution in the case of € = 1
only if I = 0 or 1:
Yo = 20, 051 [%1 (3 — %1) 71 + as™],

vi = 2wy, as~ % (3 — »s) L (50)

* ch = cosh, sh = sinh
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6. In the case when 2(a — B)L « 1, and (44) is
not applicable, we obtain for large-angle scatter-
ing

K (ia, is) = Mz {a)f(is — ia). (51)

Single scattering through small angles occurs when
2(a — B)L « 1.

From (25) and (27) follows an expression for
single scattering, which differs from (51) only in
that M, is replaced by «;.

4. INTENSITY IN THE CASE OF COULOMB
SCATTERING

1. We now consider the case when the scatter-
ing from the force center has a sharp maximum at
small angles. For example, for the screened
Coulomb field of the atom we have

%(nmo) = A [1 + 1 — cos 912 = (4x)~* D} wPy(cos 9),

4rd =n(n+2)(n+ 1) = 2+ 1)b;

by = —4ndQ/ (1 +n); (52)
Qi (1 +n) is the derivative of the Legendre poly-
nomial of the second kind; 7n is a screening param-
eter whose magnitude is usually very small:

N = a;Z%[as + asZ%], a4 = 8.25-10-3,

az = 1.137-4(T + 2)—,

az = 2-10~4(T + 1)274(T + 2)-4; (53)

T is the kinetic energy of the particle in elec-
tron mec? units.

We begin the solution of (12) with a determina-
tion of (11), and consider normal incidence of a
particle beam on the surface of the layer. We make
use of the sharpness of (52) and take (o + ip-n)!
outside the integral sign at the point n = n;. In this
approximation we can solve (11) exactly:

g @4 Db(e+ip) ,

T(nmg; p)= — <
(nmo; p) 431‘1" o+ ip — agb;

{cos®). (54)
Substituting (54) in (12), we can easily verify that
when €%(1 + 1 — cos $)aL « 1 the integral term in

(12) can be omitted. Then

K(nng; is, ia) = (4m) 2 (20 + 1) biexeb.L
1

X flia(sec O — 1+ eb))1P;(cos ). (55)

Multiple scattering of charged particles is
usually described by the Goudsmit and Saunderson
formulal®8) , which is valid for small angles in
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purely elastic scattering, and is obtained by solv-
ing (8) in which sec ¢ is replaced by unity. This
formula follows also from (1), if we substitute in
it (55) and put € = 1 and sec ¢ = 1. In addition, it
is necessary to add the transmitted beam

Ijlexp(— 2« L)] (cos ¢ — 1), since it is not included
in (1). Our approximation, which is connected with
taking (o + ipn-no)'l outside the integral sign in
(12), is valid if €(1 + n — cos $)a L « 1 up to thick-
nesses L ~ (an)‘i. At large thicknesses this ap-
proximation is not valid, since the particle distri-
bution comes close to isotropic, and K and T are
no longer sharp functions. With increasing angle,
the degree of multiplicity of the scattering, taken
into account by formula (55), decreases. The inter-
val of angles and thicknesses for which (55) is
valid is much wider than for the Goudsmit-
Saunderson formula. In addition, (55) takes into
account inelastic collisions (absorption). Further
refinement of (55) and increase of the intervals of
¢ and of L can be attained by successive approxi-
mations, choosing (54) as the initial equation.

2. The expansion (55) converges slowly, since
terms with large ! play an important role. How-
ever, if we confine ourselves to small angles
& ~n1/2, then the summation over I can be replaced
by integration. Using the asymptotic expression
Pj(cos ¢) —J (I +1/2)8], which is valid for large I
and small ¢, and the analogous expression

Q'+ >Mm+D[RA+1Dn24n)]
Xexp [—!an (I + 1/2)?],

and then substituting in (55) and integrating with
respect to [, we obtain

K (nmg; is, ia) = (2m) S dz exp [—1/ma? 4+ age¥72]
0

X Jo(x®) flis — ia + ioe exp(—1/m2?)]. (56)

This formula can be obtained by other means. To
this end it is necessary to replace (52) by

% (nmg) — [ (2 - n) ] te=®/2m,

Substitute (57) in (11), take (& + ipn-ngy)~' outside
the integral sign at n =nj, and solve the obtained
equation for I". After substituting the solutions in
(12) we obtain (56).

From (56) we can obtain a rapidly converging
series in powers of 2ea L:

K (nyno; is, ia) = (2am) ~* L exp [— a(sec ® — 1) L]
3 (Gl a0 9]

= Diml(n 4 m 1) BEICED)
| (59)

(57)
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On the other hand, if ea L. > 1, then we obtain from
(56)

K(nmg; is, ia) = [4nneasL (2 + 92) ]
X{1 — (2eaL)~[1 — 62 - 1/,8%
+ 12 (1 — 62)9%(2e + 92) 71}
Xexp [al(2e + sec® — 1) — 2],

02 = (4meal)—102 (59)

Substituting (59) in (1) we obtain for ¢ = 1 and
a L — «© a Gaussian angular distribution which co-
incides with the well known results[3].

5. PARTICLE DISTRIBUTION INSIDE THE LAYER

In many cases it is of interest to determine the
number of particles at some arbitrary point inside
the layer. To this end, it is necessary to find the
mean square of the wave function (| ¢ (z) |?) at the
point z. A similar problem was solved earlier for
the case of a spherical body and an isotropic cross
section[!). The entire calculation procedure re-
mains in force also in the case of a plane layer,
with the exception of the fact that in place of (7) we
must take (5). As a result we obtain

—+o00
¥ (2) ]2 = e - nlae S dQy S dpet? (o -+ ipnny)~t

—00

XK (nng; p, i) exp [— (a + ip) L]. (60)

CONCLUSION

The theory of multiple scattering contains as
dimensionless parameters ¢, a L, and 8L, where €
determines the inelasticity of the scattering, aL
the mean multiplicity of scattering with account of
absorption, and BL the ratio of the thickness of the
layer to the mean path covered prior to absorption.
The solution of the transport equation contains
terms which are due to poles of the integral kernel,
to its branch points, as well as to crossing terms
that depend on both. We evaluated the pole terms
exactly and considered various approximations in
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€, aL, and BL for terms that depend on the branch
points.

In the case of Coulomb scattering, an additional
parameter appears, connected with the sharp aniso-
tropy of the transverse cross section. This leads
to an increase in the role of the pole terms and
makes it possible to obtain an expression which is
more accurate than the well-known expression of
Goudsmit and Saunderson.

It is seen from the resultant formulas that with
increasing thickness of the layer the relative con-
tribution of the particles scattered backwards in-
creases, and the difference between the cases of
anisotropic and isotropic scattering from an indi-
vidual force center becomes smoother and
smoother, especially as € — 1. This can be readily
seen from (27), since the diffusion (pole) terms,
which make the main contribution when a L is
large, decrease with increasing I and e¢.

The approximations used to solve the transport
equation do not lead to errors larger than several
per cent. In many cases this accuracy is of the same
order as the accuracy of the equation itself, in the
derivation of which it was assumed that recoil can
be neglected, that the Doppler shift is insignificant,
that the scattered particles have a random distri-
bution, etc.
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