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The general methods developed in a previous paper [t] are applied to the determination of re
normalized field operators in the Heisenberg picture. These operators are related to the 
corresponding free-field operators in a nonunitary way, which, in particular, makes it possi
ble in the scalar case to eliminate the well-known contradiction between the consequences of 
the Kallen-Lehmann theorem and the canonical commutation relations (c.c.r.) for free fields. 
At the same time, the use of a "half" S matrix makes it possible to introduce in the interac
tion picture field operators with which the Heisenberg operators are connected in a unitary 
way. These operators satisfy the same equations as the free-field operators, but have differ
ent c.c.r., the difference being particularly great for fields more complex than the scalar 
field. These results constitute serious arguments in favor of the thesis that the renormal
ized Heisenberg and free fields belong to nonequivalent representations of the c.c.r. The 
question of renormalization of the external lines in the S matrix is also considered, and a 
unique method for carrying out the procedure using Wick's theorem in the coordinate repre
sentation is suggested. 

1. INTRODUCTION 

IT was shown in a previous paperC 1] t> that the 
totality of facts established in local quantum field 
theory leads to the conclusion that the relation be
tween the renormalized operator in the Heisenberg 
picture F(x) and the free operator .'fin(x) should 
be, generally speaking, a nonunitary relation of the 
form 

F(x) = S+Tw(fifin(x)S). (1) 

At the same time it follows from the assumption 
that the interaction picture exists, that for each 
F(x) there exists a certain operator .<fint (x; CT) in 
the interaction picture, which is different from 
:rin(x) and which is related to F(x) by a unitary 
transformation, i.e., 

F(x) = S+(cr, -oo)fiJint(x; cr) S(cr, -oo), (2) 

where 

(J 

S(cr, -oo)=TDexp{ -i~ H1int(x'; cr')dx'} (3) 
-00 

represents a "half" S matrix, obtained in I by 
"slicing" the full S matrix, having first expressed 

1 1:n the following this paper will be referred to as I. 

it in terms of the Hamiltonian H~nt (x; CT) and the 
TD-product. 2> 

It should also be noted that here, as well as in I, 
by the interaction picture we mean the in-picture. 
Therefore the "half" S matrix of type (3) should 
be written in the notation of Schweber's book [2] 

as V +(t), and not at all as the evolution operator 
U(t, -oo). Further, although both the operators 
g:-in(x) and fiJint (x; CT) should be expressed in terms 
of normal products of the operators cpin(x), we 
shall call the first of them the free operator (or 
the in-operator), and the second the interaction 
picture operator. At that ;rin(x) should be chosen 
by considerations based on analogies with the 
classical theory, whereas fiJint (x; CT) is defined by 
Eq. (2). 3> Finally, the use of the name "renormal
ized" for the operator F(x) should be understood 
in the broad sense as taking into account all inter
actions, including derivatives of any order. 

2 1:n so defining the "half" S matrix we have ignored a 
possible unitary arbitrary factor of the form exp li<I> (a)l, which 
is immaterial from the point of view of the full S matrix. 

3 )It is necessary to emphasize that in the previous papers 
of the author (and, in particular, in I) only the operator 
H1int (x; a) should have been used (and not H1in (x; a)). 
However to indicate the dependence of the operator H1int (x;a) 
on precisely cpin (x) sometimes the notation H1in (x; a) was 
used, which should not be confused with the in-representative 
of the interaction Hamiltonian. 
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Since the nonunitary nature of the relation (1) 
causes considerable inconvenience it is of interest 
to find for each operator F(x) the corresponding 
operator ;rint (x; CT). In the present paper this pro
gram is carried out on the example of the renorm
alized qperators of various fields by making use of 
the analogue of the Wick theorem established in I, 
which makes it possible to express the Tw-product 
in terms of the totality of Tn-products and, con
sequently, makes it possible to pass from (1) to 
(2). 4) 

2. THE SCALAR FIELD 

In view of (1) the definition of the renormalized 
operator for the neutral scalar field is of the form 

A(x) = S+Tw(cpi"(x)S), 

where <pin(x) is the corresponding free operator 
satisfying the conditions 

K.,cpin (x) == (D.,- m2) cpin (x) = 0; 

(4) 

[~in (x), cpin (y) l!x'=y' = - ib (x- y). (5) 

Our main task is to transform Eq. (4) into the 
form (2) in renormalizable theories. To this end it 
is first necessary to obtain, following the rules es
tablished in I, the Hamiltonian Hlnt(x; CT) whi.ch ap

pears i? (3). For the primary Lagrangian L~n(x) 
= g : [ <pin (x) ]4: , which forms part of any theory 
of scalar fields, the corresponding effective Hamil
tonian with the counter terms has the form 5l 

. t gZ1 
H1'n (x) =- Zi :[cpi"(x)}~: 

(6) 

+ (zz~'' -1) :cpi"(x)K.,cpi"(x) :. 

We now apply the analogue of Wick's theorem to 
transform Eq. (4). We find 

A(x) = S+Tn(cpi"(x)S) + x(x), (7) 

x(x) = S+Tn(cpi"(x)S), (8) 

where the bracket over Eq. ( 8) signifies "quasi
contraction" (see I). 

To further transform x(x) it is necessary to 
first express the S matrix in terms of the Tn-prod
uct and of Hint(x). Then the Tn-product symbol in 

4 lThe first communication of these results was made by 
the author in a report to the All-Union conference on colliding 
beam accelerators and high-energy particle physics (Novosi
birsk, June 1963). 

S)The second term of (6) was obtained in I, the first term 
is obtained in the same way. 

(8) can be made general. In addition it follows from 
the formulae for "quasicontraction" obtained in I 
that in renormalizable theories the only term in 
H~nt(x) with which the operator <pin(x) should be 

"quasicontracted," is the term in (6) containing 
the second derivative. Therefore 

I ~ I 
x(x) = S+Tn [ cpi"(x) (- i ~ H1int(y)dy )s J 

-oo 

If one now combines two terms in Eq. (7) one 
finally obtains for A(x) 

(9) 

A(x) = Za-''•S+Tn(cpi"(x)S) (10) 

= S+(cr, -oo)cpint (x)S(cr, -oo), 
cpint(x) = z3-•/,cpi"(:X). 

Analogously one can show that 

(11) 

A (x) = s+Tw (~in (x) S) = s+ (a, - oo) ~int (x) s (a, - 00 ). 

(12) 
It is not hard to verify that, with (5) and the 

unitarity condition of the S matrix taken into ac
count, (10) and (12) lead immediately to canonical 
commutation relations (c.c.r.) of the form 

[A(x), A(y)]j.,.=y•=- iZa-16(x- y). (13) 

Thus, the expression (4) proposed by us for the 
renormalized operator of the scalar field in the 
Heisenberg picture turns out to be fully sufficient 
to eliminate the contradiction between Eq. (5) and 
the well known consequences of the Kallen-Lehman 
theorem, [ 3] independently of the question of finite
ness of the matrix S (CT, -co) when the regularizing 
masses M{- co. 

Formally, however, a different approach is also 
possible in the case of the scalar field. The point 
is that the counter term for the self-energy of the 
scalar field in the effective interaction Lagran
gianC4J Ljn(x; 1) is usually written in the two forms 

Za-1 
A1i"(x) = --2-:cpi"(x)K.,cpi"(x): (14) 

and 

A2i"(x) = Za 2 1 (: [acp::~x) r :-m2:[cpin(x)]2: ). (15) 

In the above we have started from Eq. (14). On 
the other hand the Hamiltonian 'fflnt (x; CT) corre
sponding to (15) has the form 
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which is substantially different from (6). There
fore, if we apply the analogue of Wick's theorem to 
the field A(x) of the form (4), in which the S matrix 
depends on H~nt(x;u) given by (16), we obtain in 

place of (10) the expression 

A(x) = S+(cr, -oo)<pin(x)S(cr, -oo), (17) 

because all "quasicontractions" of the field 
cpin(x) with the terms of this Hamiltonian vanish. 
At the same time 

l(x) = S+(cr, -oo) [ ~in(x) 

( 1 )( 8<pin(x) )] + --1 na. S(cr, -oo), 
Za 8x"' 

so that if one constructs the c .c .r. for the field 
A(x) one obtains a result coinciding with (13). 

Thus, in the case of the scalar field for one 
special choice of the self-energy counter term 

(18) 

the generally speaking nonunitary relation between 
A(x) and cpin(x) in the form (4) becomes unitary. 
However, in spite of this, it is possible to obtain 

for the field A(x) c .c .r. of the form (13) at the cost 
of making the unitary operator S(u, -co) tifle de-

pendent, which gives rise to Eq. (18) for A(x). At 
the same time this possibility is not present for 
other types of fields. Moreover, as will be shown 
below, even in the case of the scalar field only one 
of the two possible types of counter terms Aln(x) 
and A~n(x) in fact makes physical sense, namely 
the one that leads to Eq. (10). 

Equations analogous to (13), i.e., for the com
mutators themselves and not for their vacuum 
expectation values, have been obtained previously 
by Kallen [SJ by means of canonical quantization of 
the full renormalized Lagrangian in the Heisenberg 
picture which is, in our opinion, not a sufficiently 
clear procedure since, among other things, it gives 
rise to the same results for any choice of the coun
ter term in the case of the scalar field. In this 
paper we derive these formulae in a consistent 
fashion starting from the non-unitary relation be
tween the appropriate operators of the form (4). S) 

3. CHOICE OF COUNTER TERM AND RENORMAL
IZATION OF EXTERNAL LINES 

The question of the choice of the self-energy 
counter term for the scalar field in the effective 

6>we note by the way, that the idea that the operators A(x) 
and cpin(x), and also A(x) and_ (pin(x), should be related "uni
tarily" to within the factor z;Y:z, was expressed previously by 
Kaschluhn. [ •] 

interaction Lagrangian [ 4J Lin<x; g) was discussed 

by us in [ 7]. It was sh<?wn there that although the 
quasilocal operator A m(x, y) may be written, by 
d~finition, in two equivalent symmetric forms 
A in(x, y) and A~n(x, y), removing the y integration 
in each of them gives rise to entirely different 
expressions for L~n(x; g) and, consequently, for 
the effective scattering matrix S(g). At the same 
time for g- 1, the resultant two expressions for 
L~n(x; 1), which .contain respectively J\fn(x) of the 
form (14) and A~n(x) of the form (15), differ 
formally by a 4-divergence and in the classical 
theory may be considered equivalent. 

If however one turns to quantum field theory, 
then the question of equivalence of the theories 
with A~n(x) and Atn(x) becomes much more com
plicated. In particular, if the adiabatic hypothesis 
is not used it is not possible to prove the vanishing 
of the integral of the corresponding 4-divergence. 
However, even if we accept the adiabatic hypothe
sis and allow that the expressions (14) and (15) 
themselves are equivalent, this does not yet mean 
that they give rise to the same expressions for the 
S matrix. For example, it is known that in the ex
pression for L~n(x; 1) the counter term A~n(x) of 
the form (14) may be set equal to zero. However it 
must be included in Lfn(x; 1), because it enters the 
S matrix inside the symbol of the nonunitary 
Tw-product (see I), ap.d its presence is essential 
to the renormalization program. 

Analogously it is not hard to show that even if 
the 4-divergence of the type: a 2 [cpin(x)] 2jax2 : can 
be ignored in the Lin(x; 1) itself, it must be taken 
into account inside the Tw-product (in •contrast to 
the TD-product). One can, of course, proceed as 
in I and pass in the S matrix from the Tw-product 
in L~n(x; 1) to the TD-product in H~nt(x; u). This 

will give rise in the cases (14) and (15) to S 
matrices which depend respectively on different 
H~nt(x; u) of the form (6) and (16). Inside the 

TD-product (which is unitary) and, consequently, 
in H}nt(x; u) one may omit (see I) terms which 
vanish as a consequence of the Klein-Gordon equa
tion or the adiabatic hypothesis. Therefore from 
the entire expression (6) in fact only the first term 
remains, and from expression (16) the first and 
the third terms. At that, if the transition in the S 
matrix from Lin(x; 1) to Hfnt(x) of the form (6) 

simply leads to a transition from additive to multi
plicative renormalization, the analogous transition 
to H~nt(x; u) of the type (16) gives rise only to a 

certain "renormalization" of a cpin(x)jaxa:, while 
the fields cpin(x) themselves turn out to be re
normalized. It is therefore to be expected that the 
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main difference between A}n(x) of the form (14) 
and Ar(x) of the form (15) lies in the different be
havior of these counter terms in so far as the ques
tion of the renormalization of the external lines is 
concerned. 

It was already shown by Dyson [ 8] that in the 
momentum representation the introduction of self
energy counter terms into the internal lines leads 
to the transition from DC(x- y) to Z:J1 Dc(x- y). 
At the same time, if they are introduced into ex
ternal lines there results an undetermined expres
sion of the form (p2- m2r1 (p2- m2.) o (p2- m2), 
which takes on any value between 0 and Z:J1• On the 
basis of considerations of preserving the unitarity 
of the S matrix after renormalization DysonC 8J 
proposed the value Z31/ 2 for the above expression, 
which is equivalent to the assumption that upon re
normalization the field c,oin(x) goes over into c,oint(x), 
although this result does not follow directly from 
his work. 

An analysis of this problem in the coordinate 
represent!:!-tion, starting from A}n(x) in the form 
(14) and A~n(x) in the form (15), shows that from 
the point of view of the internal lines both counter 
terms give rise to identical results coinciding with 
th_ose of Dyson! [8] owing to the equivalence of 
A ln(x, y) and A ~n(x, y). [ 7] The question of the re
normalization of the external lines must however 
be considered separately on the basis of the Wick 
theorem, which makes sense precisely in the coor
dinate representation. 

To this end it is necessary in the case of A~n(x) 
to sum the following series: 

<pin(x)+ i ~ Tw(<pin(x)Atin(y) )dy 
'2 + ~~ ~ Tw(<pin(x)Atin(y)Atin(z))dydz +... (19) 

Let us develop the second term of this series ac
cording to the usual Wick's theorem: 

i ~ Tw(<pin(x)Atin(y) )dy 

= 1/2(Z3 -1) ~ dy {i:<pin(x)<pin(y)Ky<pin(y): 

+<pin (y)KyDc(x- y) + flc(x- y)Ky<pin (y)}. (20) 

If one now takes into account the fact that within 
the normal product the field c,oin(x) satisfies (5), 
and also makes use of the expression for 
KyDC(x - y), then 

i~ Tw(<pin(x)A1in(y))dy=-~(Z3 -1)<pin(x). (21) 

The remaining terms in the series (18) may be 
transformed in an analogous manner with the re
sult that the sum is equal to c,oint(x) in the form 

(11). Thus, proceeding in the coordinate represen
tation and making use of the counter term A}n(x) 
one can get rid of the nonuniqueness in the re
normalization of the external lines. This nonunique
ness is in fact due to the usually assumed freedom 
of transferring derivatives in the second and third 
terms in (20) between c,oin(y) and DC(x - y), whereas 
according to the above considerations one should, 
generally speaking, take into account the substitu
tion of the limits. 

A series analogous to (19) can also be formed 
in the case of A~n(x). Applying Wick's theorem to 
the second term of that series leads to 

i ~ Tw(<pin(x)A2in(y) )dy 

= z3 ? 1 ~ dy{i:<pin(x) .[( a<p;y~) r- m2(<pin(y))2]: 

+ 2[B<pin(y) BD<(x-y)_m2 in( )De( - )]} aa. aa. <p Y x Y • 
y y (22) 

It is not hard to see that without an integration by 
parts Eq. (22) cannot, in general, be summed with 
c,oin(x) because it contains terms of different struc
ture. On the other hand a simple transfer of the 
derivative from c,oin(y) to Dc(x- y) or vice versa 
gives rise to a completely undetermined expres
sion which violates the requirements of unitarity. 
Consequently, the term A~n(x) should be excluded 
from considerations since when it is used if one 
proceeds in a consistent manner it is not possible 
to satisfy simultaneously the requirements of re
normalization (which are guaranteed only in the 
Lagrangian approach) and the requirements of uni
tarity (which are guaranteed only in the Hamilton
ian approach). 

4. OTHER TYPES OF FIELDS 

Passing now to fields of other types we turn 
first to the case of the electromagnetic field, 
where an incorrect definition of the renormalized 
Heisenberg operator A J.l (x) in terms of the 
TD-product (instead of the Tw-product) results 
in it having an unphysical dependence on the sur
face a . This latter is due to the fact that as a re
sult of gauge invariance requirements the part of 
the Hamiltonian responsible for the renormaliza
tion of the electromagnetic field has the form 
[cf. (6)): 

Hiint (x) = ( 1- 1~3): [ Anin(x) D,:Anin(x) 

+A min (x) B2Anin (x) J :. 
axnaxm 

(23) 
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As a result, if we apply to the renormalized 
Heisenberg operator AJ.!(x) the analogue of Wick's 
theorem we get 

A11 (x) = S+Tw(A11in(x)S) = S+Tn(A 11in(x)S) + x11 (x; a), 
(24) 

where, in contrast to (10), each term on the right 
side of (24) depends on the surface u, because of 
the dependence on u of the TD-product (see I). 
Continuing with transformations of XJ.! (x; u) analog
ous to (8) and (9) we find that the operator corre
sponding to AJ.! (x) according to Eq. (2) is given by 

A11 int(x; a)= Zs-'I•[A 11in(x) + (Z3'1•- 1)n11naA.a.in(x)J, (25) 

where in contrast to cpint(x) of the form (11) the 
operator A~nt (x; u) in the interaction picture it
self depends on u . 

Before constructing the c .c .r. for the field 
AJ.!(x) we note that, in contrast to (12) 

A~ (x) = s+r w (A~n (x) S) 

..,.. int 
=S+(a,-oo)A~ (x;a)S(a,-oo), 

where 

(26) 

(27) 

where AJ.! (x), as well as AJ.! (x), are independent of 
u as a consequence of their definition. 

Taking (25) and (27) into account one obtains for 
the corresponding c.c.r. 

[A ... (x),Av(Y)Jjx'=y' = [AJ.Iint (x; a),Avint (y; a)])x'=y' 

(28) 

where 

(29) 

Thus, an interesting fact appears. Although the 
operators AJ.! (x) and AJ.! (x) are themselves inde
pendent of u, their commutator, taken on the sur
face u, depends on that surface. 

Let us recall that the operator for the free elec
tromagnetic field satisfies c .c .r. of the form [ 4J 

(30) 

Comparing with (28) we note that the zeroth com
ponent of the electromagnetic field is not renormal
ized. Consequently it is as if excluded from the 
interaction. Thus in the present case the renor
malization does not amount to a simple multiplica
tion by a constant (possibly a divergent one), but 

involves a characteristic change in the metric. 
Up till recently most authors [ 2J used in formu

las analogous to (28) instead of~ J.!V the symbol 
gJ.!V, and only in[ 5J, where quantization was per
formed of the full renormalized Lagrangian in the 
Heisenberg picture with gauge invariance taken 
into account, a formula of type (28) was obtained. 
In our formalism it arises naturally, starting from 
the supposition of a nonunitary connection of the 
type (24) between the operators of the electromag
netic field. 

For the case of a spinor field a full analogy with 
the scalar case is observed, so that after the ap
plication of the analogue of Wick's theorem to a 
formula of type ( 4) one obtains the operator 
If! int(x) = If! in(x)/zi12, whose connection with the 
renormalized Heisenberg operator is already uni
tary. 

Let us remind the reader that until now we were 
mainly concerned with showing that the inclusion 
in the effective Lagrangian qn(x; 1) of self-energy 
counter terms gives rise in renormalizable theor
ies to a nonunitary relation of the type (4) between 
the corresponding field operators. Further, there 
are examples [SJ in renormalizable theories where 
this nonunitary relation can be demonstrated 
already on the primary Lagrangian Lin(x). To 
these belong the neutral vector field theory and 
the scalar electrodynamics in the Duffin-Kemmer 
formalism. 

In the first case 

(31) 

Following I, one finds easily in this case Hlnt(x; u) 
and transforms the formula for Ua (x) from the 
form which gives a nonunitary relation to a unitary 
one. It then turns out that 

Ua.int (x, a) = Ua.in(x)- m-2na.n~jr.,in(x). (32) 

Consequently the operator u~nt (x; u), which should 
be called the interaction picture operator, differs 
in this case from the free field operator u~n(x) by 
terms that have even a different operator structure. 

Application of the same procedure to scalar 
electrodynamics in the Duffin-Kemmer formalism 
leads to the expression 

\jlint(x; a)=: {1 + iem-1[1- (nBr~)2]raA.a.in(x)}-1'1Jlin(x):, 

(33) 
where ra are the five-by-five Duffin-Kemmer 
matrices, so that the operator If! int(x; u) differs 
from the free field operator If! in(x) by an infinite 
series in the operators A~n(x). 
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It is interesting to note that although the formu
lae (32) and (33) could also be derived directly from 
the results in[ 9J, up to now the possibility of a 
nonunitary connection between the renormalized 
Heisenberg operators and the corresponding free 
operators was accepted only in exotic local field 
theories with high derivatives. This omission, in 
all likelihood, was due to the fact that the main 
purpose of the authors in[ 9J and other papers was 
th_e construction of Hlnt(x; a) [not coinciding with 

H]:n(x; a)], and for this operator [see (2)) the indi

cated connection is, by definition, unitary. 

5. DISCUSSION 

In this paper a concrete form is proposed for 
the nonunitary connection of the form (4) between 
the renormalized field operator in the Heisenberg 
picture and the free field operator, which leads to 
results in agreement with the consequences of the 
Kallen-Lehmann theorem. [3] The contradictions 
usually encountered in this problem were appar
ently due to the fact that the proper distinction was 
not always made between the interaction picture 
operator cpint(x), whose relation to A(x) is by defi
nition unitary, and the free operator cpin(x). At 
that, although the operators A(x) and cpint(x) satisfy 
different equations, they have the same c.c.r. of 
type (13). At the same time, although the operators 
cpint(x) and cpin(x) satisfy the same equations, their 
c.c.r. (13) and (5) are different, with Z31 tending to 
infinity fastest as Mr- oo. In other words, the 
field operator is fixed not only by the equations of 
motion but also by the concrete form of the c.c.r. 
In particular the operator Aint(x;a) differs from 

. M 
A~n(x) not simply by a numerical factor but by the 

character of the metric (gMV is replaced by~ MV). 
Even more serious differences between the opera
tors yint(x; a) and -yin(x) occur in the case of the 
neutral vector field and in the case of scalar elec
trodynamics in the Duffin-Kemmer formalism. 

Thus the present results once more emphasize 
the fact (see alsoC 5•9•10]) that the operator 
yint(x; a) in the interaction picture and the free 
operator yin(x) are substantially different. At the 
same time a serious confirmation was obtained of 
the previously expressed opinion [to] that not only 
nonrenormalizable local theories C 4J but also re
normalizable local theories with counter terms 
(and even, as shown above, certain theories with
out counter terms) are in a certain sense nearer 
to nonlocal field theories than to trivial local 
theories without counter terms. 

Of course, the question of passing to the limit 

M{- oo in the matrix S(a, -oo) of type (3) with all 
its properties preserved, especially unitarity, 
still remains unresolved. In this connection it may 
be hoped that this transition will lead to a finite in 
a certain sense quantity, i.e., that it will be possi
ble to obtain the coefficient functions of the matrix 
S(a, -oo) as generalized functions on a certain 
class of regular functions, since after the resolu
tion (for M{ = const) of the problem of' 'surface" 
divergences C7J and liquidation of the contradictions 
with the consequences of the Kallen-Lehman 
theorem [3] obtained in this paper, the last reasons 
that have caused some theorists to consider the 
"half" S matrix as being infinite in this sense are 
in fact eliminated. 

Finally, we consider one more point. Very often 
the problem raised here is placed in close connec
tion with the question raised by Haag [U], outside 
the framework of perturbation theory, about the 
existence in quantum field theory of nonequivalent 
representations of c .c .r. In particular, in view of 
Haag's theorem proved in [t2], if certain field 
operators A1 (x) and A2(x) are connected by a uni
tary Euclidean-invariant transformation V(t), and 
the vacuum states corresponding to these opera
tors are connected by the formula V(t)ci> 01 = <1> 02, 

then all the Wightman functions in the two theories 
coincide. A rash application of this theorem to 
operators related by formulas of type (10) could 
also lead to an erroneous result such as that 
s = 1. 

At that the analysis carried out above of expres
sions for operators of different fields in the inter
action picture shows that they do not simply differ 
from the free field operators by a multiplicative 
factor of the type z~F2 • This could serve as a 
strong argument in favor of the hypothesis that 
the renormalized Heisenberg field operator and 
the corresponding free operator belong to non
equivalent representations of the c.c.r. As regards 
the scalar field, the problem there may be solved 
analogously after passing to the limit M{ - oo, 

when Z31 actually becomes infinite. However even 
for a finite value of Z31/ 2 the conclusions of the 
Haag theorem are not necessarily applicable. The 
point is, as was shown in [ 13], that in spite of its 
formal unitarity the matrix S(a, -oo) is not a ''truly 
unitary'' operator but rather ''pseudo-unitary'' 
(or "improperly unitary"), i.e., such that when it 
is applied to the vacuum state it produces a state 
of infinite norm, which does not belong to the 
originally introduced Hilbert space. It is pre
cisely this feature that should be kept in mind, in 
our opinion, when it is said that the transformation 
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produced by the matrix S(a, -co) is infinite. It is 
not hard to see that for such a "pseudo-uni.tary" 
operator one of the conditions of the Haag theorem 
is not fulfilled, namely the requirement of equiva
lence of the vacuum states, and consequently the 
formulas of type (10) cannot give rise to any em
harassing conclusions. 
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