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A phenomenological theory of the Hall effect is proposed for ferromagnetic metals in fields 
corresponding to the initial region of magnetic saturation. Formulas are derived for the 
Hall constant as a function of electric resistivity and magnetization in a magnetic field. 
The anomalous Hall constant is expressed as the sum of the constants Rp and Rm which 
characterizes the parts of the anomalous Hall field corresponding to electron scattering by 
phonons and by magnetic inhomogeneities. A possible method is indicated for using experi
mental data to separate Rp and Rm. The values obtained in this way for nickel are commen
surable in absolute magnitude but have opposite signs: Rp < 0 and Rm > 0, with I Rp I> Rm· 

SEVERAL papers[ t-4] concerning the theory of the tains, in addition to Rp and Rm, a part Rpo which 
Hall effect have discussed the causes of the anom- is associated with electron scattering on phonons 
alous part of the Hall field, which is proportional and on impurities, and which, as calculations have 
to the magnetization, in ferromagnetic metals. shown, [ 6- 8] is also temperature dependent. On the 
From theoretical evaluations of different contri- other hand, Rp and Rm can be separated by using 
butions to this anomalous field it was concluded the experimental data regarding the dependence of 
that above the nebye temperature ®n the largest the Hall field on true magnetization and tempera-
contribution results from electron scattering by ture in the initial region of magnetic saturation. 
phonons and magnetic inhomogeneities. This Hall In magnetic fields of the order 103 -104 Oe one 
field can therefore be represented approximately observes a decrease of the resistivity p of ferro-

, as a sum: magnetic metals as the field increases, instead of 

l!:a = l!:p + l!:m = (Rp + Rm) ·4nlj = Ra·4nlj, 

where Ep and Em are the parts of the anomalous 
Hall field associated with electron scattering by 

(1) the usual increase in high magnetic fields. This 
reduction is associated by the contempo.rary 
theory with the reduction of Pm due to the de
crease of magnetic inhomogeneities as the mag
netic field grows. In the same initial region of 
magnetic saturation we also observe Hall field 
changes which, as will be shown, can be accounted 
for by the dependence of Pm and Rm on the mag
netic field. 

phonons and by magnetic inhomogeneities, respec
tively; Rp and Rm are the corresponding parts of 
the Hall constant Ra. It follows from the theory 
that Rp ~ p2 and Rm ~ Pm• where p is the total 
electric resistivity and Pm is the part associated 
with electron scattering by magnetic inhomo
geneities. 1l 

The values of Rp and Rm cannot, unfortunately, 
be discriminated by means of the experimental 
temperature dependences of Ra, p, and Pm· As 
the temperature is varied from en to the Curie 
point ®c, the two quantities p2 and Pm vary in an 
approximately identical manner, whereas Ra con-

l)The temperature dependence of p can usually be used to 
determine Pm by means of linear extrapolation from the paramag
netic to the ferromagnetic region. However, this is a very crude 
procedure; considerably more reliable results are obtained when 
the method of Volkov and Kozlova is used to determine Pm· [5 ] 

In the present work a phenomenological theory 
is proposed for the anomalous Hall field in the 
initial magnetic saturation region at temperatures 
T >en, and the theory is compared with experi
ment. It is found that in nickel Rp and Rm are 
commensurable but differ in sign, with I Rp I 
> IRml· 

THEORY OF THE ANOMALOUS HALL FIELD IN 
THE INITIAL MAGNETIC SATURATION 
REGION 

The magnetic saturation of ferromagnetic 
metals which accompanies the orientation of mag-
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netic moments of domains parallel to the magnetic 
field takes place in fields for which, when 
T >en. we have Q T « 1, where Q is the cyclo
tron resonance frequency in the field B = H + 4rri 
and T is the relaxation time. Therefore, in the 
initial region of magnetic saturation the normal 
Hall field EH associated with the displacement of 
electrons by the Lorentz force is approximately 
proportional to the magnetic induction B. In the 
given region the anomalous Hall field is propor
tional to the spontaneous magnetization. Then, for 
the current density j = 1 the Hall field is 2> 

1£ = Ra·4:rti + RH(n + 4:rtki), (2) 

where RH is the field-dependent Hall constant and 
k ~ 1. In the linear approximation with respect to 
the field we have 

I= Is+ 'Xpn, 

. E 
Rs= hm-4 -RH, 

H-+0 :rtf 
(3) 

where Kp = ( oi/ oH) T is the differential magnetic 
susceptibility for true magnetization ( paraprocess 
susceptibility). For the differential constant Rd 
characterizing the variable part of the anomalous 
Hall field in the initial magnetic saturation region, 
(2) and (3) yield 3> 

R a ( aRa \ ( aRa ) I d=-(Rai)=Rs+ -In+ -- -
ai an _, T , an T xp 

whence 

( aRa ) 'Xp ( Xpn )-1 
-an T = -y \1 +/ (Rd -R.). 

In order to relate ( oRa/oH)T to the resistivity 
we represent Ra, as previously, by a sum: 

Ra =Rp+Rm; 

Then 

(4) 

(5) 

(6) 

( aRa) =( 2 Rp+cRm)(!E__) ' (7a) 
an T ' p Pm an T 

where 

( apm) / ( ap ) 
c = an T \an T. 

(7b) 

2>H + 477kl is the mean strength of the magnetic field acting 
on the conduction electrons. 

3 )Equations (4) and (5) hold true for Is »KpH or for Is = 0. 
For Is % KpH we must introduce a term containing the second 
derivative of R8 with respect to the field. 

It was shown above that ( op/oH)T < 0 for fer
romagnetic metals in the initial magnetic satura
tion region; in most other metals ( op/ oH) T > 0 
in accordance with the theory. On the other hand, 
higher magnetic fields are accompanied by a re
duced number of magnetic inhomogeneities; con
sequently, Pm diminishes, i.e., ( opm/oH)T < 0. 
It then follows from (7b) that c > 0. It can reason
ably be assumed that the diminution of magnetic 
inhomogeneity is the principal cause of smaller p 

as the magnetic field is increased, i.e., that 

In this case c is close to unity or equals a few 
times unity, because there is practically no possi
bility that I opm/&H IT and I a(p- Pm)/oH IT 
will agree to the second significant figure. 

Table I 

No. of Rp Rm IRpi-IRml 
IRpJ /RmJ 

Ra (~) 2-·-c-
ariant p Pm oH T v 

1 + + ± ± + -
2 - - ± ± - + 
3 + - + + + -
4 + - + - + + 
5 + - - - - + 
6 - + + + - + 
7 - + + - - -
8 - + - - + -

Table I gives all possible combinations of signs 
for the differences between the absolute values of 
Rp and Rm and the signs of ( oRa/oH)T, assuming 
p - Pm > Pm• ( op/oH)T < 0, and c > 0. It is seen 
that the signs of Ra and ( oRa/oH )T are both 
positive or both negative in only two of the eight 
variants. When this agreement of signs appears 
experimentally, we can determine uniquely the 
signs of Rp and Rm and the ratio of their ab
solute values (see the note at the end of this 
article). 

The value of the derivative ( opm/oH)T in (7a) 
and (7b) can be related to I. It follows from both 
experiment [S] and theory [ 9] that 

Pm = a{Io2 - JZ}, (8) 

where I0 is the spontaneous magnetization at 
T = 0, and a is a coefficient which is independent 
of T and H. From (8) we obtain 

(ap I an)T = c-1 (apm I an)T = -2ac-1xpi. (9) 

Substituting (9) into (7a) and using (6), we obtain 

(aRa I anh = -2acmXpi(1 + 2pmRp I peRm). (10) 

In the special case when Rp and Rm are of the 
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same order, Pm « p, and KpH « I, Eqs. (5) and 
(10) yield the relation 

( 11) 

The derived equations are also valid for the 
paramagnetic region in fields where Q T « 1 is 
fulfilled. Assuming Kp = K and I= KH in (4) and 
( 1 0), we obtain 

( 8Ra \ ( PmR P ) Ra = Rs + fJH I H = Rs- 2aemx2H2 1 + 2 ---- , 
'T peRm ' 

(12) 

( fJRr, \ ( PmRp ) Rd=R.+2 -H 1 H=R.-4aemx2H 2 1+2--- , 
fJ / T peRm 

(13) 

(fJE I fJH)T = (1 + 4nkx)Ru + 4nxRd. (14) 

Neglecting the terms containing K2 in (12) and (13), 
for the paramagnetic region we obtain 

( 15) 

The second term in (14) characterizes the 
anomalous part of the Hall field. The existence of 
this term in the paramagnetic region was first 
established by Kikoin. [to] It was shown inC 10 • 11] 

that (8E/8H)T and 1/(T- ®c)~ K are related 
linearly above the Curie temperature @ C· 

SIGNS AND RATIO OF THE ABSOLUTE VALUES 
OF Rp AND Rm IN NICKEL 

It follows from the foregoing theory that when 
Ra and ( 8Ra/8H)T agree in sign, the signs and 
absolute value ratio of Rp and Rm can be deter
mined uniquely from ( 1) and (6). The sign of Ra 
can be determined directly from experiment. In 
order to determine the sign of ( oRa/ 8H) T the 
quantities in (4) and (5) must be known as a basis 
for determining ( 8E/8H)T, Is, and f{p from 
experimental results at different values of T. 

The determination of the field-dependent Hall 
constant RH is a more complicated problem. In 
many articles this constant for ferromagnetic 
materials has been taken to equal ( 8E/8B )T in the 
magnetic saturation region and has been determined 
from the slopes of E ( B) curves relative to the B 
axis; in high magnetic fields these slopes become 
straight lines. However, (4) shows that the approx
imate equality RH ~ ( 8E/8B)T exists only subject 
to the condition that 

Xp- 1 jfJE I fJJJIT = jfJE I fJih· "_c.4niRdj. 

Volkov's experimental results[ 12J show that for 
several ferromagnetic alloys the last inequality is 
not fulfilled, since ( aE/ai)T and 4rrRa are com-

mensurable in these alloys. The indicated proce
dure for determining RH is therefore unreliable 
and can apparently be employed only at relatively 
low temperatures where Ra and Rd are small and 
Q T « 1 still holds true. 

Kevane and Legvold[ 13 l have proposed a proce
dure for determining RH by the linear extrapola
tion of ( 8E/8H)T measured by temperatures 
T > @ c in the region of zero magnetic suscepti
bility K. The correctness of this procedure, 
despite the fact that it was based on an approxi
mate equation, can be shown by means of (14), 
from which it follows that in the paramagnetic 
region 

lim (fJE/fJHh = Ru. 
><-+0 

It is reasonable to assume, furthermore, that 
at temperatures not very far from the Curie point, 
RH in the ferromagnetic region has values like 
those found when T >®c. 

For the purpose of calculating (BRa ;aH)T we 
used the value RH = 4.5 x 10- 13 V -em/ A-Oe ob
tained for nickel by Volkov and Kozlova using the 
method described in[ 13 J. Values of (8E/8H)T 
and I for nickel at different temperatures from 
550 to 610° K have been measured by Cheremush
kina [see [BJ], to whom the author is greatly in
debted for making the additional data available. 
A calculation of ( 8Ra/8H)T from (5) yielded 
values in the given temperature range for nickel 
from - 0.1 x 10-15 to - 0. 7 x 10- 15 V -em/ A-G -Oe, 
which therefore has the same sign as Ra in this 
interval. We note that (8E/8H)T » RH and 
4rrkKp < 1 for nickel at the given temperatures. 
In this case (4) and (5) show that the sign of 
(8Ra/8H)T is the same as that of (8E/8H)T 
- 4rrKpRs. We have thus practically excluded the 
possibility that an erroneous sign would be ob
tained for this difference, whose absolute value is 
commensurable with the absolute values of its two 
terms. 

It can be seen from Table I that the signs of 
Ra and ( 8Ra/BH)T will both be negative only if 
Rp < 0, Rm > 0, and I Rp I > I Rm I. It follows from 
I RP I > I Rm I that Rp and Ra are of the same 
order of magnitude. Assuming Rp ~ Ra and 
c ~ 1 in (7) and taking the signs of Rp and Rm 
into account, we obtain for nickel: 

Pm [( 8Ra) I 1 ( fJp ) l 
Rm :::::::; p fJH T p- fJH T + 21 Raj j. (16) 

Since all quantities in the right-hand side of (16) 
are measurable, the order of magnitude of Rm 
can be assessed. 
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Table II 

Majority car- I riers of Sign of Sign of Sign of 

I 
anomalous 

Hall current 

Electrons 
Electr_ons 

~2 Rp Rm 

+ + 

The foregoing values of (BRa /8H) T for nickel, 
calculated from experimental data by means of (5), 
show that in the given temperature interval 
550-600°Kwe have (8Ra/8H)T :::o -0.3 x 
10-15 V -em/ A-G-Oe. In the same temperature 
interval, Ra ;::;:; - 3 x 10-11 V -em/ A-G [ 8] and Pm 

:::o -2.5 x 105 dpm/dH for p :::o 25 x 10-6 S1-cm.4l 
In the temperature range of present interest 
p-1(8p/8H)T :::o -0.8 x 10-6 oe-1 according to 
measurements for nickel by Galkina. [ 14] The 
cited experimental data show that 

( 8Ra ) /1 ( 8p l 
-8H- - 8H . ';;YRa, 

' T'P lr 

from which it follows that ( 8Ra/8H)T 
:::o ( 8Rm /BH)T in the given temperature interval. 
Using the foregoing estimates of ( 8Ra/8H)T, 
p-1( 8p/8H)T, and Pm• we obtain from (16): 

Rm ~ Pm ( _8Rr,) { 1 ( 8p J ~ 1Q-10V. em. (17) 
p\8H T'P {)H,, A·G 

Thus, Ra, Rp, and Rm are of the same order of 
magnitude. 

MAJORITY CARRIERS OF THE ANOMALOUS 
HALL CURRENT IN NICKEL 

The conditions determining the signs of Rp and 
Rm have been cons ide red in several articles. [ 7 •8 .c 
We have shown in=7J that the sign of Rp depends 
on the following factors: 1) the sign of the effective 
mass of majority anomalous Hall current carriers, 
i.e., whether the carriers are electrons or holes; 
2) the parameter D.Mz [see Eqs. (8) and (10) in 
[7=], characterizing the degree of localization of 
the principal carriers of the magnetic moment in 
the ferromagnetic state (for D.Mz > 0 the princi
pal carriers of the magnetic moment are unlocal
ized electrons participating in conduction, and for 
D.Mz < 0 they are localized electrons bound to 
ions). It was shown in [ 4J that the sign of Rm 
depends on the character of the majority carriers 
of the anomalous Hall current. 

4)The coefficient 2.5 x 105 was calculated using (8), into 
which, after differentiating with respect with H, experimental 
values of Kp and I (from the data of Weiss and Forrer) were 
substituted. 

Majority car-
riers of 

anomalous 
Hall current 

Holes 
Holes 

Sign of 

~2 

+ 

Sign of 
Rp 

+ 

Sign of 
Rm 

+ + 

Table II gives the signs of Rp and Rm, derived 
from the theory presented in [ 7] and [ 4J, for differ
ent cases. It is seen that, according to this theory, 
for nickel with Rp < 0 and Rm > 0 the principal 
carriers of the magnetic moment are unlocalized 
electrons ( D.Mz > 0 ), which, since they possess 
negative effective mass, are the majority carriers 
of the anomalous Hall (hole) current. We note 
that the derived positive sign of D.Mz for nickel 
was also derived by the present author and 
Vasil'eva in [ 15J, where results obtained in an 
investigation of the Nernst-Ettingshausen effect 
are discussed. 

The conclusion that the anomalous Hall current 
is carried by holes is also arrived at by reasoning 
based on the derivation of a positive sign for 
.6. Mz from an investigation of the Nernst-Ettings
hausen effect. Indeed, since for nickel I Rp I 
> I Rm I, it follows immediately that Rp and Ra 
ha\'e the same sign, i.e., Rp < 0; also, from 
.6. Mz > 0 and Rp < 0 it follows that the anomalous 
Hall current is a hole current. This conclusion 
was reached by the present author in collaboration 
with Cheremushkina and Kurbaniyazov[ 8] on the 
basis of the assumption that the principal role in 
the anomalous Hall field belongs to electron scat
tering by phonons and impurities, i.e., assuming 
I Rp I > I Rm I; the scattering of electrons by mag
netic inhomogeneities was not considered in [ 8]. 

Note added October 20, 1964. Unlike our ear
lier articlesL 6 8 ' wher~ i"t was shown that Rp ~ p2, 

or Luttinger's article, c l; which also leads to the 
indicated proportionality, Gurevich and 
Yassievich point out in their first article[ZJ the 
possibility of a different proportionality, Ru 
~ I p - Pm 1. In the latter case, instead of (7a) we 
would obtain a similar formula with a different 
coefficient of Rp: 

(8RaJ =_'!!}y-[8(p-pm)l +~m(8Pm). (7c) 
'. ijff , T p- p,, - {)H - T flm {)Jl T 

Since in the considered range of fields p - Pm 

and Rp ~ (p- Pm) 2 are slightly dependent on the 
field, the first term in the right-hand side of (7c) 
is always smaller in absolute value than the 
second term, which thus determines the sign of 
(8Ra/8H)T. Since (Bpm/BH)T < 0, the sign of 
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( 8Ra/8H)T in the given case is opposite to that 
of Rm. Keeping this in mind and considering all 
possible combinations of signs and absolute values 
of Rp, Rm, and ( 8Ra/8H)T, we arrive at the con
clusion that in the present case we obtain no new 
variants different from those listed in Table I, but 
that the third and sixth variants will now be ex
cluded. Thus our subsequent conclusions regard
ing the signs and absolute values of Rp and Rm 
will be true independently of whether Rp ~ p 2 or 
Rp ~ ( p - Pm ) 2 is assumed. 

The absolute value of the first term in the 
right-hand side of ( 7 c) would exceed that of the 
second term upon fulfillment of the condition 

IRpl>p-pm(li}p.!!'_,/li}(p-pm)l )IRml, (18) 
2pm oH T I oH T 

from which with p - Pm > Pm and 

I iJpm I oH IT > I i} (p - Pm) I oH IT 

we would have 

( the symbol ::::! being used henceforth to indicate 
equality in order of magnitude). Then, remember
ing (7c) and (18) and excluding the unlikely cases 
of identical absolute values of the first and second 
terms in the right-hand side of (7c) or the agree
ment of I 8pm/8HIT and I 8(p- Pm)/8HIT to the 
second significant figure, we would conclude that 
a second condition is required: 

I o(p- Pm)_l ~ _P_, oRa_, 
oH T iRal I oH T 

with 

I o(p-pm) I ;(;I i}p I . 
an 1 T oH T 

The experimental data for nickel (already 
given), gadolinium, and iron-nickel alloys when 
T > 0 show that in these cases 

I op j p I oRa I 
aii T ~ IRa I oH T ' 

i.e., the aforesaid second condition, to the effect 
that the first term in the right-hand side of (7c) is 
greater in absolute value than the second term, is 
clearly not fulfilled. 
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