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This paper is devoted to a theoretical investigation of different scattering mechanisms for
electrons and phonons in transverse transfer phenomena in metals in strong magnetic fields;
we elucidate the role played by phonons in heat transfer. If wy7e > 1 (7¢ is the electronic
mean free flight time, wy the electronic Larmor frequency), one can write down transport
equations for the electron and phonon distribution functions; an important feature of these
equations is that they do not contain kinematic terms and that inhomogeneity gradients occur
in the collision integrals. Using these equations we obtain general formulae for transport
coefficients taking phonon-electron drag into account. We show that in sufficiently pure
metals heat is basically transported by the phonons and not by the electrons. In the quantum
mechanical case the phonon heat conductivity should show the same oscillations as the elec-
tron transport coefficients (the only difference consisting in a shift of the position of the
maxima). We show that the relative amplitude of the quantum oscillations of all transport
coefficients connected both with electron-impurity scattering and with electron-lattice vibra-
tion scattering may be of order unity. We show that the electron-phonon drag effect may
appreciably affect the magnitude of the thermal emf.

1. INTRODUCTION

A number of pa.perstl’Zj have dealt with a study
of various aspects of galvanomagnetic effects in
metals. Thermomagnetic effects have been
studied less extensively than galvanomagnetic
effects. In particular, the role played by phonons
in heat transfer in metals has not been elucidated.
Usually, only one scattering mechanism for elec-
trons, the scattering by impurities, is taken into
account in a study of galvano- and thermomagnetic
effects. Electron-lattice vibration scattering plays
an important role in sufficiently pure metals; this
is well known to possibly lead to a drag of the
phonons by the electrons. D Since the phonon dis-
tribution is not an equilibrium one when there are
electrical fields or gradients in the temperature
or the chemical potential present, the conductivity
and the thermal conductivity of pure metals must
depend essentially upon the phonon scattering
mechanism.

The present paper is devoted to a study of the
effect of various mechanisms for the scattering of
electrons and phonons on the transverse transfer
phenomena in metals in strong magnetic fields,

L. Gurevich and Efros [?] studied this effect for metals
and the present authors [*] have studied it for a plasma.

and we elucidate the roles played by electrons and
phonons in heat transfer. We consider the case of
closed Fermi surfaces and assume that the condi-
tion wyTe > 1, where wy is the electron Larmor
frequency and 7g the mean free flight time of an
electron when there is no magnetic field, is ful-
filled. If wyTe > 1 and if the electric field E,
and the gradients of the temperature T and of the
chemical potential ¢ are at right angles to the
magnetic field, we can write down transport equa-
tions for the electron and phonon distribution func-
tions; an important feature of these equations is
that the electrical field and the inhomogeneities
occur in the collision integrals. For weak electric
fields and small inhomogeneities we can find solu-
tions of the transport equations and this enables us
to obtain general formulae for transfer coefficients.
It then turns out that the heat current transferred
by the phonons in sufficiently pure metals is appre-
ciably larger than the heat current transferred by
the electrons.

The situation where the thermal conductivity of
metals is determined not by the electrons but by
the phonons is similar to the situation occurring
in a high-temperature plasma in a strong magnetic
field. The thermal conductivity of the plasma is in
that case also not determined by the electrons but
by the photons emitted by the electrons in the mag-
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netic field. If we consider only the electron-phonon
interaction and neglect Umklapp processes, then
the electrical current in the direction of the elec-
trical field vanishes because of the total drag of the
phonon gas by the electrons. In contradistinction
to the electrical current, the heat current in the
direction of the temperature gradient is non-
vanishing, even when quasi-momentum is exactly
conserved. We show that the phonon-electron drag
can also appreciably affect the magnitude of the
thermal emf.

It is well known that in the quantum mechanical
case, when wy > T, the transport coefficients dis-
play characteristic oscillations when the magnetic
field is varied. We consider both oscillations con-
nected with electron-impurity scattering and oscil-
lations connected with the electron-phonon interac-
tion, and we show that the relative amplitude of the
oscillations may be of order unity and that the os-
cillations should be displayed not only in quantities
connected with transfer by electrons, i.e., in the
electrical conductivity and in the electronic thermal
conductivity, but also in the phonon thermal conduc-
tivity.

2. PROBABILITIES FOR SCATTERING
PROCESSES FOR ELECTRONS AND
PHONONS

We describe the state of an electron in the crys-
talline lattice by three quantum numbers: the os-
cillation quantum number n, which takes on values
0, 1, 2,..., the component ps of the electron
quasi-momentum along the magnetic field H, and
the continuous quantum number p, determining the
coordinate £, of the center of the electron
“Larmor orbit’’ along the x; axis [ we assume
the vector potential to be chosen in the form
A =(0, Hx, 0)]. One can show that ¢ = py/eH
+ x, (P, p3), where x, is a function of p; and p;
with period aeH (a is the lattice constant) in p,
and the reciprocal lattice period in p;. In the
case of a quadratic dispersion law xp = 0; in the
general case, however (but for closed Fermi sur-
faces), the quantity x, is of the order of the elec-
tron Larmor radius. Assuming the Fermi surface
to be closed, we shall neglect in the expression for
¢4 the bounded quantity xp in comparison with the
quantity py/eH which can take on arbitrary values.
We can assume the energy of an electron in the
state (n, py, p3) to be independent of ps.

We shall determine the probabilities for scat-
tering processes of electrons by impurities and by
lattice vibrations. The electron-impurity scattering
is elastic and the probability for it, i.e., the prob-
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ability for the transition («p,) — (k’p}), per unit
time, can be written in the form

Wei (#p2, %'Py’) = 2, Wei (%q; ®')A(p2 + g2 — p2’), (1)
q

where
Wei (q; %)
= 21| Ug|®Vnignn (@) A (ps + g5 — ps) 8 (ex — &),

€, is the electron energy, x = (n, p;), Uq the
Fourier component of the interaction energy be-
tween the electron and the impurity atom, V the
volume of the solid, n; _the impurity concentration,
and gnp/ (q) = | (kpy | '4¥1['p)) [P (A(q) = 1,

if =0 and A(q) =0, if q = 0). In the caseofa
quadratic dispersion law, €, = wg(n + Yoy + p§/2m
and

1§ anes 2
g (@)=| § dnegn(m)owm—p)|

" gy, a=-t, p= B
(27n! Yr) ' YeH YeH
where the H,(n) are the Hermite polynomials. D

The main role in the electron-lattice vibration
interaction is played by processes in which one
phonon is absorbed or emitted by the electron.
The probability for the transition per unit time of
an electron from the state («p;) to a state (x’pj)
accompanied by the absorption of a phonon with
wave vector k and frequency w has the form

en(n) = (2)

2
Wep (%02, k; w'py) = 3 iV 08nns (K)A (P2 + ko — po’ + K)

KK3

K A(ps ks — ps’ + K3) 8 (ex + 0 — &), (3)

where g2 = 27r2V0p/p% is the electron-phonon inter-
action coupling constant, vy and p, the velocity
and momentum on the Fermi surface, p = 0.2,

and K a reciprocal lattice vector. We obtain the
probability for the emission of a phonon from (3)
by replacing k by —k and w by —w (in the 6~
function). We shall not distinguish between
phonons of different polarizations for the sake of
simplicity.

If the Fermi surface lies entirely inside the
Brillouin zone, the probability for Umklapp proc-
esses will be exponentially small (~¢~€o T,
€9 ~ ¢). In that case we may neglect Umklapp
processes in electron-phonon collisions. For
more complex configurations the probability for
Umbklapp processes may be of the same order as
for processes with exact quasi-momentum con-
servation. Unless we explicitly state the contrary,

2)We use units in which £ = ¢ = 1.
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we shall in the following neglect Umklapp processes
in electron-phonon collisions (but we shall take
them into account in phonon-phonon collisions, see
below).

Equations (1) and (3) determine the probabilities
for electron transitions when there is no electrical
field. If an electrical field E along the x; axis is
applied to the solid, the energy of an electron in
the state (kp;) becomes equal to $Kp2 =€, —etE.
Moreover, the form of the electron wave functions
is changed. When studying transport equations we
must know the probability for electron transitions
when there is an electrical field E L H present.
These probabilities are given by Eqs. (1) and (3)
if we replace in the 6-function €, by gffpz' As far
as the squares of the matrix elements gpy’ are
concerned, we may assume that they are the same
as in the case where there is no electrical field.

We consider now phonon scattering processes.
The probability for the absorption or emission of
a phonon by an electron is determined by Eq. (3).
Apart from these processes we shall take into
account the scattering of phonons from the boun-
daries of the solid and phonon-phonon interaction
processes. We may assume the scattering of
phonons by the boundaries of the solid to be
elastic. If the solid has the form of an infinite
plate along H with a thickness L; in the x; direc-
tion, the probability for the scattering of a phonon
from the boundaries of the plate (i.e., the proba-
bility for the transition k — k’) can schematically
be written in the form

W (k, k')

= (s/2L1)A(ke — k')A (ks — k')A (ks + R,
where s is the sound velocity.

The phonon-phonon interaction leads to different
processes of scattering, fusion, and splitting of
phonons. Phonon interaction processes in which
quasi-momentum is not conserved play a particu-
larly important role, since these processes may
lead to the establishment of the equilibrium distri-
bution of the phonons. We shall take the phonon-
phonon interaction into account by introducing a
phonon mean free flight time Top relating to these
processes. At high temperatures (T > ®, where
® is the Debye temperature) this time is in-
versely proportional to T and at low temperatures
1/Tpp ~ e‘b®/T, b ~ 1 (the magnitude of 1/7pp
is appreciably larger than the probability for an
Umklapp process in electron-phonon collisions
for closed Fermi surfaces).

We note that phonon-impurity scattering does
not play an important role since their mean free
flight time relating to this process

(4)
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~(ne/nj) (s/a’)3w™ (ne is the electron density,
a’ the dimensions of the impurity center) is
appreciably larger than the flight time of a phonon
with respect to processes where it is absorbed or
emitted by electrons, provided only that nj/ne

< 8/vy.

3. TRANSPORT EQUATIONS FOR ELECTRONS
AND PHONONS

We denote by £, (g, t) the electron distribution
function, i.e., the number of electrons at time t
in a state «k and with the center of their Larmor
orbit near the point ¢£. The electron density is
connected with the distribution function through
the relation

ne (§7 t) =

el
(2n)? |

—oo

dps D\ fu (&, t).

Assuming that wygT7e > 1 and that the electron
Larmor radius is appreciably smaller than the
scale of the inhomogeneities (i.e., distances over
which the distribution function changes appre-
ciably) we can write down the following expres-
sion for the change in the electron distribution
function per unit time caused by the electron-
phonon interaction:

1P & 1) = 3 wep ke, %) Dy (F, ks w8

x’k
+ 3 wep (w'k, %) Dy (B, K %E), (5)
x’k
where*

Dp (%, k; w'8,) = fuw (§,, ) [1— [« (8, O)I[1+ Nk(E, ?)]
'_fx (5’ t)[i—fx'(gw t)]Nk(gf t),

oy (k') = 2 W (s, s #'p), B = E o [kn),

Ds

H

is the distribution function of phonons with wave
vector k at the point ¢ (one can introduce such a
function provided the phonon wavelength is appre-
ciably shorter than the scale of the inhomogene-
ities).

We draw attention to the fact that the particle
distribution functions occur in the collision integral
‘Kep) at different points in space in contradistinc-
tion to the Boltzmann classical collision integral.
This is connected with the fact that the position of
the center of the electron Larmor ‘‘orbit’’ is

*[k n] =k x n.
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changed when a phonon is emitted or absorbed
(the change ¢ is equal to +k x n/eH).

The change in the electron distribution function
caused by electron-impurity scattering is of the
form

e (&, 1) = D\wei (xq, ') Di (xE, @; #'E"), (6)
®x'q
where
Dilsh, 4 WE) = fu®, D —1x(8, 1), ¥ =5—=[ml

Equating the sum of ff{ep) and ff({ei) to zero, we get
a transport equation to determine the electron dis-
tribution function in the stationary case:

fuleP) + filed = 0, (7)

We note that this equation does not contain kine-
matic terms connected with the presence of an
electrical field or of temperature and chemical-
potential gradients. The electrical field appears
in the expression for the probabilities wg, and
Wei» and the gradients implicitly in the distribution
functions.

We now write down the phonon transport equa-
tion. The change in the phonon distribution func-
tion caused by their interaction with the electrons
has the form

NP (8, 1) = 5, wep (k) Dp (4, s wE,). - (8)

x%'py’

The change in the phonon distribution function
caused by their scattering from the boundaries

of the solid (which is assumed to have the form
of an infinitely long parallelepiped with transverse
dimensions L; and L) can schematically be
written in the form

Ny v = -—22—2[Nk' (§, t)— DN (§, )]

+§L—1[Nk~(§, ty— Nk (E, 0], (9)

where k, = (kii —kz, k3), k// = ( -ki’ kz, kg)

Finally, the change in the phonon distribution
function caused by the phonon-phonon interaction
will be written in the form

Nom = [N @) — Ne(E 1, (10)
Top

where Nlo((g) = [eW/T(g) — 117! is the equilibrium

phonon distribution at the local temperature

T(£).

In the stationary case the sum of the collision
integrals of the phonons equals s 8N1°(/8§ ) k/k:
k OV,
kK 9E

Nk (pe) + Nk (pw) 4+ Nk(pp) = § — (11)
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We now turn to solving the transport equations
assuming the electrical field and the gradients of
T and ¢ to be sufficiently small. The transport
equation for the electrons (7) is satisfied up to
linear terms in E, VT, and V¢ by the functions

— -
pte) = [exo{ 2P} 1]
Ny (8) = N® + N°(1 + N Uk,

Ux = uks + vk

Indeed, the guantities Dp and D; are for these
functions up to linear terms in E, VT, and Vg
equal to

D, (#&, k; “'§+) = — N0 (1 — f°) Aeps

D' (%E q; %'g,) = fxo (1 — fx'o) Aeh

0 &
Aep—Uk+HTk2+ H[k ]age

(12)

—E@)
reE

& — L (§)
TTE

Substituting these expressions into (5) and (6) and
bearing in mind that & — &, = —k xn/eH, £ — ¢’
= q x n/eH, one verifies easily that the distribu-
tions (12) make "f,(fp) and €1 vanish.

We note that since the braces in (5) and (6) (sic!)
are proportional to E and to VT and Vg, we may
assume with the accuracy considered here that the
electrical field vanishes (as mentioned in the pre-
ceding section) in the expressions for the proba-
bilities Wep and wg; occurring in front of the 6-
functions.

Substituting (12’) into (11) we find u and v:

E 63,{

(12%)

2 4 1 g 1 9 1
_— e — ) — 0y — =
“ vg Oxy T eH (ver ver®) vo Oy T
1 vep® g 1 vep® E
eHT vo 0z T vy H'
2 a9 1 g 1 0 1
= _— 1) — (V) Y —
v vi 0y T + ('Vep ver®) vy Oxg T
1 vep® 62,
T eHT vy Oz (13)
eHL,L. e
Vep(r) = —213‘ 2 Wep (‘K 4 ) ( ul ) (fu - fu’o)
Vo == Vep® -} ! + i (14)
Tpp Le

We note that Vg)) is the reciprocal of the life-
time of a phonon with wave vector k with respect
to the electron-phonon interaction.
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4. ELECTRICAL CURRENT AND HEAT CURRENT

We now determine the microscopic electrical
current density j and the thermal current density
q(e) transferred by the electrons. The circular
component j, of the current density is determined
by the formula: 3

. . .. . E i -
]+:]1+l]2:—16—lf—ne+ —H—(Vnesi)+

ie ’ ’
gy S e (ki ) E,Dy (0, K )

xx’k

ie ’ 13-4
+4JTL3 Z wei(%q; M)DI(KE’ q; %5)94-;

xr'q

1 — 1 1
ne:?% fno, Ne€ ) =’v§|‘m}1<n+2‘>fﬂ-o' (15)
A similar formula is valid for the circular com-
ponent qfe) of the heat current

. . E - = i —
7.9 = Fig® = —1 T ne(e ;) + EH(V”eBBiL

i , )
gy 2 e 0k e Dy (kT o 8)

d ’ Y L TEIN.
+ 4rilg Z Wei (%q’ %)SK'QJrDl (%g, q; % g ),

xx®'q

— 1 — 1 1
NeE — -IT EK exfxl, Nete) = 7 % GuOJH< n +2‘) 5. (16)

The first two terms in (15) and (16) are of a
‘‘collisionless’’ nature, and the next two terms are
caused by electron scattering processes: the first
one by scattering by lattice vibrations and the
second one by impurity scattering. One can give
a simple physical interpretation of the ‘‘collision’’
terms. They are the sum over different states of
the product of the quantities

e(F—8&) = —I[kn] /H, e(E—Y)=[qn]/H,

corresponding to the transfer of charge from the
point ¢ to the points £, and ¢’ (in the equation
for j,) and the quantities

ex§ -+ 0 — ey = —ex[kn] [/ eH,
ex§ — ex& = ex[qn] / eH,

corresponding to the transfer of energy from the
point ¢ to the points £, and ¢’ (in the equation

for qﬁe)) and the number of transitions per unit

time.

3)Titeica [*] established this structure for the expression
for j for the case of a uniform distribution. The derivation of
Egs. (15) and (16) was for the general case of non-uniform dis-
tributions given in[°].
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We must add to the thermal current q(e) trans-
ferred by electrons the thermal current q(p)
transferred by phonons:

dk
q® = SN“(E)S—};—@W .

(17)

Substituting (12) into (15) and (16) we find the
transport coefficients, that is the coefficients of
E, VT, and V¢ in the expressions for the current
j and the heat current q = q{€) + ¢(P);

j=0oE—o'Vi/e—aVT,
q—Ci/e=BE—pVi/e—yVI. (18)
Each of these coefficients consists of two terms
caused, respectively, by the electron-lattice vi-
brations and the electron-impurity scattering.
We shall indicate these terms by superscripts
(ep) and (ei) (for instance, & = &€P) + 5led)),
The tensor 7(€P) can be written as a sum 7{(€p)
= 7(eD) (e) + 7(eP) (p), where y(eDP)(e) and 7(eP) (p)
are the contributions to {,(ep) from the electrons
and the phonons.

The transport coefficients defined by the elec-
trical current are of the form

(ep) (ep)’ 1 1 2 0 0 4;(0) vég))'
— e — —_— 1 ] —_——
3 —Gup = T ngsz (1+Nk)vep v/’
. . 1 1
(ef) — M 2
cli - Gﬁl) T 2HTV qu vé‘l?),
k
ene , , e 0 -
512:-02127{: O12 :‘Gzlz—ﬁ—ac NeE | o

s L 1
A = gerre 7 292" (V) — V),
q

S2 (0)

1 - 1 e
g = ap el + HT27§’C22N"(1 + Vi) T: » (19)

where ugg is defined by Eq. (14) and

vy = eH;fz Dlwe (ng; %) (2 ) (L —10.  (20)

%’

( The expressions for gy, @9y, —ay are obtained
from oy, @y, @y by replacing ks and q5 by ki
and q; and vy by vy.)

The transport coefficients defined by the heat
current have the form

SV B |
B£ip):B{1p):Ef12—T7

V(0)
X STERN (14 Vi) (v — vi0) (1 _ Lp) ,
k

Vo
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i ei ;
B =B = 2T v Zqﬁ e —vid),

Blz=—le=F(8J_+3—§),

v(O)
ZklNk 1+[vk)_'7

Vi

,,_T 0 - s?
b= or "L T HT Y
(ep) = g zi_ k2N°(1+N0)
1@ = (eHT ) 72N ¥

4

1
2) 1 0)_ _— (y(1) — 4(0))2
x(vg ) — 2V Vi) — - (v — ) )

1P (p) = zkﬂvk (1 + M) -
iy — 1 S 2 (p(2) — 2y(1) L 4(0)
W' =2\ eHT 7242 (v —2v3 + D),
q
. _ 1 0 — ~
Tiz2 = —Ta = H 3T ne (EEJ_ — CS_L)

1w2<

( The expressions for By, Y99, —B%; are obtained
from By, Y11 and Bis by replacing k, and q, by
ky and gq; and vy by vy.)

The tensors &, 3, &, and vy satisfy the sym-
metry relations for transport coefficients:

) (V) — VO N0 (1 4 V). (21)

Bir’ (H) = Tari(—H), ow(H) = on:i(—H),
Yir (H) = yr: (—H).

However, oqq # 092 Y11 # Y22. This is connected
with the fact that the phonon mean free path in the
general relations (19) (21) is assumed to be equal
to the dimensions of the solid. Only when L1 Ly
will the diagonal components of the tensors ¢ and
vy become the same.

We note that the tensor ¢’ is not the same as
the tensor o and that the tensor 3’ is not the
same as the tensor 3 In other words, the Ein-
stein relations connecting the electrical conduc-
tivity and the diffusion coefficients are not satis-
fied for the microscopic current. However, if we
introduce the macroscopic current occurring in the
Maxwell equations, J = j — curl M (M is the mag-
netization current) the Einstein relations will be
satisfied for J since in J the quantities V¢ and
E do not appear separately, but in the combination
eE — v LT:8]

When deriving Egs. (19) and (21) we neglected
Umklapp processes in electron-phonon collisions.
If we take those into account, the transport coeffi-
cients will be determined by the equations
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82 1. v

oﬁp):TngNko (1 + N) % Wep (vp2, k; %'py)
;ﬂ’z'

x(ro— ) 6—8) (2 g v,

1 e
aﬁﬁ):TBﬁp):TTZ 1+Nk°)

k

X 2 Wep ("Pz: k; %’pz’) (fxo - fx’o) <3x’ - C) (E - g,)
002"
ke V)
X (e T v, +E—¢ >
TP (0) = 77 SN (14 Vo)

X { D Wep (e, ks o'py) (10— 9)

xx’
252

XE—E) (o0 +02(Re )w}

P & \"
= 3 Waploa ) e 1) (%)

D202

(22)

If in an infinite and perfectly pure metal the
Umklapp processes are neglected both in phonon-
phonon and in electron-phonon collisions, then
ugg = vy and ky + eH(¢ — ¢’) = 0. Therefore

o(l?p) and aﬁ?p) vanish. This is connected with the

effect of the complete drag of the phonons by the
electrons which occurs when the momentum con-
servation law is strictly observed. In contradis-
tinction to UE?p) and a(fp) the quantity y(“ep) does

not vanish when this law is strictly observed.

5. CONNECTION BETWEEN IRREVERSIBLE
CURRENTS AND ENTROPY CHANGE

We show that the irreversible parts of the elec-
trical and the thermal currents determined by the
diagonal parts of the transport tensors are con-
nected through simple relations with the rate of
change of the entropy of the solid. The entropy is
clearly the sum of the electron entropy s(e) and
the phonon entropy s(p).

Rt zg 0E (10 fu+ (1 — ) In (1— £},

1

§™ IL %X dE {NiIn Ny — (1 4+ Ny In (1 + Ny)j.

Using the expressions for the change in the distri-
bution functions (5) and (6) we show easily that
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K R LAY 3w ki ) 6
51— f B [ Ne(®)] — e (B) [ — e (B.)] Nic (B)}

@)U —FeBIINc(B)  eH
(=@ e G+ N (B)]  4m

x (a8 3} we (o ) (e §)— 1« (B

®e'q

X In

fx (§) 1 — £ (8)] 1 s
A @i @) T I Sd§§{2L2(Nk Nw)

M@+ Ne) s v v Ne(T 4 Vi)
XIn N+ o (Ne— Nie) In gty +Nk)} :
(23)

(Here we have omitted for the sake of simplicity
the well-known expression for the change in the
phonon entropy caused by the phonon-phonon inter-
action. [9])

Substituting (12) into (23) and neglecting terms
containing the field and the gradients in powers
higher than the second, we get

S = g—ffg d§ 2 We o (%k; M') fxo (1 “'fx’o) NkoAgp
xx'k
H
+ ZE g dg Eq et (%q; M') fxo (1 '_fx'o) Aei2

1
+ i a3 gzvko (1 + Ny

x| £ Ox—U0r 4 4 = U0y]. (2)
2 1
To find the irreversible parts of the currents,
which we shall denote by j’ and q’ (they corre-
spond to the diagonal components of the transport
tensors), we introduce generalized ‘‘forces’’:

4 1
=E— —_ = —_
X vV Y=V,
Then
, 1 as N
Y=wax TTw oy

Using (23) we get for j° and q’ expressions which
are exactly the same as the expressions for the
irreversible parts of the current and the thermal
current in Egs. (19) and (21).

6. TRANSPORT COEFFICIENTS IN THE
CLASSICAL CASE

We determine first the transport coefficients
in the classical case when wy < T. Since
Egs. (19) and (21) are valid for wyTe » 1, we
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must assume that the temperature is sufficiently
low, T < ® (in the opposite case, T¢ ® 1/T and
the condition for classical behavior will be incom-
patible with the condition wy7e > 1).

If wy < T, we may change in Eqgs. (14) and
(20), which determine the ‘‘collision frequencies’’
ugg and ug), from a summation over n to an in-

tegration over the transverse components p, of
the electron. Moreover, we can put in the scatter-
ing probabilities Wep and wei: H=0. As a result

the quantities 1) and () pecome
ep ei

v (k) = L0

o (2L o) — o+ 0)

% 0 (gp + @ — €p.x) dp,
1 r
VP @ = Ua s g | () o) 11— /)
x & (ep— &p1q) dp.

Bearing in mind that T «< ¢, we find

(25)

OSO defo () [1 — 7° (e)] (%)r, (26)

q*/sm

1
v = |Uq|* nim® Or7y

where

y'dy

Grin) = Trenares

(21:rc)2 &

—00

Substitution of (25) into (19) leads to the follow-
ing expression for oyy:

nee? (1 1
= - 27
011 mwﬂz(Tep(2)+ Toi ), ( )
where
1 T( T )“ o S zbdx
Tp® N0/ 2(2n)% 5 (e*—1)(1—e) (14 4az)
(a=1,2)

ne a 1 s /1 s \t
UL O T Y AR )
Tei — a (Y] +La
@:pos.

For a bulk solid (Ag > 1) %

4L. Gurevich and Efros [*] found the quantity rézp) for A,
>> 1.
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1Nn(T>‘vo(1 s)
w® > 30\ ) s \5, T )
In the case of a film (A, « 1)

1 158 (5) pT( T )’*‘

~

Tep®  2m3

0

Since at low temperatures 1/7,, = e'b®/T
when T < @ the quantity U(l?p) will for a bulk
solid be exponentially small. This conclusion
arrived at while neglecting Umklapp processes in
electron-phonon collisions retains its validity also
when the latter are taken into account, provided
only that the Fermi surface lies completely inside
the Brillouin zone. For more complicated config-
urations when the probability for electron-phonon
collisions which do not conserve quasi-momentum
may be of the same order as the probability for
collisions with strict quasi-momentum conserva-
tion, the quantity o{€P) will for T < @ vary not
exponentially with temperature but as a power of
the temperature (proportional to TD, where ac-
cording to (22) nZ 3).

We note that in the classical case the tensors
& and ¢’ are the same.

We now give expressions for the components of
the tensor &:

ne T

TN\, ¢ G
aye?) = pT__(g) I S ( Z 1(«73)
0

e — 1) (1 + zdz)

Og

, 2n2 ne T 1
a“(ﬂ) _ ———3—-——}7—€

1
WHTei

a2

n2 T ne ne [ T\3
-5t (e)

o Asz'd
x ( add (28)

e*—1)(1—e=*) (14 z4,) °

If A, > 1,

ne( T \* v 1 s
O (CAFTES
s ( n) H (C] WHS \ Tpp + L2 !

a2 ne (T 8n2(T)3}
Qg = — U2t = —(— — | —= .

2 H LU 15\ 6 (29)

If Ay <1,
= 4Gy (1)

X b
b € 1

n ne T
2 H T
We note that the second term in the expression for
a9 in (29) is caused by the phonon-electron drag
effect. This term will be larger than the first one

when T > %0V (0/¢).

a2 = (30)

If the Fermi surface is such that the probability
for electron-phonon conditions with non-conserva-
tion of quasi-momentum has the same order of
magnitude as the probability for such collisions
with quasi-momentum conservation, there is prac-
tically no drag of the phonons and the behavior of
the tensor a will be different: there will not be a
second term in the component « ;. The phonon
drag may thus be manifest in the off-diagonal
components of the tensor & determining the
thermal emf.

Let us finally consider the tensors defined by
the heat current. Since B (H) = B;k( H)
= Tay,; (—H) it is sufficient to give only the com-
ponents of y. The diagonal components of y{€i
are connected with 0(1?1) by the Wiedemann-Franz

relations

) ) 2 )
'Yu(el) = Yzz(ez) = _3_ ._ez 0-11(81),

(31)

and the diagonal elements of 7(€P) (¢) and 7(eP)(p)
are determined by the formulae

TNy T\n,
Y“(CP)(e)zz;n;Zp(@_ (,,,_ —

m
e Tt G2 (z) 42
d {G — _rdz 1
x § Jce’c—-i 2(2) Go(z) ’l-{—xAzf
2/ T \2n,
(ep) = | =
y11¢?) (p) 9(9 > m
® 4
x § Ay dz. (32)

(@ —1) (1 —e=) (1+ z4)

We note that these quantities do not vanish as

L — «, -1 =0, The off-diagonal components of

v are of the form

o 1 n T 22neT<T>3
Vo= Tva =g s o @t e

oo

« S( Ay T 4, )x%ﬁ(z) e
0

In the limiting case A, > 1 Egs. (32) and (33)
give

ef T \2/ T \*
'Y“(L’P)(e) B 23—5292‘(‘— ) (__)
m\ oy

(C]
s xzt Giz(x)
x Sd“" ex_i[GZ(x)— Go(2) ] '
L A2B) mey TV
yu€P (p) = o m —@_)’



144

1 n T neo I/ T

3
= —yy = — — —— —| — ] 2(2m)2
iz 2t 24n m wg m u)H< @) (2a1)

FadioA

ex— 1 (34)
0

If Ay, <1, we have

e T \2/ T \t¢ z'G
V14€P) (€) = yozleP) () = ZRZp%—(_—> (__> Smdx

[0) ¢4 (¢} o ex— 1 ’
2 ne( T )Z Loy
(ep) —_ | ) =
yu (p) 15 m (mH Do ’
1 n. T

Yo = —Yu=5— —— —. (35)

Let us compare the contributions to the heat
current from the electrons and the phonons for the
case of a bulk sample:

e~ 5 ()
y11€P)(p) (C] (0)% oT
This quantity is appreciably smaller than unity
when T ~ wy, provided w}; < ®%/p% The quantity
yi?l) connected with the electron-impurity scat-

tering can clearly be neglected if the impurity
concentration is sufficiently small

n; 1 T (OJH )2

L — | —].
e < p t\0O

For T ~ 10%°K, H ~ 10* G, this gives nj/ng

< 107 to 107, For sufficiently pure metals heat

can thus basically be transferred by the phonons

rather than by the electrons.

7. TRANSPORT COEFFICIENTS IN THE
QUANTUM-MECHANICAL CASE

We turn to a consideration of the transport co-
efficients in the quantum mechanical case when
wyg > T (both cases T <® and T > ® may then
be realized). First of all we consider those parts
of the transport coefficients which are connected
with the electron-impurity scattering. Assuming
a quadratic dispersion law we can according to (1)
write the quantity Vg{) in the form

n;meH

vei (q) = Wl Ul E’an' (QL),(%)}O(Sx)[i — [°(&x)],

m qs?
= — —n)——¢. (36)
ps qs3 {mH(n ) 2m
It follows from the definition (2) that the func-
tion quy’ is appreciably non-vanishing when q
S wy /vq. If the range R of the forces between

AKHIEZER, BAR’YAKHTAR, and PELETMINSKII

the electron and the impurity atom is sufficiently
small, so that R < vy/wp, we can thus assume
that Uq =~ U,.

Substituting (36) into (19) and (21) leads to the
following equations for the transport coefficients
caused by electron-impurity scattering: 2

©o

\ dEf(E) (1— f(E))
0

eszmH l Uo I Zn,-
43T

G“(ei) =

N oont1 X 1
2t

SVE=e SV

egmzwg | Uo I zn,;
4m3T?

a“(ei) ==

e E
J azrce) (e (;-1)

N

N
y ?2n+1 1

njVE— €L n’=0VE_ B'LI

*

Y (1) — gzmszl Uolzni ¢ E )2
11 -

— OSdEf(E)(l—f(E))(—C——i

Yoam+1 &1
S2E

X . (37)
o VE—er .~ VE—e.”

where €| = wy(n+ 1/2) and the integer N is con-
nected with E by the relation E = wpg(N+ 1/2)
+ wyd, 056 < 1.

These expressions diverge for E = wyy(n +'1/2);
this is connected with the fact that the first Born
approximation is inapplicable when ps = 0. How-
ever, as the divergence is a logarithmic one,

Eqgs. (37) lead to the correct results when the
temperature is not too low (T 2 wH) and also far
from resonances when ¢ = wy (N + 1/2) + wim
(0=7n< 1) is not close to wg (N +1/2) (the tem-
perature can then be arbitrary).

We give the expressions for the transport coef-
ficients referring to these cases

2 1/,
Ouled) = ﬂ__{1 + o (95 )
MO Te;s 2\ ¢

X i (;_5_71:17‘1"(01,)cos(zjy-‘E — E)} ,

Oy 4

@) zziziﬂz__i_{ 1—° 5 ]/ wH
3 efLmop®Te: 2T T

X Z%TIP’(W) cos( 22’: —{—%)},

5)several authors ['] have obtained the expression for ofeh,
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2 s
'Y“(L’l)._._n_ —ﬂ——{‘i_? (GE_)

3 m(DHzTel 20 §
o (—1) 2arg
x 2(%‘1”(%)005( il —f)}. (38)
y2r og 4
r=1
Here ¥(x) = x/sinh x, ay = 27°rT/wy. We see

that the relative amplitude of the oscillations of
oled and yglei) is of the order (wp/¢)Y2.

If T < wy and the distance from a resonance
sufficiently large (1> n > wy/¢) we have

) nee? ( 5 0;1>
>y — (14—} —],
s G 2
ni2 n.T ( SV )
(i)
Y1 3 MOETe: (39)

The second term in the brackets determines the
amplitude of the oscillations. When n ~ wy/¢ the
relative amplitude of the oscillations becomes
thus of the order unity. The same situation also
occurs when 1 < wy/¢.

Let us now consider those parts of the trans-
port coefficients which are connected with the
electron-phonon interaction. Substituting (3) into
(14) and summing over p; and p; we write Vg))
in the form

1 elp o ex+ 0\"
= S gone (k) ( )
2 70 [kl 2 S B\

Vep

X{f(ex) — f(ex + o)),

k2
p=r{outn—r) +o—21 4o

2m
The simplest is the high-temperature case,
T 2 ®. Replacing in that case f(e) — f(e + w)
by wf(e)(1 —1(€)) /T and neglecting in the
expression for ps the quantity w ~ ® as compared
to k%/2m ~ ¢, we get

1elp o e \"
e ™ (k gnn'(k ( ) — 1)
v ) o P 3 et (=
’ ks?
Pa—k— (DH(n—-n)-—-9m}. (41)

Since the mean free flight time of the phonons
for T 2 ® is very small we may assume their
distribution to be an equilibrium one and put in
Egs. (19) and {(21) vy = vy = . Using (41) we ob-
tain for U(ep), a(ep), and y(ep) expressions which
differ from those for U'(ei), oled), and y(Ei) in that
Tej is replaced by 47T3/pT. At high temperatures
the electron-phonon scattering behaves thus like
electron-impurity scattering.

We consider, finally, the case of very low tem-
peratures T < swpj/vy. When T «< ® phonons with
wave vectors k ~ T/s play the main role. On the
other hand, we can for large n and k < wy/v, re-
place the function gn,’ in Eq. (40) by 6np’. If
T <« swH/Vp, we have thus g,/ & 6,/ and

r
e e (B )
n

2po ks

_m( k32)
Pe= \ " am )

The main part in that sum is played by only one
term corresponding to the minimum value of
IeK —¢|. It is reached for a value of n = ny de-
termined by the condition

§~p32/2m=mﬂ(ﬂo+1) + Ty,
—(DH/Z

e (K) &~
vep" (k) 3

(42)

< To < ox /2.

The quantity ¢ is clearly a periodic function of
¢ — p3/2m with period wy and can be written as
a Fourier series

o =az {2 Z Tt~}

ps® 1 ( T ) ) 6]
—r = T — " Er2) — —_
z=¢ o C-i-z’é 1 880§$ ey 3 e
ks ms?
_ — - — —. 43
z ‘kslv €0 2 ( )

Retaining in V(elg only the one term with n = n,
we get

Vep( = 2(;):I| p l

Using this expression we can, in principle, de-
termine the quantities o(ep), a(ep), and y(ep) (e).
We restrict ourselves he%'e to t1he evaluation of the
quantity y(l‘fp) (p) determined by the phonon

(N0 1) 4 (e + 1)~ (1 + =03~

thermal conductivity. To do this, we expand the

function 1/1/&05 which is a periodic function of z

(as is the function ¢ (z)) in a Fourier series:

2vo|x|{ + -

(0) SO

exp (Zmrz/u)H)
1 + 2nirT /og

Substituting this expression into (21) we get
20073 1

stopp (2m)%

o exp (2nirz/wg)
A1+ 2 T e

y11©P)(p) = S ( S

1
ppy sy 7 p—— §)§dx:c(1—x2)

(44)

Assuming that €y, < wpy, €y < T we can in (44)
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integrate over x. Using also the definition (43) of
the function ¢, we find

voT 2 nT
Y11©P) (p) = — {

151 - ¢ (2

0us?p 6aw

©o

T SE@(Q“GQH?/%) dg}

e § et —1

(44")

where ¢ = Nwg + nwi, 0= 71 < 1, N a positive
integer and a = mTy/8cywy. When o < 1 the re-
gion of ¢ for which 0=z = wy gives the main
contribution to the integral in (44’). In that inte-
gral ¢(z) = —z/T and

‘i’ Ep (L — awnt?/2n) g
o et —1

== _i(n_}_>+{tfq_ff_§° dz }

v —
2nm/a 1

Substituting this expression into (44’) we get
finally

yu®P) (p) = (45)

vl T2 1 °§ dz }

ez —1
m/a

WHS%p 56 2na, |
We note that y(€P) (p) is a periodic function of
1

the chemical potential with period wyg. The maxi-
mum value of y(ep) (p) is reached for n =1, i.e.,
11

for ¢ = Nwy:

[v11©P (p) Imax = 2po/ 3pT. (46)
We recall that the maxima of O’E?i), a(l‘fi), and
y(fi) are reached in the points ¢ = wyg (N + %).
The shift of the maxima of y(lfp) (p) relative to
to the maxima of ys‘fi) is connected with the fact
that the quantity yg‘fp) (p) is determined by the

function I/V(eop; while the quantities U(ei), alei),
11 1
and yi?i) are determined by V(eoi)'

When 1 ~ 1, the second term in (45) is expo-
nentially small so that

2 UoT

yu?) (p) =~ (47)

30 ogs?p

Since that quantity is appreciably less than

[y(ep) (p)) the amplitude of the oscillations
i max

in yﬁ?p) (p) is also determined by Eq. (46). The
interval in which y(j’p) (p) as function of the

chemical potential is close to its maximum value
is of the order awyy /27. A comparison of
v(€ep) (p) with 7(1?1 gives

11

Yu©) [ yu®P)(p) ~ 0(%/ on)?n; [ ne.

We see that, if nj/ng < p'I(wH /¢)? the phonons
and not the electrons will play the main role in the
heat transfer in the quantum case.
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