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The change in the ground-state energy of a nucleus due to replacement of a neutron by a 
proton is considered by the interacting quasiparticle method. An equation is obtained for the 
mass difference of mirror nuclei. Comparison with experiment is carried out. The constant 
L = 0.4, which describes scalar interaction of quasiparticles on the Fermi surface, is found. 

THE change in energy of the ground state of 
mirror nuclei due to the substitution of a proton 
for a neutron (mass difference of mirror nuclei) 
was measured with good accuracy[!] by determining 
the energy of the {3 decay of mirror nuclei. Calcu
lations of the mass differences of mirror nuclei 
were made in many papers (for example, [ 2 •3] ), 

but in all these papers the interaction between the 
quasiparticles (residual interaction) was not taken 
into account. The most detailed calculation was 
made by Sood and Green[ 2J, who used the wave 
functions calculated for a well with a diffuse edge. 
The parameters of the well were chosen to agree 
with the binding energy of the last neutron and the 
last proton, and thus varied from nucleus to 
nucleus. 

The method of interacting quasiparticles, devel
oped by Migdal [ 4J, makes possible a correct ap
proach to this problem [ 5]. To calculate the nuclear 
phenomena connected with small excitation energies, 
one introduces in this theory certain quantities that 
are constant over all the nuclei and for all phenom
ena. 

A constant describing the scalar interaction be
tween the quasiparticles on the Fermi surface, L 
= frP - frP, is introduced in the equation for the 
mass difference of the mirror nuclei. Comparison 
with experiment yields f_ = 0.4, which is approxi
mately in agreement with the value obtained from 
the isotopic shift, L = 0.6, and does not contradict 
energy symmetryL 5]. 

It must be noted that in earlier investigations 
no account was taken of the difference in magni
tude between the spin-orbit splittings of proton 
and neutron levels. Comparison with experiment 
has shown that the spin-orbit splitting of the pro
tons exceeds the spin-orbit splitting of the neutrons 
by a factor a ( 2Z + 1), where a ~ 0.1 MeV. 

EQUATION FOR THE MASS DIFFERENCE OF 
MIRROR NUCLEI 

The energy change due to the addition of a 
particle in the state .\o is of the form [ 5] 

~.~. ~.~. 
~E = aBl:~, = a2f~'~' 60p;.' = a2 ~ r,_,,_, (n;.'- n;.'), ( 1) 

~' 

where a-renormalization of the single-particle 
Green's function, n.\'• n.\'-occupation numbers in 
the new and old nuclei, respectively. Let us deter
mine the energy change due to replacing a neutron 
by a proton 

where r' -change in amplitude due to the account 
of the Coulomb interaction in first order l) in e 2. 

The quantity r' satisfies the equation 

f' = fQ + fQAf 0 + f"'Af'. (3) 

Then, using (2) and ( 3), we obtain 

EQ = a2fQ(6p) 0 + a2f"'AEQ; (6p) 0 =Bop+ Af060p, (4) 

where r 0 -amplitude of interaction of particles 
without account of the Coulomb interaction, satis
fying the equation 

rw -amplitude of interaction between the quasi
particles on the Fermi surface, and rQ -analo
gous quantity which takes into account only the 
Coulomb interaction 

e26(t1-t2) 
fQ= {6(x-x1)6(x'-x2) 

X1-X2 

- B (x'- xi) 6 (x- x2) }. 

(5) 

(6) 

1 )Terms of order e4 make a contribution <1% and are neg
lected. 
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Table I 
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E~xp, Ef, MeV 
aE0 

SEQ !.' A MeV 
-EQ EQ - exp- I 

the or 

1p3j. 7 1.646±0.002 1.613 0.03 0.07 
1p3j. 9 2,032±0.006 2:119 -0.09 0,10 
1p3j. 11 2.761±0.003 2.644 0,12 0.13 
1p lj. 13 3.066±0.005 2.580 0.43 o;11 
1p 11· 15 3.539±0:006 3.073 0:47 0,23 
1d ·I· 17 3.550±0.006 3:614 -0.06 0,09 
1d5h 19 4,027±0~008 4.012 +0.01 0.12 
1d •;. 21 4.266±0,006 4:367 -0.10 0,14 
1d "I• 23 4.841±0,010 4.708 +0,13 0.16 
1d 51· 25 5 .062±0: 008 5.039 0,02 0.20 
1d •;. 27 5.584+0.010 5.368 0.22 o;23 
2s 1/2 29 5:749±0.010 5,494 0.26 0,42 
2s II• 31 6.220±0.060 5.87 0,35 0.45 
1d 3 I• 33 6.360±0.030 5.79 0.57 0.28 
1d 81• 35 6. 760±0.040 6,12 0.64 0 .. 34 
1d "I• 37 6,920±0,110 6.43 0.49 0.37 
1d"/2 39 7 :294±0,030 6.7 0.59 0,41 
1! 7 I• 41 6.740±0.050 7.164 -0.42 0.19 

OEQth -correction for interaction without account of the term ± a(2l + 1); eor 
E Q -experimental difference of the Coulomb energies; E 1Q -difference of 

exp 

nucleon energies in a well with smeared edge, without account of interac· 

tion [2 ]. 

We note that the quantities rw, rQ, r 0, and A, 
which enter in (4) and (5), are matrices in the iso
topic variables. Thus, to determine the mass dif
ference of mirror nuclei it is necessary to solve 
Eqs. (4) and (5). 

Numerical calculations show that the system 
(4) and (5) can be solved by iteration. Performing 
the first iteration, we obtain 

EQ = fQ(6op + Af"'<'lop) + f"'AfQ<'lop. (7) 

Recognizing that rQArwo 0p = rwArQo 0 p, we 
obtain 

EQ = fQ6op + 2f"'AfQ<'lop. (8) 

The quantity 

(9) 

is the difference between the Coulomb energies of 
the mirror nuclei, without account of the interac
tion between the quasiparticles, and was calcu
lated by Sood and Green [ 2]. It must be noted that 
the second term in ( 9) is smaller than the first by 
Z 213• The first term, on the other hand, is the 
energy of the particle in the state 11. 0 in the 
Coulomb field of the nucleus. Consequently, the 
interaction must be taken into account only in the 
first term of (9). 

COMPARISON WITH EXPERIMENT 

Let us write down expression (8) in the repre
sentation of the function cpA.: 

Ql..ol..o 
EQ = L;r~..,~.., bop~.., 

1.., 

(10) 

where L = fnn - fnp· In writing down (7) we made 
use of the isotopic invariance fnn = fpp• fnp = fpn· 
In fact f_ depends on the coordinate r and assumes 
different values inside and outside the nucleus. It 
is natural to use for L the interpolation formula 

1- = t::.u+ u::.u:_ (_ac ) n (r)- n (0) ' 
n(O) 

where n ( r) -density of nuclear matter. 
Equation (10) was solved numerically in the os

cillator model. For the scalar symmetry vertices 

Averaging I 
over the 
states 

1p sl•; 1p II• 
1d 5/2; 1d "I• 

2s If• 
1p•j,; 1p lh; 
1d 5/2; 1d "I•; 
2s 1/2; 1/ '/2 

Table II 

Interval I 'EQ EQ of A 8EQ MeV exp - 1 • 
theor' MeV 

7..;-15 0.14 0.19 
17-'-27 0.23 0.25 
33~39 

29~31 0.43 0.30 

7-41 23 0,20 
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in the oscillator model, the effective selection 
rules are with respect to A. ( nZ) and A.' ( n'Z'), with 
n = n' + k and l = l'. Except for the nuclei with 
A= 29 and 31, it was possible to confine oneself 
to the first iteration. The solution is changed 
little when f~ac varies from f21UC to zero. Tables 
I and II list values corresponding to f::'ac = 0. 

In comparing theory with experiment it is nec
essary to take into consideration the difference in 
the magnitude of the spin-orbit splittings of the 
neutron and proton levels. The mirror-nuclei 
mass difference for an odd particle in the states 
j = l ± s is equal to 

!l.M = EQ ± 1/za(2l + 1), EQ = EtQ + EzQ, 

Here E~ is the difference between the Coulomb 
Green's functions without interaction, as calcu
lated by Sood and Green, and E~ is the correction 
to this difference. 

The calculation results are summarized in 
Tables I and II. Table II lists the average values 
of the correction due to the interaction, for nuclei 
with the same orbital angular momentum of the 
added particle, and also the average value for all 
nuclei ( L = 0.4). These average quantities do not 
include the difference in the spin-orbit coupling. 

Comparison of individual nuclei was made with 
account of the term a ( 2l + 1 )/2, with a 
chosen to be 0.1 MeV (see the diagram). The 
ordinates of the diagram represent the difference 
in the experimental values of the f3 -decay 
energy [ t] and of the Coulomb energy E~. 

In conclusion the authors thank A. B. Migdal, 
M.A. Mikulinskil, P. E. Nemirovskil, and E. E. 
Sapershte1n for useful dis cuss ions. 
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The dashed lines join the experimental points; continuous 
curve - theoretical with account of the spin-orbit term. 
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