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Growth of sound fluctuations in a piezoelectric semiconductor is considered for the case of
sound instability due to the effect of a stationary electric field. An equation is obtained
which makes it possible to determine the intensity of the fluctuations in a much wider fre-
quency range than the analogous equation of the previous paper. (9] The possibility of apply -
ing the method of description of growing fluctuations to consideration of other cases of in-

stability is considered.

1. INTRODUCTION AND STATEMENT OF THE
PROBLEM

LAST year, a sound instability was discovered in
piezoelectric semiconductors [1] and was investi-
gated in a number of works[?""1. The instability
consists in the fact that in constant electric field E
in which the drift velocity of the conduction elec-
trons V exceeds the phase velocity of the sound,
the sound absorption is replaced by its amplifica-
tion; in this case the noise (i.e., small sound fluc-
tuations ) begins to grow and can increase to a very
high level.

The sound instability in the simplest cases is
convective.!”? This means that at a given point of
space the intensity of sound fluctuations is sta-
tionary in time but on the other hand it reveals a
spatial growth ‘‘along the current.’’ The growth is
limited only by the finite dimensions of the semi-
conductor or by the nonlinear scattering of the in-
dividual growing vibrations on one another. In this
paper we consider the case in which the dimensions
of the semiconductor limit the growing fluctuations
to such a level that nonlinear effects do not yet
play a role.

We shall be interested in fluctuations at an in-
stant of time which can be characterized by the
quantity UQ(R,t) introduced previously in [eJ2),
this quantity has the meaning of a mean-square dis-
placement amplitude in a traveling sound wave with
wave vector Q. This function is connected with the
more useful quantity Ng —the number of phonons
in a state with wave vector Q —by the simple rela-

DThe concept of convective instability was introduced in

the book of Landau and Lifshitz.[®]
2)Referred to hereinafter as I.

tion NQ = pVawQUq/h, where p is the density of
the crystal, V; is its volume, wq is the frequency
of the sound vibrations.

In our case of classical fluctuations it is natural
to use the quantity UQ, and not Ng. We shall show
that if wQ does not depend on the time, then the
function UQ(R) satisfies an equation of the form
dwq OU ou
G o T =,
where vy is the damping coefficient of the sound vi-
brations, which is negative in the region of insta-
bility. The left hand side of this equation has the
usual form. The role of the right hand side in the
kinetic equation for phonons is played by the opera-
tor of phonon-phonon and phonon-electron colli-
sions.

However, in the given case, we cannot describe
the right hand side of (1.1) in terms of this opera-
tor, since we are interested in low frequency sound
fluctuations whose period 27/ wQ is much greater
than the electron relaxation time T7¢, or than the
relaxation time Tp of ‘‘thermal’’ phonons (that is,
phonons with energy =T, where T is the lattice
temperature in energy units). Therefore, the in-
teraction of the low frequency vibrations with elec-
trons and thermal phonons cannot be considered as
an elementary act, and it is necessary to apply the
phenomenological theory of hydrogynamic fluctua-
tions.

The theory of hydrodynamic fluctuations in the
state of thermodynamic equilibrium was introduced
by Landau and Lifshitz.[1%] The equations of the
theory of elasticity are obtained in it, and on the
right hand sides of these equations there are ran-
dom forces, while correlations are found between
these random forces. The prescription for appli-
cation of these equations is that in order to express

oUq
- 4+ (1.1)
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their solution—the random deformation—in terms
of a random force, and then to compute the observed
mean of the products of the random deformations,
use is made of the correlation equations for random
forces.?

In the present work we show, first, that the
sound fluctuations in the piezoelectric can be de-
scribed in terms of equations of the type written
down in [10"12], and that it is possible to calculate
the correlators between the random forces in the
nonequilibrium state which arises under the action
of the stationary electric field. Second, from these
equations we can derive directly an equation for the
observed averages of the products of random quan-
tities. This equation of the kinetics of the fluctua-
tions is easily generalized for the spatially inhomo-
geneous case also, in which it takes the form (1.1).
Its right hand side has the meaning of the power of
the source of fluctuations and is expressed in terms
of the coefficients that figure in the correlation re-
lations between the random forces. The form of
the left hand side is quite natural, although there
it is necessary to note one particular circumstance.

The sound instability arises as the result of in-
teraction of sound vibrations with vibrations of the
electron density. The latter, in zeroth approxima-
tion in this interaction, satisfy an equation of first
order in the time —the equation of continuity, in
which the ohmic current figures as the density of
electron current. There is no mechanical system
which would satisfy an equation of such a type in
the absence of dissipative processes. Therefore,
it was not clear in advance that the mean square
of the Fourier component of the fluctuating elec-
tron density would satisfy an equation of the type
(1.1) with a left hand side characteristic for purely
mechanical systems.

The difference between the system considered
here and a purely mechanical system is clearly
demonstrated in Sec. 4 in the example of a weakly
nonstationary fluctuation. The nonstationarity is
associated with the change in the external electric
field E, and leads, for example, to the appearance
of a contribution to the damping coefficient of the
sound vibrations y. However, this contribution is
nowehere equal to G)Q / wQ, as it would have been
according to the theory of adiabatic invariants for
a purely mechanical system.

The introduction of equations of the type (1.1),
which has been done in the presentworkin the con-
crete example of fluctuations in a piezoelectric,

3)The procedure applicable for electomagnetic fluctua-
tions of such a type is described in detail in the books of
Rytov[“] and Landau and Lifshitz [*2],
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is easily generalized to include fluctuations of any
other physical quantities which satisfy equations
with random forces, the correlator between which
is proportional to 6(t —t’). The advantage of such
an approach in the consideration of fluctuations in
a piezoelectric in comparison with the procedure
used in I is, in particular, that the limiting case of
fluctuations whose frequency is larger than 1/7)\
(where T is the Maxwell relaxation time of the
electron density fluctuations ) cannot be considered
by the methods of paper I, but can be studied by the
methods developed in the present work.

2. INITIAL EQUATIONS IN THE THEORY OF
SPATIALLY HOMOGENEOUS FLUCTUATIONS

In order not to write out the cumbersome tensor
expressions, let us consider fluctuations of simple
systems which are propagated in a direction close
to some symmetry axis of the crystal (the x axis)
and ultimately write down also the final result
which is valid for the general case. As shown in
I, the initial equations for the quantity

ng="V,"1 K d?r e-irn (r)

ug="V,1 S d?retar g (r),
(where u is the x component of the fluctuation
displacement vector, and n(r) is the fluctuation
electron density ) have the form

0uq 4np? , Oug

Y 2 (7""‘}' ) gx*0q — Ngx” 5t + an + igxSq
2.1)
a o . 1 x i
5 [ 0 ] e e e
(2.2)
where
g‘q (t) gq (t') = (2T es/V,) Oqrgd (t' — 1), (2.3)
sq" () sq (t') = (2Tn/V ) bqrgd (' — 1), (2.4)

while g("i(t)sq'(t') = 0. Here sq is the xx com-
ponent of the tensor of random stresses, gq is the
density of the random current, p is the crystal
density, e is the charge on the electron, Ajgkrm is
the tensor of the elastic moduli (A = Agxxx and
similarly for the other tensors), Bj k7 is the ten-
sor of piezoelectric moduli, €ji is the tensor of
dielectric constant, njkim is the tensor of viscos-
ity coefficients, oji is the tensor of differential
conductivity, Djk is the tensor of diffusion coeffi-
cients, T\ = €/470, Te = noezD/o, k% = 4no/eD,

n, is the stationary concentration of the electrons.
The bar indicates averaging over the probabilities
of all states which can participate in this product
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(for more details in connection with this meaning
of averaging, see I).
For compactness in writing the set (2.1)—(2.2),

we put
p— —¢'(3
uq_g(l) ng=E&o.

z;zq = E'q(g),
Then, denoting by gq the set of three quantities
g'(n) we have

0t ¢/ 0t — o' (@) Eq = yd'- (2.5)
Here
0 1 0
1

(2.6)
while the matrix Y’ which enters into the relations
ya™ () yd () = Vo' Y (@) 8qad (' —1),  (2.7)

has two elements different from zero:
Yoo! =.2Tnq.2 [ 0% Yss’ = 270/ €.

Now let us introduce the linear transformation
gq(n) anng (n)_ (28)

Transforming the set (2.5), we have the form
0tq /0t — 0kq = yq; a = Se.S7, (2.9)

We shall see below that there are no multiple
eigenvalues for the matrix «’. In such a case, as
is well known, one can always select the matrix S
in such a fashion that the matrix o« becomes diag-
onal. Then the set (2.9) takes the form

By =St or

Ya=SY'q.

OE o™ | 0 — ankql™ = yq™. (2.10)

We separate the real and imaginary parts in the
complex quantity an(q):

an(q) = —iong — Ynq / 2. (2.11)

As can easily be demonstrated, one can always

choose the functions g(n) in such a way that they

satisfy the condition .g(n) = ég(n)*. Below we shall

assume this condition to be satlsfied.
The random forces in (2.10) satisfy the correla-
tion relations

(n) (t) y(‘n ) (t’) :“'V—%Yn’n (q) éq,qa (t» —t),

where Y = SY’S*, where S*
jugate of S.

Our goal is to calculate the average of the quan-
tity

(2.12)

is the Hermitian con-

Agg ) =" O & O,

2
(@ — iog) (o + iog") [oc +igV 4 Tiw (1 + & )] —
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which characterizes the fluctuations. In this sec-
tion we consider spatially homogeneous fluctua-
tions where AR/ = AD'Ns ,  Tet us derive the

_ 2q9'q T 2qq °q'q" y _
equation satisfied by the functions qun. For this
purpose, we consider, along with Eq. (2.10) for the
functions §Eln)(t), the equation

—%gq(M)t (t + T) -+ <—— i(‘)mq + TT"W> gq(m). (t + 17)

=y (t+ ), 2.10a)

and the time 7 > 0 is chosen such that it is every-
where less than the per1od of the fluctuations.

We multiply (2.10) by 5 (t+ 7) and (2.10a)
by g (n) (t), carry out the averaging, and add the
two equatlons On the left hand side of the result-
ing equation we can obviously set T = 0 everywhere,
since this quantity is much less than the period of
fluctuations. In the calculation of the right hand
side, we shall take into account that

Eq™ (2) y™* (t + 1) =0,

inasmuch as the value of the function ¢ at a much
earlier time cannot depend on the values of the ran-
dom force at the later time. Finally, for wy, 7 <1
and Iynq/rl < 1 we get

BTy (8) = Vo Yo (q) 8gq-  (2.12a)

As a result we obtain the following relation for

n’‘n.
Aqq

S A 1 (g — 0ng) A+ Y (e + Tog) A

= Vo 8¢qY nn (q)- (2.13)

This equation is suitable also for description of
nonstationary fluctuations if the nonstationarity is
brought about by the explicit dependence of Y/,
on t. If now this nonstationarity is connected with
the time dependence of “ng °F Yng then (2.13) no
longer holds and the corresponding equation for the
description of the functions will be obtained in
Sec. 4. e

N /(n)*, /(n’)

The averages of theinitial values of £4 " £q”
form a matrix A’ which is obtained from A by
means of the inverse transformation: A’
=sTtA(s™)".

We shall now determine the matrix «, i.e., we
shall find the eigenvalues ap(q) of the matrix o’.
For this purpose, it is necessary to solve the equa-
tion Det (o’ — al) = 0 (where I is the unit matrix),
or in explicit form [7J
4nq.®

€0Tyr

(2.14)
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where
A ngs* 0 . Y2
(J.)q+=0)q :t—zy Y= o 9 @ = g —T?
4 2 r2
0l = (x+ il )?'-.
€ Y

We shall solve (2.14) by the method of succes-
sive approximations, assuming the right hand side
to be small. In the zeroth approximation,

u® = —iwgt, @@ =ing",
1 2
az® = ——iqu~—~—(1+g»:v), (2.15)
™ ®e
where
__ v , v Agx?
WgoE = g0’ F——, g2 = 0go® —— Wgo? =
q0 q D) q q i q 0

We find the contribution of a first approximation
to ago), 6&51), by substituting on the left hand side
of (2.14) in place of the first factor 6051), and by
setting o = a%O) in the second and third factors.
In similar fashion, computing the contributions to

aéO) and oz§°), we have
24 2
601(1) == ______27175 1= A+’
SpTMﬁ)qo'
2np2q.2A= 2.2
doph) — _MA_” S = — 4npletA4 A (2.16)
EPTA®q0 80Tar ’
where

Ay = [¢.V F (oqfx + iy 2 — it (4 4 g2 2]

We shall determine when one can use the method
of successive approximations to calculate the cor-
rections (2.16). For calculation of 6w, it is nec-
essary that the following inequality be satisfied

[ o] < | a®]. (2.17)
But in piezoelectrics, as a rule,
4nf? [ eh << 1, (2.18)

and then (2.17) is a direct consequence of (2.18).
To obtain 6051(“ and 60:5“, the procedure is
more complicated. For qxV = wqos the real parts
of a1‘°) and a§°) are close to one another; for ex-
ample, in calculation of the correction 6a{1), one
can set @ = {” in the third factor in the left hand

side of (2.14), only if

[a® — ag®@] = 18a,®]. (2.19)
The inequality (2.19) is satisfied for all values of

V only if
1 xZ 2 2 2x2
[L(+20)- 3 1= 2
™ ki 2

_“_Sp_cMqu/ . (2.20)
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Furthermore, it will be assumed that (2.19) does
hold. Then the amplified oscillations are close in
their character to mechanical (the case of ‘‘weak
interaction’’). For the reverse inequality, there
exists a range of values of V in which the first and
third formulas of (2.16) are unsuitable, and the cor-
rections éa{“ and 6a;§“ must be determined si-
multaneously from the quadratic equation. In this
case (which we shall not consider here) the vibra-
tions of the amplified branch arise as the result of
the strong interaction of the mechanical and elec-
tronic systems, brought about by the closeness of
the corresponding frequencies. These equations
are not similar to any oscillations existing for
B = 0.

It is convenient to find the matrix S in two
steps, setting S = S,8;. The matrix

1V 2 iV2o,~ 0
S1=11/VZ —iVies 0 (2.21)
0 0 1

brings about a partial diagonalization of the matrix
o by means of the transformation from the quanti-
ties ug and G4q to the quantity b((f’z)

= 2'1/2(uq + iﬁq /w?i). The latter represent (with
accuracy up to the factor V2 ) the amplitudes of
two traveling sound waves propagating in opposite
directions. In the calculation of the matrix S, and
in what follows, we shall assume that the equality
Yy < 'rl(/}(l + qf{x “2) holds, which is satisfied in
practice in the majority of cases of interest, and
limit ourselves everywhere to the lowest approxi-

mation in vy /wqo <« 1. Then, with the accepted
accuracy,

1 inRg P, 4neBA,
EPTMmqg Vispu)qo
Sy = % 1 _%ZB% (2.22)
M™qo P qo0
Br2A,  iBg A
Vir,  Voe, !

Sy ! js obtained in our approximation from S, by
means of a change of sign in all the nondiagonal
matrix elements. We note that in the case of ‘‘weak
interaction,’’ [(2.19)] the quantities 5((11), géf’, and
£8 retain approximately the meaning of the ampli-
tudes of sound waves traveling in the direction gq
and in the opposite direction, and the amplitudes
of the electron density oscillations, respectively.

In the same approximation
03 = ¢V,

Wig = ®q0, W29 = —— Mq0,

Yig(V) = vz (= V)
— v + 43’12(32 (J.)qo((.l)qo — qu)TM
& (11 g% )+ (g0 — 4V VP
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vig = (1 + ¢®«2) Tar . (2.23)
Finally,
TY[
= Yu(— V)=
Y (V) 2(—V) YR
4np? Te ™
eh 0 (14 ¢ 2)2 + (g0 — g:V) 210 °
T
Yo=Yy =— ———Yl—z
PWyo
4np? T, T

en _p_ _[o)qorM -i—hi_("fIqxzn‘:ZSP —(q<VTa)?

Y= Ysz’, Y13(V) =Yy" (V) = - Y23(—V)
— Ygz“ ('—V)
__hn V2 Bog.2T. 1
_ €EpMqo 0V — g0 — i(1 4 q2n2)tart
(2.24)

We shall give without derivation the expressions
for ynq and Ypq in the case in which the wave vec-
tor q is directed not along the axis of symmetry of
the piezoelectric but in arbitrary fashion (summa-
tion is carried out over repeated indices):

iklm €xem
nV)=r(—V)= NiktmGi91%kEm. (];QI i

(Bl,abqlqaeb)2 (‘qu — (IV)
035 [(1 + ¢*%7%)® +'(0go — qV)z‘er] qzmqo ’

4 (2.25)

1s = (14 ¢*»7?) Tl Y11(V) = Yo (— V) = 1,U,,

T 2T,
Uy = e;’q )

Y, 9 ! 33 =
pvomqg

Yo = Nikimqiq91€xkEm
o
(Br.a09:9ae0)?

T,
e . 2.26
T e A F P + (o — V] © 220

Here wq, is the frequency of elastic vibrations for
Bi,kl = 0, e is its polarization vector, oq

= Omndm&n /a® (and similarly for the other
tensors),

w2 = 4na, [ €qDq, ™ = &q/4nog, T, = nee®Dy/ o,

For q - V> wqg, we have yj < 0 (which also in-
dicates instability ), while vy, > 0 and y3 > 0.
We want to calculate the mean square of the am-

plitude of the traveling sound wave bm*bg), which

will be denoted by the symbol Uy. We have
Uqg = (S:71) AR (S7) 0"

In the case of ‘‘weak interaction,’’ when the condi-
tion (2.19) holds, the matrix S, is ‘‘nearly diago-
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nal,’’ and, with the accuracy that we have used,

Uq = A, When v4 becomes negative, the solution
of Eq. (2.13) for All = Uq increases as a function
of t. In other words, for y; < 0, a real instability
arises in the spatially homogeneous case: the sound
fluctuations, in accord with linear theory, increase
in time without limit.

In practice, each real system is spatially
bounded and the boundary effects play a special
role in it. If all y, > 0, then for sufficiently large
dimensions of the system, the role of these effects
is negligible. If some vy, < 0, then these effects
can play a principal role, independent of the dimen-
sions of the system. Thanks to it, the fluctuations
become spatially inhomogeneous. It is essential
that here they become stationary in time at any
fixed point and for yy < 0 but on the other hand
they exhibit spatial growth ‘‘along the current.”’
This is the case of convective instability of the
system.

In order to consider convective instability, it is
tempting simply to add a convective term on the
left hand side of Eq. (2.13) for the diagonal ele-
ments of the matrix A [see (1.1)]. However, to do
so would have heen careless, inasmuch, as was
pointed out above, there does not exist a mechani-
cal system which (in the absence of damping)
would be described by the set of equations (2.1)—
(2.2). Therefore, an equation of the type (1.1) calls
in this case for a somewhat more careful deriva-
tion, the basic ideas of which will be set forth in
the next section.

3. SPATIALLY INHOMOGENEOUS FLUCTUA-
TIONS

Here we derive an equation which makes it pos-
sible to determine the diagonal (n = n’) elements
of the matrix A for the case of a spatial inhomo-
geneity, in which the characteristic length I over
which the growth or decay of the fluctuations takes
place is sufficiently large. We shall write down
the initial equations and the correlation relations
in the coordinate representation:“

EOED (o (e —r) 50 (m) =y (1,0, G

4)Fundamental interest is attached to the behavior of the
long-wave fluctuations with wave vectors g« (maximum
amplification corresponds to q = «; for larger q, the amplifica-
tion coefficient — y, falls off as q7?); therefore, if for example
the integral [d’q a(q) diverges, it suffices to cut off the inte-
grand when q >> k. The cut-off method has no effect on the
form of an equation of the type (1.1) in the significant interval
of q.
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Yy () =Y (' —D)8(E—1),  (3.2)
on (r) = (2m) { dgatn (q) e,
Yo (r) = (27)° § &Y nn () " (3.3)

In the case of spatially homogeneous fluctua-
tions,

Cv (s, ¥) = EIWET)

depends only on Ar =r —r’, while the matrix Aloipq
is proportional to 6q’q. In the presence of spatial
damping or growth of the fluctuations, CPP(r,r’)
begins to depend on rj = (r + r’)/2 also, while the
matrix Aapq differs from zero even for q = q’.
Here, C(r,r’) is a sufficiently steep function of
Ar and a smooth function of r; Aapq, on the other
hand, depends smoothly on q, = (q +q’)/2 and
quite sharply on Aq. To be precise, we can state
that the matrix elements Agpq are essentially dif-
ferent from zero in the interval Aq ~ 1/1.

We introduce a representation with the aid of
wave packets, in which one can write down the
equation for the increasing fluctuations. Here we
construct the system of functions ®

Yor (r) = Yo (r —R) = <T’£> Qe e, (3.4)

k
where the summation over k is carried out in the
limits —w/a < kx, ky, kz < 7/a. These functions sat-
isfy the orthogonality and normalization relation

S d®r Yoxr (r) Yor () = Vodoodrr. (3.5)

Here R is a discrete set of points, the distance
between which AX = AY = AZ = a, and AQx = AQy
= AQz = 2ma~!, so that AXAQx = 27, etc. We
choose the length a such that

S at> 1, 3.6)

and in all other respects we assume it to be arbi-
trary.

We proceed to the derivation of the equation for
the diagonal (n = n’) elements of the matrix

By =Vo2 { ar {0 ETEO E () o () worwe ()

e ) a3 ’ i noR
= EGR (0 Eq% (1) = 5= 2 4% quee e, B.7)

0 Kk’
where g%ll){\is a coefficient in the expansion of the
function ¢£M)(r,t) in a series in the functions
YQR(r). Taking into account the properties of the

5)Such a representation was first introduced by McIrvine
and Overhauser. [**] I am thankful to A. N. Ansel’m who pointed
out this work to me.
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matrix Aggq indicated above, it is not difficult to
establish the fact that, with the accuracy assumed
here,

Bg'r, ar = Bg’ (R) dqodww-
In order to derive the equation for Bgn( R), we de-
rive in the coordinate representation of (3.1) an
equation similar to (2.13):
7 T ETE) — { Erion (— 1) E () €9 ()

—\ dry o (" — 1)) E @) E™ (1)

=y™ (r, ) E™ (r', t + 1), (3.8)

multiply it by Vi%QR(r)QR(r’), and integrate
over r and r’. Then the first component on the
left hand side gives 9B{Y/at. Using Eq. (3.4) we
represent the sum of the second and third compo-
nents in the form

a?V,? 2 Z [i (0n, Q1 — On, Qik)
kK

—i(k-k")R

+ 2 (Tn, i + Tn, @ik )] AQik, Qukc€ (3.9

We expand v ,Q+k and wp Q+k in powers of Kk,
limiting ourselves in the first case to the zeroth
and in the second to zeroth and first terms of the
expansion. Then (3.9) can be rewritten in the form

Wao 6B(3)/0R+y,,Q B(’g (Wn o = 0wnq/dQ).

Finally, in analogy with (2.12a), the right hand side
of (3.9) can be represented as

a3V0‘2 E Y‘n.n (Q + k) ~ Vo-lyn‘n (Q)- (3.10)
k
We then obtain the following equation:
9Bq™ | dung 0BQW o __ 1
ot 3Q R T TaoBe" = = Yrn Q. (3.11)

The reverse transition to the q representation
is carried out in accord with the formula

AW @i = @V 1Y) B or R KRY L (3.12)
RR’

Boundary and initial conditions for B?Q(R) are
specified separately in each case, starting from
the concrete physical situation.

By analogy with the spatially homogeneous case,
it can be assumed that B(‘Q“(R) is identical with

UQ(R) = béﬁ{* b(gﬁ —the mean square of the ampli-

tude of the sound wave packet. For wg,Tp <1

and qVT) < 1, the expression (2.23) and (2.24) for
the quantities vy and Yy;(q), which enter in (3.11),
go over into the formula (5.20) of I, as they should.
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4. LIMITS OF APPLICABILITY OF THE THEORY
AND ITS POSSIBLE GENERALIZATIONS

In order to be able to select the length a in cor-
respondence with the inequalities (2.2), it is neces-
sary that q > 1 -1 Inasmuch as, on the other hand,
1~ IYnWﬁi |, this inequality can also be rewritten
in the form

Wnqq > |Ynyl. (4.1)

The second inequality is the condition for the
possibility of expanding wp Q+ks Yn,Q+k and
Yo'n(Q+k) in a series in powers of k. Inasmuch
as k £ a”l, then in order for this to be the case,
|wp! 8wy /8Q| << a. But a < I; therefore, in any
case,

ot dong /0Q|<L 1. 4.2)

Similar inequalities must be satisfied for ypg
and YppQ). However, we emphasize that if we can
discard the term with the space derivative in the
solution of (3.11), then these conditions may also
not be satisfied. An essential condition is also the
absence of temporal dispersion in the kinetic coef-
ficients which enter into the problem, for example
in the conductivity tensor ojk.

Finally, we note that the given linear theory is
applicable so long as the nonlinear effects of scat-
tering of the growing vibrations by one another do
not play a role, and as long as the growing oscilla-
tions do not change the correlation relations (2.3)
and (2.4).

We now consider the generalization of the the-
ory to the case of nonstationary external condi-
tions. If the function opry in (2.5) depends weakly
on the time, Eq. (2.13) must be modified somewhat.
A dependence will be called weak if

I (a;n’)_z aalnn'/ ot l <1

Then the matrix S which reduces ay/y(q) to di-
agonal form is also a weak function of time. As
before we shall denote the diagonal matrix which
enters into Egs. (2.10) by «. However, it will now
no longer be equal to the matrix «® = Sa’S™1. The
point is that the substitution .g(l =s71¢ in Eq. (2.5)
does not allow us to reduce «’ to diagonal form,
since in the calculation of the time derivative, one
must also differentiate S. Therefore we set &g
= (1+A)S¢’, where A is a small matrix which is
also obtained from the requirement of diagonality
of «. Limiting ourselves to the first approxima-
tion, we shall neglect both higher orders of A and
their time derivatives. Substituting the expression
gg=8s71 —A)Eq in (2.5), we get

A

S—r &+ %—;‘—am Eq—[A, 2]t = (1 + A) Syg. 4.3)
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We choose the nondiagonal elements of the matrix

A in correspondence with the condition
(Sos—t/ot)y  .=I[A, a®] (n==n'), (4.4)

and set the diagonal elements equal to zero. Then
Eq. (4.3) takes the form

e [0t + liong (£) + ayng (NIEP =55 (1), @.5)
where
i0ng — Y2y ng = @nn (@) = i (@) + Sctan (q),
80nn = —id® ng — foO0Vng = — (SOS~/ 8t) nn
= [5-10S | Ot) nn. 4.6)

The functions wpg(t), ¥nq(t), and Ypmp(g,t) com-
puted in this fashion, which also depend on time,
must be substituted in (2.13).

Temporal nonstationarity in a piezoelectric is
generally brought about by a change in the external
electric field and is associated with a change in the
drift velocity V. For this case it is easy to get,
for example, the following expression for the cor-
rection to the damping coefficient of the growing
oscillations:

2nPq? 942

— = 4.7)
EpWq Ty O

*81g = Im

As was emphasized above, it never has the form
by = — w('l1 awq/ at, which is obtained for purely
mechanical systems from the theory of adiabatic
invariants.
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