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The temperature dependence of the paramagnetic spin-lattice relaxation time of the Fe3* ion
in the K3Co(CN )¢ lattice in the range T = 0.08—4.2°K was measured by continuous saturation
of the electron paramagnetic resonance absorption line at 42 Mcs. The temperature depend-
ence of the relaxation time was studied for ferric-ion concentrations of 0.1%, 0.21%, and
0.46% in a constant magnetic field directed along the ¢ axis of the crystal and also for three
orientations of the constant magnetic field relative to the crystal (H; Il a,b,c) for a concen-
tration of 0.21%. Unlike the experiments carried out by various authors at frequencies of 10*
Mcs, the present results contradict the Van Vleck—Kronig theory of paramagnetic relaxation.
In this connection, the role of exchange-coupled ions (‘‘ion pairs,’’ not important at high fre-
quencies) in the transfer of excitation energy from Fe®* ions to the thermal motion of the lattice
is discussed. A mechanism for the relaxation process is proposed which is based on the en-
“ergy spectrum of ion pairs in iron cyanide and on certain assumptions; the mechanism is
capable of qualitatively explaining the experimental data. A theory of single-phonon spin-
lattice interaction of ion pairs is developed for the case of strong (compared to the Zeeman
energy ) exchange coupling of the iron ions. The theoretical calculations confirm the assump-
tions that were made in order to interpret the experimental facts and also yield, from the
experimental point of view, satisfactory absolute values of the non-radiative transitions of
the ion pairs. The comparison of theory and experimental data indicates that ion pairs play

a principal role in the transfer of energy from the ferric ions to the lattice at low tempera-

tures and low frequencies.

IN the last few years, investigations of paramag-
netic relaxation have become essential in connec-
tion with various applications of paramagnetic
crystals. Of particular practical and theoretical
interest is the study of paramagnetic relaxation at
low temperatures.

The spin-lattice relaxation time in monocrys-
tals of potassium cobalticyanide K3;CO (CN)g con-
taining admixtures of trivalent iron Fe3* has been
investigated in a number of papers. (1-4] The ex-
periments were carried out by saturation of the
EPR (electron paramagnetic resonance) line with
centimeter waves (A =~ 3 to 10 cm). The results
thus obtained were in satisfactory agreement with
the Van Vleck—Kronig theory. (3,4] Since this the-
ory does not take into account spin-spin interac-
tions of the paramagnetic ions but in essence con-
siders the transfer of the excitation energy of an
isolated paramagnetic ion to the thermal motion
of the crystal lattice, the probability of a non-
radiative transition in the theory is derived to be
independent of the concentration. Our experiments,

which were conducted at the low frequency v = 42
Mcs (A = 714 cm ) disclosed a strong concentration
dependence of the relaxation time; for example, at
temperature T = 1°K the relaxation time of sam-
ples with a ferric-ion concentration f; = 2.1 x 1073
and f, =4.6 X 107 (with respect to the number of
diamagnetic cobalt ions) differs by a factor of
about 60. The absolute value of the relaxation
time in our experiments (e.g., at T = 1°K and f;
=2.1x1073, 7 ~10.02 sec) differs strongly from
the value T ~ 3 X 10% sec at T = 1°K obtained by
converting the experimental data on the saturation
of the EPR line of the ferrycyanide at the frequency
v~ 10* Mes I to the frequency v ~ 50 Mcs (ac-
cording to theory (3,4] /7~ VA ). Thus, our ex-
periments cannot be understood in the framework
of the usual Van Vleck—Kronig theory.

In this paper it is shown that the observed pecu-
liarities of the paramagnetic relaxation in ferri-
cyanide in experiments at low frequencies are as-
sociated with weak exchange interactions in the
system of paramagnetic ferric ions, which inter-
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actions are unimportant in experiments in high
magnetic fields and high frequencies.

1. EXPERIMENTAL RESULTS

The EPR spectrum of Kz(Fe, Co)(CN); consists
of a single absorption line and is described by a
spin Hamiltonian with an effective spin s = Y, (51,

T =B (Hug, 5x+ Hyg, 59+ Hag, 52), @)

where f is the Bohr magneton, gxx = 2.35, gyy

= 2.10, and gy, = 0.91 are the principal values of
the spectroscopic splitting g tensor, Hy, Hy, and
H, are the components of the dc magnetic field on
the x, y, and z axes, and 8y, §y, and §; are spin
operators. The orientation of the x, y, z and the
x’, y’, 2’ axes for the two unequivalent positions
of the iron ions in a unit cell of the crystal rela-
tive to the orthorhombic axes a, b, c 03] is shown
in Fig. 1. If the dc magnetic field is directed along
one of the crystal axes a, b, or c, the spectra of
the unequivalent ions coincide exactly. The corre-
sponding g factors are ggg = 2.29, gpp = 2.16,
gce = 0.91.
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FIG. 1. Orientation of the octahedron of six CN™ groups
for the two unequivalent iron ions in a unit cell relative to the
a, b, c axes. Because of the deformation of the octahedron,
the c axis is its two-fold symmetry axis; y and y' are four-
fold symmetry axes. 5]

In our experiments we measured by the satura-
tion method the temperature dependence of the
spin-lattice relaxation time in the interval 0.08 to
4.20°K, at a frequency of 42 Mcs. In the case with
the external magnetic field parallel to the crystal
¢ axis (Hy Il ¢c), we investigated samples with
iron-ion concentrations f = 10'3, 2.1 X 10'3, 4.6
x 1073 (as determined by chemical analysis) and
of weights 0.31, 0.6 to 0.45, and 0.15 g, respec-
tively. For the concentration f = 0.21%, the tem-
perature behavior of the relaxation time was taken
for three orientations of the crystal relative to the
constant magnetic field, corresponding to the cases
Hy Il a,b,c. The curves obtained for the samples
with f = 0.21 and 0.46% are presented in Fig. 2.
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Far fewer data on spin-lattice relaxation were ob-
tained from the sample with f = 10~% because of
limited spectrometer sensitivity and the very low
rate of the relaxation process. It was found that
for Hj Il ¢ the spin-lattice relaxation time T
=(2—6)x 1073 sec at T =4.2°K, 7= (0.7 £ 0.3)
sec at T =2.25°K, and 7= (1.8 £ 0.8) sec at
‘T = 1.5°K. At lower temperatures the absorption
line was not observed because of strong saturation
even with the minimum of rf power in the sample
coil.

The spin-lattice relaxation time T was calcu-
lated from the relation

1 %

- ()
where vy = 2rgB/h is the gyromagnetic ratio, k
=0.62 = 0.12 (k = 0.74 for a Gaussian line and 0.50
for a Lorentzian line), H} = 5 x 107 U? is the
squared amplitude of the alternating magnetic field
of frequency 42 Mcs, measured in the experiment
from the amplitude of the rf voltage U, on the
sample coil, AH and x are the experimentally
measured line width and saturation factor.

The experiment was performed in the following
way. During pumping on the liquid helium in the
temperature interval 4.2 to 1.5°K, and then during
warming of the pre-cooled sample in the interval
0.08 to 1.50°K, the temperature dependence of the
amplitude and width of the absorption line was
measured at various values of U, (see Fig. 2).
The spectrometer circuit provided for an absolute
measurement of the intensity of absorption by
means of comparing the EPR signal with a cali-
brating signal from a variable active resistance
connected parallel to the sample coil.

The intensity of absorption, referred to the cal-
ibrating signal, did not depend on the rf magnetic
field in the absence of saturation. The calibrating
signal was also used to control the linearity of the
spectrometer. The absorption line was observed
on an oscilloscope simultaneously with the cali-
brating signal and photographed. In order to ob-
serve the EPR signal on the oscilloscope the dc
magnetic field was modulated sinusoidally at a
frequency of 0.5 cps and amplitude 25 to 35 Oe. It
was found that over the entire temperature inter-
val the line width of the investigated samples did
not depend on temperature and the amplitude of
the applied rf field within the limits of error (see
the table, where the measured values of AH are
given in Oersteds). Hence, at all temperatures
the saturation factor was determined as the ratio
k = 1/Ij, where I and I; are the peak amplitudes
of the EPR line referred to the magnitude of the
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FIG. 2. The temperature dependence of the relaxation
transition probability of Fe*" ions in ferricyanide. The con-
centration of the ions and the orientation of the external mag-
netic field relative to the crystal axes are shown next to the
curves. The different symbols give the points for different

amplitudes of the rf voltage U, on the sample coil (H} =5

x 107 U).
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calibrating signal: I—in the presence of a saturat-
ing rf magnetic field H;, Iy—with a small value of
the rf magnetic field that does not change (within
the limits of experimental error) the magnitude

of Iy, i.e., in the absence of saturation. However,
in our experiments, noticeable saturation was al-
ways observed in the region of lowest tempera-
tures even with the smallest possible voltage on
the coil, Uy ~-0.3V. In this temperature region
the magnitude of I, was determined by extrapola-
tion of the values of I, at high temperatures, where
reduction of the rf voltage permitted elimination

of the saturation effect, according to the T~! law.
The values of T obtained in this way from Eq. (2)
for different values of H; at each temperature
agreed well with each other.

The relative accuracy of our measurements is
characterized by the scatter of the points on the
curves of Fig. 2. We have estimated the syste-
matic error to be A7/7T < £0.6. The accuracy of
the temperature measurement was better than 10%.

The crystal to be investigated was placed in the
coil during preparation of the apparatus for the ex-
periment such that the angle between one of its
axes and the dc magnetic field H; did not exceed
+5°, In the experiment the direction of the dc field
was perpendicular to the direction of the rf field
and could be changed by an arbitrary angle in the
ac or bc plane. No special efforts to measure the
g factors were made. However, the ratio of the

resonance fields in the cases H, Il ¢ and Hyll a
or b was ~ 2 in all the runs, which agrees with
the data in [%3.

We omit here any detailed description of the
spectrometer we used for observation of EPR ab-
sorption at temperatures below 1°K. This descrip-
tion was given earlier. (6,71 Some time earlier,
experiments were also published on EPR at very
low temperatures in the centimeter-wave region.fs]

To conclude this section we summarize the re-
sults of the experiments performed. In Fig. 2 two
temperature regions can be distinguished. In the
region of relatively high temperature, T =4.2—
2.0°K, we have experimental data for concentra-
tions f= 0.21 and 0.10% in the case Hy Il ¢. For
f=0.24% the relaxation time 7 (4.2°K) ~ 1073 sec

does not differ much from the value 7 (4.2°K)

~ 5 x 107* sec obtained in the experiments at
~10* Mcs. In the temperature interval 4.2 to
2.25°K for the concentration 0.1% we have the de-
pendence 1/7 ~ T?, for f= 0.21% the analogous
relation in the interval 4.2—3.4°K has the form
1/7 ~ T'. The strong temperature dependence of

the relaxation time in this region indicates that

the transfer of energy from the spins to the lattice
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proceeds principally via the mechanism of Raman
scattering of the phonons by the paramagnetic ions
(two-phonon processes). The aforementioned
difference in the non-radiative transition proba-
bility for f= 0.1 and 0.21% close to T = 4.2°K
and the data of experiments at A ~ 3 cm point to
the presence (along with the usual spin-phonon in-
teraction via spin-orbit coupling in the Van Vleck—
Kronig theory) of an interaction of the spins with
the thermal vibrations of the lattice according to
the Waller mechanism via spin-spin interactions
that depend on the concentration of paramagnetic
ions (the nature of these is discussed below).

From our point of view, the most interesting
as well as the most detailed experimental data
pertain to the temperature region T < 2°K. First,
we note for the case H; Il ¢ the constancy of the
relaxation time for T < 2°K, which only in the re-
gion of lowest temperatures turns to a linear de-
pendence 1/7 ~ T (see Fig. 2). Second, an ap-
proximately two-fold increase in the concentration
of paramagnetic ions does not change, apparently,
the form of the curve 1/7(T°K) in the case H,

Il ¢, but very strongly, up to a hundred-fold, in-
creases the probability of a non-radiative transi-
tion. From the data for f=0.1% and H; Il ¢ at

T ~ 2°K it follows (if it is assumed that 1/7 can-
not increase on cooling) that in the region T < 2°K
for this concentration 1/7 is also reduced in com-
parison to f = 0.21% not less than 100-fold. And,
finally, a change in orientation relative to the ex-
ternal magnetic field of the investigated crystal
with ferric-ion concentration of 0.21% completely
changes the character of the dependence of 1/7 on
temperature. In the cases Hyll a and Hgy Il b one
sees a nearly linear temperature behavior of the
relaxation time. The latter fact obviously indi-
cates that the relaxation mechanisms in the cases
Hy Il ¢ and Hy Il a are different.

We note that even at the lowest temperatures
no effect of heating the lattice was observed at the
frequencies of single-phonon relaxation processes,
since within the limits of experimental error the
results obtained from Eq. (2) do not depend on the
amplitude of the rf field.

2. THE HYPOTHETICAL SPIN-LATTICE RELAX-
ATION MECHANISM

We shall discuss the possibility of an effect on
spin-lattice relaxation due to exchange interactions
of paramagnetic ions.

In magnetically dilute crystals the energy of the
exchange interaction differs from zero only for a
relatively small number of pairs of ions n; located

and V. B. FEDOROV

at adjacent or nearby crystal lattice points. For a
small concentration of paramagnetic ions (f <« 1),

n; = %’—fzi. (3)

Here N is the total number of paramagnetic ions

in the crystal, and zj is the number of possible
locations in the lattice of one of the ions of the pair
with respect to the other for which the energy spec-
trum of the pair of ions is identical. Such pairs

are labeled by the index i. We can speak of an ex-
change spin system described by the Hamiltonian

g? = -;—Nf 2 zﬁi’ie‘“,

where G‘éfx is the Hamiltonian of one pair of the
i-th kind. If the ion pairs have a short relaxation
time, then even at small concentrations they can
play an important role in the transfer of energy
from isolated paramagnetic ions to the lattice.
Van Vleck [*] was the first to call attention to this
possibility. Two mechanisms of spin-lattice relax-
ation involving ion pairs were treated theoretically
in [10-127

The first mechanism is similar to that proposed
by Bloembergen and Wang. (131 1t leads to a relax-
ation time for the paramagnetic ions:

T — T1(1 + A1T2/A2‘l,'1). (4)

Here 7, is the temperature independent character -
istic time of establishment of equilibrium between
the two spin subsystems: the Zeeman, with Hamil -
tonian (1), and the exchange system; 7, is a time
that characterizes the rate of non-radiative tran-
sitions from the exchange system to the lattice;

A; ~ N(hvz)? and A, ~ n(hvex)? are temperature -
independent constants in the expressions for the
energy of the Zeeman and exchange subsystems,
respectively, E = const — A/KT. The transfer of
excitation from the spins in the magnetic field to
the pairs proceeds via cross-relaxation. There-
fore, this mechanism is possible if there are in
the spectrum of an ion pair frequencies that are
so close to the Zeeman frequency that the differ-
ence (hvgyx —hvy) is not very much greater than
the energy of the dipolar spin-spin interaction of
the ion pair with isolated ions. Cross-relaxation
processes of higher order are also possible in
case some frequency in the spectrum of the ion
pair is a multiple of the Zeeman transition fre-
quency. [10]

The second mechanism for spin-lattice relax-
ation is free from this limitation on the ratio of
the Zeeman and exchange frequencies. It consists
in the simultaneous quantum transition of an iso-
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lated spin with emission of a photon hvg, of an

ion pair with emission or absorption of a quantum
hrex, and the creation or absorption of a phonon
with energy (hvex £ hvy). The possible large val-
ues of the ratio hvey /hv, » 1 strongly shorten the
relaxation time. In order of magnitude [10]

11 <u1u2/r%)2~i<g252/"1)2, (5)

T T\ hv, T, hv,

The simultaneity of the process is due to the di-
polar interaction between the magnetic moments of
an isolated ion py and an ion pair u,.

The hypothesis proposed to explain the experi-
mental data is that the first spin-lattice relaxation
mechanism operates when Hg Il ¢ for the concen-
trations f = 0.21% and 0.46%, and the second oper-
ates in the cases Hy Il a and Hj Il b for the iron-
ion concentration f = 0.21%.

The linear behavior with temperature of the
quantity 1/7 for the orientations Hy !l a and Hyll b
is due, then, to the relation 1/7 ~ T arising from
the single-phonon resonant transfer of energy from
the exchange pairs to the lattice at low tempera-
tures. Because of the dependence 1/7 ~ g* when
hvz = const, this mechanism is very much less
effective in the case H; Il ¢, since gee =~ 1, and
Zag = 2.29, gpp = 2.16. Conversion of the experi-
mental data (see Fig. 2) for the case H; Il a to
the g factor for the orientation H; Il ¢ by using
Eq. (5) leads to values of 1/7 that are approxi-
mately five times less than the experimentally
observed values for Hy Il c.

In the orientation Hj Il ¢ the horizontal portion
of the 1/7 vs. T curve corresponds to the case

At [ Aty <1 and 1= 1. (4a)

The lower-temperature interval, where the relax-
ation time increases approximately linearly with
temperature, belongs to the case

At /Az’h >1and T~ A112 /Az (4b)

As before, a linear dependence of 7;! on tem-
perature indicates that a transfer of energy from
the exchange system to the lattice, resonant at
frequency vex (single-phonon process), takes
place.

The proposed hypothesis permits a qualitative
explanation of the strong concentration dependence
of the relaxation time in the orientation Hj Il c.
Since at low concentrations of paramagnetic ions
cross relaxation between Zeeman and exchange
transitions with significantly different frequencies
is made difficult, it can happen that at low temper-
atures the thermal contact of the exchange system
with the lattice is established by means of single-
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phonon processes not at all possible frequencies

of the spectrum of the exchange system, but only
at certain ones. Here it is important that there

is no cross relaxation inside the exchange system,
since the ion pairs interact weakly with each other.
Considering the frequency dependence 1/75 ~ V%X
(see Sec. 4), we have for 1/7, on the basis of

Eq. (4b),

1/ T~ f(Viex [ ¥2 ) KT (4b")

To explain the experimental data we now pro-
pose that for the crystal with f = 0.46%, the trans-
fer of energy to the lattice goes in a fundamental
quantum with energy hvgy that is larger than hrgy
for the concentration f = 0.219%. The ratio
hvgy /hvgy = 2.2 explains, by Eq. (4b’), the short-
ening of the time 7 by ~ 50 times. Experimen-
tally, the relaxation times for these concentrations
at T = 0.2°K differ by ~ 80 times. )

In order that the indicated dependence on con-
centration in the transfer of excitation from the
ion pairs to the lattice be possible, an abrupt
shortening of the cross-relaxation time 7, between
the Zeeman transition and an exchange transition
with frequency vgy compared to the cross-relaxa-
tion time between the Zeeman transition and an
exchange transition with the lower frequency Véx
is required when the concentration goes from
0.21% to 0.46%. Experimentally, this shortening
of the time 74 (see Fig. 2) corresponds to ~ 50.
Cross-relaxation processes of high order can give
such a strong concentration dependence. (10] The
relatively large absolute value of 1/7; in this
case is attained only when the frequency of the
exchange subsystem is a multiple of the Zeeman
frequency. A contribution to the degree of the de-
pendence of 74 on concentration can also be fur-
nished by spin diffusion, which evidently is respon-
sible for the transfer of excitation to the immedi-
ate surroundings of the ion pair and takes priority
over a cross-relaxation transition with transfer
of excitation energy from an isolated ion to an ion
pair.

If the sample is cooled so much that kT < J,
where J is the separation between the energy lev-
els of the ion pair that participate in the relaxation
transitions and the ground state, then the number
of pairs, and consequently also the probability of
a relaxation transition, falls exponentially as the
temperature is lowered, in accordance with Eq.

(4b):
1/t ~ kT exp (—7/kT). @b")

This effect explains the faster-than-linear growth
of 1/7 on cooling for the case H; Il c.
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Thus, the hypothesis considered here qualita-
tively encompasses the experimental facts for
T < 2°K. In order to prove the hypothesis, it is
necessary to determine the energy spectrum of
the exchange system in ferricyanide, then calcu-
late theoretically the probabilities of relaxation
transitions 1/7; and 1/7, and compare them with
experiment. This problem is partially solved in
the succeeding sections of this paper.

3. ENERGY SPECTRUM OF ION PAIRS IN
FERRICYANIDE

The exchange interactions of ferric ions in
cyanides have been studied in (14,15,5]  1p the first
of these, the static magnetic susceptibility of
K;Fe(CN), was measured in the interval 1.0 to
20°K. In the second work, a direct observation
was made of the EPR spectrum of ion pairs in
Kj(Fe, Co)(CN)g at an iron concentration of about
5%. The lattice parameters of both crystals are
practically the same. (6] The experiments were
interpreted in terms of the Hamiltonian

g}\[lg = JSAISAQ + §1F§2 —_ BHOg (él + SAg). (6)

The first term corresponds to an isotropic ex-
change interaction of the ions with s; = s, = 1/2, the
second to a symmetrical anisotropic exchange in-
teraction. The following results were obtained:

J =0.29 cm™!, the principal axes of the tensor I
coincide with the crystal axes a, b, ¢, and I'g

= -0.043 cm~!, T, = —0.021 cm~!, T = +0.064
em™!, I'y +T'y + ' = 0. These numbers corre-.
spond to the nearest-neighbor positions of the iron
ions in the crystal lattice. It was shown that the
maximum number z; of neighbors to which a given
ion can be coupled by the exchange interaction of
the indicated magnitude is 2. This circumstance
and also the structure of the crystal lattice appar-
ently show (6] that the ion pairs with the maxi-
mum exchange interaction are formed from ferric
ions that are arranged along the a axis of the

unit cell. Along the two other lattice directions
the tetrahedral [ Fe(CN)¢]3~ complexes are sepa-
rated by potassium K* ions; the ionic character
of the coupling between these ions and the cyanide
complexes obviously precludes the possibility of
electronic exchange between the ferric ions in
these directions. The maximum exchange inter-
action also cannot be attributed to ions in the two
unequivalent sites in one unit cell of the crystal
since in this case z; = 4. Ohtsuka %7 also ob-
served other, unexplained absorption lines evi-
dently belonging to pairs of nearest unequivalent

ions or to pairs of more widely separated iron ions.
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We shall consider the experimental data in
terms of a spin Hamiltonian more general than
Eq. (6):

H5 =+ P+ #+ H7

# = z[ss+n-3].

P = D [$:8,],

AT = 5 (ada? + Toi? + T8,

H* = —BHgS. (7)

The difference from Eq. (6) consists in the ad-
dition of an antisymmetric anisotropic exchange
coupling :fCD, which was suggested in the work of
Dzyaloshinskii (7] and calculated quantum mechan-
ically by Moriya. 18] The total spin of the pair S
=8y +8, (S=0,1) is introduced in Eq. (7).

We shall find the eigenvalues and eigenfunctions
of the Hamiltonian (7) by the perturbation method,
taking 7J > 3D + 3l +5Z. In the zeroth approx-
imation of the theory there are two energy levels:
a lower level Ej= —3J/4, corresponding to the
spin value S = 0, and a triply degenerate higher
level E; =J/4, with S=1. The eigenfunctions of
the zeroth approximation are symbolized by |S, M),
where M is the projection of the vector S on the
axis of quantization. A property of the perturba-
tion theory being applied here is the equality
(1,M"|5DP|1,M) = 0 for any M,M =0, £1, and
since, generally speaking, D > §CF, :fCZ, (18] it is
necessary in the perturbation theory simultane -
ously to take into account terms quadratic in 7D
and linear relative to 5CF, C?CZ. RENNS subsequent
calculations we have taken everywhere, for sim-
plicity,

D. =D, Do = Dy = 0. (8)

Some justification for this is Moriya’s theory, [18]
according to which Dg ~ |2 —gec | is greater than
Dy ~ |2 —gaal, since gee = 0.91 and gga = 2.29.
One might think, therefore, that calculating with
Dy, Dy = 0 would not significantly alter the energy
spectrum of the ion pair. The splitting of the trip-
let E; under the action of the perturbation in (7)
for the cases Hy Il ¢ and H Il a, which correspond
to the conditions of the experiment, is given to
terms in second order by the formulas (193

H,|a,

r, D T,—T, D®qeh
EI’IH=<Z—+_8T>:F{62+[L4__I)_W]J ,

Ty
&1 = ——Z—y 6=BgaaHo; (91)
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Holle,  erm=Tc/4F [8°+(Ts—T0)/16]",
D2
o= — %-_i_?’ &=BgccH0' (9”)

The values of the energies €, €7, €[] are reck-
oned from E; = J/4. The corresponding eigen-
functions of the states with S =1 to terms of first
order are written in the form

| K> = 3 o[ 14,20+ 70, 0|26 4, 3> 0, 0]
M

(K=1, 11, I1I). (10)
The coefficients CK) are given by the following
relations for the zero order functions (the direc-
tion of the dc magnetic field is chosen as the axis
of quantization):

1) =N[4, + M1, 1, [I1) = 14,0,
| TIT) = —M | 445+N | +1, —1>. (11)
With the assumptions T'g > 'y, > g H5) and
(T¢-Tp)/4 >D?8J for Hyll a
. (Te—T, D*\*
M = [1+ (=%
| T, T, Df \&—]™"
X (—5+‘/52+(——4——8—J>) ] ’
I.—Ty D?y\2\2
N1+ (‘6+l/52+( 7 —“éf)-)
‘Te—Ty D? -2]_’/’ ,
(P -g) | 1z’
and for Hyll ¢
1
M=[1+—{€(Fb—1‘a)2
-1 2 -2]—1/2
x(—ot)/ s a—t) |
4 Ty—Tp\2)\2
N=[1+ (~6+ 62+(—4——) )
i1y
X 16 (rb—ra)-z] . (127)

Note that when 6 =0, N=M = (2)"2, and when
6—w, M— 0, N—1.

The energy levels of an ion pair corresponding
to spin S =1 for the two orientations of the dc
magnetic field relative to the crystal are shown in
Fig. 3.

Everywhere below we shall consider the non-
radiative transitions as involving only these levels.
It follows from experiment that the triplet-singlet
transitions do not contribute to the measured spin-
lattice relaxation of the ferric ions. The observed
linear temperature dependence of the rate of the
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FIG. 3. The energy levels of an ion pair with S=1 as a
function of the magnitude of the Zeeman splitting of an iso-
lated ion 8. The arrows show the transitions that play the
fundamental role in the transfer of energy from isolated ions
to the lattice. In our experiments § = 0.002°K.

single-phonon process down to 0.1°K (Fig. 2) means
[see Egs. (4) and (5)] that the non-radiative transi-
tions in the pair spectrum occur at frequencies
that satisfy the condition kT > hrex =~ 0.1—0.03°K,
which are significantly less than the frequencies

of the transitions between the states S=1 and

S = 0 for the ion pairs considered below. The in-
significant role played by the non-radiative singlet-
triplet transitions for the first relaxation mecha-
nism (Sec. 2) is due to the large (~ 10—100 times)
difference between the frequencies of the Zeeman
and exchange transitions, and for the second mech-
anism apparently to the small magnitude of the
constant D in the Hamiltonian (7).

The non-radiative transitions between the trip-
let levels of the ion pairs with the strongest ex-
change interaction J = 0.42°K, I'y = - 0.06°K, I'p
= —0.03°K, I'c = 0.09°K, D < 0.14°K, also turn out
to be ineffective as an explanation for the experi-
mental data. The upper limit given here on the
magnitude of D evidently does not contradict the
data.[15] From the point of view of the mechanism
proposed in Sec. 2, such pairs do satisfy experi-
ment for the following reasons. First, the Zeeman
splitting of the levels of an isolated ion &, = 0.002°K
is much less than the minimum splitting of the lev-
els of a pair for H; = 0, which equals 0.015°K.
Therefore, in order to transfer energy from the
Zeeman system to the exchange system, a cross-
relaxation process is required that is at least of
the 7th or 8th order, which is difficult to reconcile
with/the relatively short absolute value of 7, ob-
served in the experiment. Second, for H; Il ¢ and
kT ~ J = 0.42°K, the exponential growth of the re-
laxation time expected on the basis of Eq. (4b”) is
still not observed. In the case Hj Il a for kT ~ J
= 0.42°K, a rapid increase in 7 on account of the
decrease in population of the levels with spin S =1
is likewise not observed.

We shall consider ion pairs with a much weaker
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exchange coupling, e.g., pairs of ions separated
from one another along the a axis by a distance
equal to twice the lattice constant. The value of
J ~ 0.06°K for such pairs according to Eq. (4b”)
is not inconsistent with the experimental curve
7(T) for f=0.21% in the orientation Hy Il ¢ for
the lowest temperatures. It is true that in view
of the significant scatter of the points in Fig. 2,
this value must be considered a rough one. Since
the constants D and I" are proportional to J ,[183
we shall assume for pairs of this type that they
are also ~ 7 times less than those for the ion
pairs with maximum exchange coupling. The spec-
trum of such a pair for the constant value of the
Zeeman splitting in our experiment, 0, = 0.002°K,
depends strongly (see Fig. 3) on the direction of
the dc field relative to the crystal. The approxi-
mate values of the spacings between the levels
are shown in Fig. 3.

The level scheme in Fig. 3 permits a detailed
examination of the spin-lattice relaxation mecha-
nism considered in Sec. 2, by indicating the tran-
sition frequencies in the spectrum of the exchange
system at which the transfer of energy from the
ion pairs to the lattice occurs. Thus in the case
Hy Il ¢ and f = 0.21% a single-phonon process of
energy transfer can occur atthe lowest frequency of
the exchange system —the frequency of the transi-
tion €y —€1 = 2.36), and for f = 0.46% at the fre-
quency €] -€J] = 3.85, as well (first relaxation
mechanism, Eq. (4)). In case Hjll a, f=0.21%,
the second relaxation mechanism (see Eq. (5)) is
realized in the transition with the highest frequency
€111 — €1 = 4.86 or €11 — €1 = 5.70,.

Final confirmation requires additional compar-
ison with experiment. One needs to be convinced
from the curves of Fig. 2 and Egs. (4) and (5) that
the second relaxation mechanism in the case H,

Il ¢ is less effective than the first, and, inversely,
that in the case Hj Il a and f = 0.21%, the first
mechanism cannot compete with the second. At

T = 0.2°K the probability of a non-radiative tran-
sition for f = 0.21% (Fig. 2) when Hj Il a is five
times greater than when Hj Il ¢c. Since the maxi-
mum splittings of the triplet in the cases Hj Il c
and Hj Il a are approximately the same, then in
accordance with Eq. (5) the second mechanism
gives in the case Hj Il ¢ a relaxation transition
probability less than in the case Hy Il a by a fac-
tor of (gaa/gcc)? ~ 25. That is, at T = 0.2°K and
Hy Il ¢, the second mechanism is at most one-fifth
as effective as the first. On the other hand, the
first relaxation mechanism in the case Hj Il a can
operate at the frequency €y —ep = 0.96;. The cor-
responding probability of a non-radiative transition,
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however, is according to Eq. (4b’) less than for the
orientation Hj Il ¢, meaning that it is insignificant
compared to the rate of energy transfer given by
the second mechanism in the orientation H; Il a.

Thus, the energy spectrum of the exchange
system in ferricyanide qualitatively satisfies the
spin-lattice relaxation mechanism proposed in
Sec. 2.

The possibility of some departure from the
simple scheme presented here for the relaxation
process on the basis of the Hamiltonian (7) should
be kept in mind. Such a possibility is associated
with a more complex spectrum for the exchange
system than is considered here and is indicated
by the presence of unexplained absorption lines
from ion pairs in Ohtsuka’s experiment. [15]

4. SINGLE-PHONON SPIN-LATTICE INTERAC-
TION OF EXCHANGE-COUPLED FERRIC IONS

Let us estimate the probabilities of non-radia-
tive transitions for an ion pair. We shall consider
only a single-phonon spin-lattice relaxation, which
gives a linear temperature dependence of the re-
laxation probability and predominates at low tem-
peratures. The lattice vibrations act on the spin in
two ways: a) via the position-dependent spin-spin
interaction between the ions of a pair (Waller
mechanism) and b) via spin-orbit coupling (Van
Vleck—Kronig mechanism ).

Consider first the Waller mechanism. If we as-
sume the proportionality D,T' ~ J,T18] and also
J ~ exp (- £Ry), where Ry is the separation be-
tween the ions in a pair, then the operator for the
single -phonon spin-lattice interaction V is writ-
ten in the form

V= (5 + A" + H°)VESR, = VEGR,). (13)

Expanding the relative shift of the ions in the pair
6ﬁ0 in the normal vibrations of the lattice and
using the well-known relations, [2"] we obtain in
the approximation hvgy << kT that the probability
of a non-radiative transition in the ion-pair spec-
trum is

ey & (96 mv2ekT | h2cS) (ER0)2|CK!|VIKS[%,  (14)

where vex is the frequency of the one-phonon
process, c is the speed of sound, and p is the
macroscopic density of the crystal. The matrix
element, according to Eq. (10), is

<K’|§IK> =MZM CxrnCrom [<1, M| 7 |4, M
+ 204, M| HP 10, 050,05 |1, ). (15)

With the assumption of Eq. (8), Eqs. (11) and (12)
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give a single non-zero matrix element:
r.—Ty, D?
B ﬁ) ,
V| = — (V2 — Mz)l‘b_z_Pz

e, <I|PITD = — (v — 19)

H|e, (16)

(equal to zero for 6 = 0, since N = M). The pro-
hibition against other transitions can be lifted if
it is assumed that Dy, Dy = 0. In this case the
order of magnitude of (16) should not change. Cal-
culations from Egs. (14)—(16) for Hy Il ¢ at T

= 0.1°K, vex = 2.36, = 108¢ps, ¢ = 10° cm/sec, p
=1.85 g/cm®, Ry= 1.4x 10" cm, £ = 2.5x 107,
8y = 0.002°K give the result 1/7, ~ 1.5 % 107"
sec™!,

Such a small probability sharply contradicts
experiment.

We now estimate the order of magnitude of the
probability of a one-phonon relaxation transition
in the spectrum of an ion pair for the Van Vleck—
Kronig spin-lattice interaction. The statement
of the problem is similar to the case of an iso-
lated ion considered in (2], The operators of
the single-particle electron-phonon interaction
\71 and \72 appear (for single-phonon relaxation)
as terms in the expansion of the energy of the ions
of the pair in the crystal field and are linear in
the normal displacements of the nearest neighbor
ions. The operator for the electron-phonon inter-
action of the ion pair V= {71 + \72 does not depend
on the spin variables. Hence, for the considered
spin-lattice relaxation between the spin levels A
and A’ of the ground orbital state of the pair there
are important admixtures of excited states of the
ions of the pair in the crystal field arising from
the spin-orbit interaction.

Since in the experiments at low frequencies the
exchange interaction of the ions in the pair is
stronger than the interaction of the ions with the
external dc magnetic field, the ion pair in theory [20]
must be considered as a particle with spin S = 1.
For the case S = 1 the matrix element of the elec-
tron-phonon operator for the transition between the
spin levels of the ground orbital state of the pair
is, according to Eq. (42) of Mattuck and Strand-
berg, [20] of the order

CA'|V|A> ~ (402 ] A%V, 17)
where A is the spin-orbit interaction constant, A
is the energy difference between the ground and
first excited states of the ion pair in the crystal
field.

This magnitude for the matrix element for the
ion pair is considerably greater than the corre-
sponding matrix element for an isolated ferric ion
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with spin s = 1/2, which is of the order
CA"| Vi | 4> ~ [M(gpH) | A?] V4.

Here gpBH is the Zeeman splitting of the energy
levels of an isolated ion. The factor A/goH, as
shown below, is sufficiently large to explain the
experimental data.

With the aid of Eq. (17) and the formulas of the
theory of the spin-lattice relaxation of an isolated
ferric ion, [20] we can express the relaxation time
of an ion pair T, in terms of the relaxation time
T7* of an isolated ion:

1 1, Ve A?

Tt S
At a Zeeman frequency v} = 8.7 x 10 cps it was
found experimentally (3] that for an isolated ferric
ion there is a single-phonon spin-lattice interac-
tion of the Van Vleck—Kronig type with (1/7%*)
= 5.4T. Consequently in the case H; Il a, where
Vex = 4.869 = 2 x 10% cps and with A = 280 cm™1,[]
we obtain 1/7, =4 x 10*T, which gives 1/71, =4
x 103 sec™! at T = 0.1°K. In the case Hyll ¢, vey
= 2.36), and therefore 1/7, = 103 sec™! at T = 0.1°K.
The measured relaxation time of isolated ions in
the latter case, according to Eq. (4), is connected
with 7, by the relation (f=2.1x 1073, vex =2.3vz)

1 _ 1 Vex 2_ -1
_T__af( o ) =11 (sec™).
This result agrees with the experimental value
under these conditions, 1/7 = 8 sec™! (see Fig. 2).
From Eq. (5) it is also seen that in the case Hj Il a
and T = 0.1°K the value of 1/7, =4 x 10% sec™!
does not contradict the experimental value under
these conditions 1/7 = 60—70 sec™!,

Thus, calculation of the electron-phonon inter-
action of the ion pair by the Van Vleck—Kronig
mechanism allows one theoretically to obtain val-
ues for the relaxation transition probabilities that
satisfactorily agree with experiment. This agree-
ment confirms the important role played in our ex-
periments by exchange-coupled ferric ions in the
transfer of energy from isolated ions to the ther-
mal motion of the lattice.

CONCLUSION

The theoretical part of this work did not touch
upon the calculation of the cross-relaxation time
T4 in Eq. (4). To solve this problem accurate
knowledge is required of the spectrum and line
widths of the absorption lines corresponding to
the considered transitions in the ion-pair spec-
trum. Hence in the framework of the present com-
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munication this work is incomplete. Nevertheless,
the comparison given here of the experimental
data with theory clearly favors the mechanism
proposed in Sec. 2 for paramagnetic relaxation

in ferricyanide at low temperatures.

We remark that in a number of papers the ef-
fect of exchange interaction on spin-lattice relax-
ation in ruby has been investigated. A tempera-
ture-independent spin-lattice relaxation was ob-
served in ruby by Zverev. 21 The spectrum and
relaxation of exchange-coupled pairs of chromium
ions in ruby was studied by Statz et al. (22] 4nq by
Gill[2] The theory of the effect on the relaxation
of isolated chromium ions in ruby of an exchange
interaction between the ions that is weak com-
pared to the Zeeman interaction has been devel -
oped by Al’tshuler.[?*] From our point of view,
however, ruby, which has a more complex energy
spectrum, is a less convenient object than ferri-
cyanide for the study of the mechanism of para-
magnetic relaxation involving exchange-coupled
paramagnetic ions.

The authors thank K. K. Svidzinskii for discus-
sions and important comments on the theoretical
part of the work and B. V. Ershov for his great
help in carrying out the measurements and pre-
paring the experimental material.

A preliminary account of this work was pre-
sented at the Third Quantum Electronics Confer-
ence in Paris in February, 1963. Before sending
the paper to press the authors learned of measure-
ments of spin-lattice relaxation in ferricyanide at
frequencies of 8500 Mcs and 1800 Mcs at helium
temperatures. [%5]

Note added in proof (May 4, 1964): Just recently V. A.
Atsarkin (Institute of Radiotechnology and Electronics,
Academy of Sciences, USSR) has investigated the low-tem-
perature paramagnetic spin-lattice relaxation of the Cr** ion
in magnesium tungstate MgWO, at chromium concentrations
of about 10™ at a frequency of about 10* Mcs. In these experi-
ments, just as in those of Zverevl?] and in ours, a tempera-
ture-independent spin-lattice relaxation of the paramagnetic
ions was found. An analysis of the temperature and concen-
tration dependences of the experimental data on the rate of
the relaxation process discloses the important role of ex-
change-coupled ions in the transfer of excitation energy from
the spins to the lattice, just as in the case of the ferricyanide
K,(Fe, Co) (CN), that we studied.

P, P, Pashinin and A. M. Prokhorov, JETP
40, 49 (1961), Soviet Phys. JETP 13, 33 (1961);
FTT 5, 2722 (1963), Soviet Phys. Solid State 5,
1990 (1964).

and V. B. FEDOROV

2D. H. Paxman, Proc. Phys. Soc. (London) 78,
180 (1961).

3Bray, Brown, and Kiel, Phys. Rev. 127, 730
(1962)

1. v. Ovchinnikov, FTT 4, 2750 (1962), Soviet
Phys. Solid State 4, 2018 (1963).

5 Baker, Bleaney, and Bowers, Proc. Phys. Soc.
(London) B69, 1205 (1956).

6 A. M. Prokhorov and V. B. Fedorov, JETP 43,
2105 (1962), Soviet Phys. JETP 16, 1489 (1963).

V. B. Fedorov, PTE, No. 4, 98 (1963), Instr.
and Exptl. Tech., No. 4, 686 (1963).

8 Ruby, Benoit, and Jeffries, Phys. Rev. 127, 51
(1962).

9J. H. Van Vleck, Quantum Electronics, ed.

C. H. Townes, Columbia Univ. Press, New York,
1960, p. 392.

N, Bloembergen and P. S. Pershan, Advances
in Quantum Electronics, ed. J. R. Singer, Columbia
Univ. Press, New York, 1961, p. 373.

115, H. Van Vleck, ibid., p. 388.

123, C. Gill and R. J. Elliott, ibid., p. 399.

BN. Bloembergen and S. Wang, Phys. Rev. 93,
72 (1954).

4 F. R. McKim and W. P. Wolf, Proc. Phys. Soc.
(London) B69, 1231 (1956).

15T, Ohtsuka, J. Phys. Soc. Japan 15, 939 (1960).

18 v, Barkhatov and G. Zhdanov, Structure Re-
ports 9, 209.

71, Dzyaloshinskii, J. Phys. Chem. Solids 4, 241
(1958).

8T, Moriya, Phys. Rev. 120, 91 (1960).

91, D. Landau and E. M. Lifshitz, Kvantovaya
mekhanika (Quantum Mechanics), Fizmatgiz, 1963,
p. 167. J. S. Griffith, The Theory of Transition-
Metal Ions, Cambridge Univ. Press, Cambridge,
1961, p. 428.

20R. D. Mattuck and M. W. P. Strandberg, Phys.
Rev. 119, 1204 (1960).

G, M. Zverev, JETP 40, 1667 (1961), Soviet
Phys. JETP 13, 1175 (1961).

22 Statz, Rimai, Weber, and de Mars, J. Appl.
Phys. 32, 218S (1961); Bull. Am. Phys. Soc. 6,

141 (1961).

B3, C. Gill, Proc. Phys. Soc. (London) 79, 58
(1962).

245, A. Al’tshuler, JETP 43, 2318 (1962), Soviet
Phys. JETP 16, 1637 (1962).

25 A. Rannestad and P. E. Wagner, Phys. Rev.
131, 1953 (1963).

Translated by L. M. Matarrese
289



Errata
Vol. 15, no. 6, 1063-1064 (N. G. Basov and A. N. Oraevskil)
Formulas (8), (9), (10), (16), and (17) should read

to+T

Po(to) = — S P(t', to)eiot’dr. (8)
T
tD
ZoEo = aoEo + 4160°Bo S P21 Oei©—0tadty, (9)
0
N 2y H(0—0y)T — —_ _
0o = 8nw? L———' paz | [022® — p11(®] S Gl ,
h T <(1) —_— (1)2()2
N
Bo = 21z — [ei@=9n)* —1]/i (& — wa1). (10)
T
iz = Dr20ei@i=on)(t+r)giont, (16)
Ry = {poiPei@i—onTp,, (17)

These errors do not affect the main conclusions of the article. The authors thank G. L. Suchkin for
pointing out these misprints.

Vol. 19 no. 3 p. 581 (K. Huang and F. E. Low)

In Eq. (21) and the second equation in footnote 2, the comma between x and &g should be omitted. Thus
Eq. (21) should read

K(x, 0, g) = Fg(A), where A = xdy(g).

The second equation in footnote 2 should read

K, 0, g, f) = ag(g, f) Fo(A, B),

where
A =xdp@g, f), B=Boglg, 1).

Vol. 19, no. 6, p. 1313 (A. M. Prokhorov and V. V. Fedorov)

Right hand column, second formula from top, replace v} in denominator by v’é‘i.

Vol. 20, no. 1, p. 122 (Poluektov, Presnyakov, and Sobel’man)

An error was made in the approximate calculation of the integral (AI.1) in Appendix I. The points z,
in the vicinity of which the derivative of the argument of the exponential vanishes must be sought prior
to approximating the radical in the integrand of (AI.1). As a result, y in (AL.2) is replaced by 2y, the
parameter 7w /yv, in (18), (AL.3), (AI.4), (AI.5), and (AI.6) is replaced by 7w /2yv, and w in (20) and (AIL.7)
is replaced by w /2. Elimination of this error improves the agreement between the experimental and
theoretical curves in the region of the maximum. The authors thank E. E. Nikitin for noting this error.
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