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The effect of the type of symmetry of the coordinate part of the electron (Cooper) pair wave

function on the establishment of a superconducting state is investigated. The

‘‘exchange’’ parts

of the matrix elements, characterizing the conduction-electron interactions induced by pho-
nons, Coulomb forces, and also by spin waves of a ferro- or antiferromagnet, are determined.
The effect which the ‘‘exchange’’ part of the interaction exerts on the establishment of a
superconducting state with singlet or triplet pairs is discussed. The approprlate modifica-

tions in the theory, makm% it possible to include triplet pairs in the BCS, L15] Bogolyubov’s
16) and the double-time temperature-dependent Green’s function

canonical transformation,
methods are considered.

l. The question of realization of a superconducting
state with singlet or triplet (Cooper) pairs of con-
duction electrons has important significance for

the problem of the coexistence of superconduct1v1¥
and ferromagnetlsm, [1-3] antiferromagnetism,
paramagnetism, [1-97 and also the formation of
Cooper pairs with nonzero angular momentum.
In this connection, it is of interest to investigate
those properties of the superconducting state which
only depend on the type of symmetry of the coor-
dinate part of the singlet or triplet electron palI‘
wave function. !

In the present article, it is shown that the type
of symmetry of the coordinate part of the electron
pair wave function manifests itself, first of all, in
the appearance of an ‘‘exchange’’ part of the ma-
trix element, characterizing the transitions of
these pairs and having different signs in the singlet
and triplet states. In this lies the specific nature
of the manifestation, in the superconducting region,
of the singlet or triplet nature of the state of the
electron pairs which, in other quantized two-elec-
tron systems (for example, in the helium atom or
in the hydrogen molecules), leads to the appear-
ance of an additional energy term of the type + A,

[10-14]

DThese properties are not related, for example, to the
assumption employed in a number of articles (for exam-
ple,[35:%72] and others) that the matrix element Vi, k- defin-
ing the interaction of conduction electrons, depends only on
the angle between the wave vectors k and k', but not on their
magnitudes; neither are they related to the corresponding
harmonic expansion of Vi g nor, finally, to the separation
from this series of one or several terms with a definite orbital
quantum number.

[17]

usually interpreted as the exchange energy. In the
case of the theory of superconductivity, the result
indicated above turns out to be general and does
not depend on whether the interaction of the con-
duction electrons is induced by virtual phonons,
Coulomb forces, or virtual spin waves. 2 In addi-
tion, trial wave functions corresponding to the
BCS %] method are constructed in the present
article for a superconductor with singlet or triplet
pairs, and the corresponding variational problem
is solved. At the same time, we indicate those
modifications which enable us to include triplet
pairs in the method of Bogolyubov[“ﬂ and in the
method of double-time temperature-dependent
Green’s functions. (17

2. First let us consider the interaction of con-
duction electrons induced by virtual phonons.
According to (5] the energy operator for this in-
teraction has the following form:

H ;h = (1

* *
Z Vk,k',xck’—x,a’ Ck’,0" Ck+x,6Ck,ay
k,k’;0,0"; %

where the matrix element
(2)

has a negative sign for | € — €+ | < Hwy, which
corresponds to attraction between conduction elec-
trons near the Fermi surface; cko and Ck, are

the creation and annihilation operators for an elec-

Vk,kr,x = ﬁwlex {2/[(81( —_ £k+x)2 — (72(1),()2]

In spite of the assertion[**] that a change of sign of the
entire matrix element, induced by virtual spin waves of a
ferromagnet, occurs during the transition from singlet pairs
to triplets, and not a change of sign of only the ‘‘exchange’’
part of this element.
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tron with wave vector k and spin projection o;

k and «wy are the wave vector and spin frequency

of the phonon; €| is the electron energy measured

from the Fermi surface, and My is the matrix ele-

ment describing the electron-phonon interaction.
For pairing of electrons with opposite momenta,

it follows from (1) that

” '1 * L * *
Hin= 2} Viek, (Cie, 1€ty ket it + Clay Coeyy C-icy Oy
k, k;

(3)

F Chyt Coi g Cky Ckf €t Choy Chy Ckt)s
where, in contrast to [153, we retain along with
transitions of pairs of electrons having opposite
spin projections also the transitions of pairs of
electrons whose components have the same spin
projections. Accordingly, along with the usual
operators

(4)

which describe the annihilation and creation of BCS

pairs, (157 we also introduce the operators

bk = ckyekys bk = ckciy,

(5)

where bgqs (bi:a) describe the annihilation (crea-
tion) of an electron pair in the state (ko, —ko).
Then it follows from (3) that

. ..
bks = C_koCko) bre = CkoCoka,

Hin= 2\ Vi, Gigpbis + biey by, + bibic + blicbo). (6)
Kk
In this expression the operators bks describe
pairs in the triplet state with spin projection
Sz = =1, which is evident from the definition (5),
from which, in particular, it follows that

b—ka

(7)

as must also occur in the case of the antisymme-
tric coordinate part of the wave function of a pair
whose components have opposite momenta.

As far as the BCS operators by are concerned,
they obviously do not possess an analogous property
(since b_g * + by). This is due to the fact that the
BCS operators b¥ create neither triplet nor singlet
states, but states whose wave functions are only
part of the wave function of a triplet or singlet
state. Actually, for opposite momenta and opposite
spins of the electrons in the pair, the wave function
of the triplet or singlet states must contain the
states® k+; —k +; kt; —kt, whereas the BCS

- bkdv

3)This is obvious, for example, from the expression for
the wave function ¥ = [‘/'k(l)‘/’ @ £y (D LMDREQ)
+ L(2)R(1)] where the upper signs refer to the singlet state,
the lower signs refer to the triplet state, and L and R de-
note spin functions with, respectively, ‘‘left-handed’’ or
‘“‘right-handed’’ spin projections.
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operator bi'; operating on the vacuum only fills

the states kt and —kt. In order to simultaneously
fill the states k+ and —kt, it is necessary, ob-
viously, for the operator bfk also to act on the
vacuum. This leags us to the definition of the
operators Bks BkT, BE, Bk for the creation and
annihilation, respectively, of singlet (S) and triplet
(T) electron pairs with opposite momentum com-
ponents and zero projection of the total spin of the
pair (sz = 0), in the form of the following linear
combinations of BCS operators:

BT = (b +b)/V2, B>T =

Bx +05)/V2. (8

From (8) it follows, in the first place, that the
operators for the annihilation and creation of sing-
let pairs introduced earlier by C101zeaux (187 can
be reduced to the same form as Bk and Bks As
far as the triplet pair operators are concerned,
they were not introduced in (187 , apparently owing
to the author’s viewpoint that the triplet pair con-
tributions mutually cancel (this does not always
occur, as will be shown below). Second, in order
to avoid misunderstandings, we immediately re-
mark that the fact noted above, that the BCS opera-
tors bf by themselves do not create singlet pairs,
does not contradict the statement repeatedly ex-
pressed in the literature that the BCS theory[15
describes the singlet state. The reason for this
circumstance will be explained below as we analyze
the wave function for the singlet state of a super-
conductor.

The following relations for the operators Bk

and BE follow from (8):
B% =Bi, B%=—Bi; (9)
BBy =0, (BY)? = — (BR)? = by,
(B = (BL)* = 0; (10)
[B;S, BE,] = % (2— nkr—nkz—mm—n-kl)
X Bkt Ox)s  [Bi, Bil = 0, (11)
[B:—T, Bl’{‘] = % (2 — nk1~n_kl— nAkT—nkl )
X (Okc—8k, ), [Bi, Bi) = 0, (12)
(B, Bl = § (noxt + ny — Mt — nowy)
x (O, + Ox), [Bi, Bl =0, (13)

here ng, is the occupation number of the state with
wave vector k and spin projection ¢. It is obvious
from (9) that the operators BE and BE satisfy the
required symmetry properties for the coordinate
part of the pair wave function (since BE changes
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sign upon replacing k by —k, the same as, accord-
ing to (7), bgg does, whereas BE does not change
sign), so that they actually describe, respectively,
singlet and triplet pairs with s, = 0.

Returning now to the interaction energy opera-
tor (6), we note that the following expressions follow
from (8) [in accordance with (9)] :

bik = (B £BO/V2.

Accordingly one can rewrite (6) in the form

(14)

Hyp= D) Viex, (btbt + baybxy + BB + ByI'Bi). (15)

k,ky

Using (9), it is now not difficult to obtain the follow-
n

ing expression for th:

Hyp =) [Fy\BiSBE

Kk
+ Ricge, (Bi/Bi + buatbis + bibuc))], (16)
where
Frx,
Ry x, } =Vik TV £ Vi +Vio-w)s - (17)

the prime on the summation sign means that the
summation is performed over all values of k with
k, > 0.

It is clear from (16) and (17) that the singlet
pair transitions are determined by the matrix ele-
ment Fy i, whereas the triplet pair transitions
(both with sz = 0 as well as with s; = 1) are
determined by one and the same matrix element
Ri,k, - It is also obvious from (17) that in the
present case the quantity V_k,ky ¥ Vk—ky» which
is to be added to the ‘‘nonexchange’’ part
Vk,k; * V-k,—k, in the case of singlet pairs and
is subtracted from it in the case of triplet pairs,
plays the role of the ‘‘exchange’’ part of the inter-
action energy matrix element, mentioned in Sec. 1.
The same is obviously also true for the Coulomb
interaction, whose operator, according to[isj, has
exactly the same form as HI,:;h’ differing from it
only by the fact that the Coulomb matrix element
is subtracted (near the Fermi surface) from the
phonon matrix element Vi k,. Hence it follows
that the usual statément that the interaction in-
duced by virtual phonons leads to attraction near
the Fermi surface, but the Coulomb interaction
leads to repulsion of conduction electrons, is valid
only for the singlet states or for the nonexchange
part of the matrix element determining the triplet
pair transitions. As far as the exchange part of
this matrix element is concerned, in the case of
the interaction induced by virtual phonons, it leads
to the repulsion of electrons in triplet pair states
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(near the Fermi surface), but in the case of the
Coulomb interaction it leads to their mutual at-
traction. We also remark that the matrix element
Fg,k, determining the singlet pair transitions is
even (in the sense of change of sign upon a change
from k to —k, or from k; to —k;), whereas the
matrix element Ry k, determining the triplet pair
transitions is (in accordance with ™) and [103) odd
and therefore, in general, alternating in sign near
the Fermi surface.

3. Now let us investigate the interaction of the
conduction electrons induced by the spin waves of
a ferromagnet. According tol 2 (orl? ) one can
write the energy operator of this interaction in the
form

Hip = 2 2V w gk |Curg,t Okt Cig | (18)

k,k’,8
where the matrix element
Viwg = 020%2 (e — exg,, — hg)

is negative for ey — kg, + < ﬁag; a is the
lattice constant; ® is the ‘‘magnetization’’ energy
of the conduction electron (€, = €k + 200, where
o = +£1/2), due to its exchange interaction (197 with
the oriented spins of the electrons belonging to
inner unfilled d- or f-shells of the ferromagnet,
and hw, is the energy of a spin wave with wave
vector g. In the case of electron pairs with zero
momentum, (5] from (18) it follows that

Hip = — ) 2Vk,k10§,10:k.lckl €kt (19)
K.\,
which, according to (5), one can express in terms
of the BCS operators in the form
Hgm = — 2 2V, bibos.

kK

(20)

The presence in (20) of the other sign in com-
parison with the right side of (6) is due to the fact
that upon emission or absorption of a spin wave a
change of sign of the spin projection of thé con-
duction-electron state occurs. Therefore, in order
to obtain the order of the operators cgg, in which
they are arranged in (19), one additional [in com-
parison with (3)] permutation of the Fermi opera-
tors is required, which also leads to the appear-
ance of the minus sign. (20,2] Furthermore, the fact
that unlike (6) the operators biggs from (5) do not
appear in (20) is due to the fact that [as is also
evident from (18)] the exchange by virtual spin
waves occurs only between electrons with opposite
spin projections. Accordingly, in this case it is
sufficient to confine our attention to the operators

S and BT which describe pairs with sy, = 0.
Considering (14), we obtain from (20)
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Him = — ) (FixBEBE + Ry Bl BL), (21)
K,k
7 - - ~ -
ﬁk’k‘ } =V, + Vg + Viw, + Viok, k) (22)
k,k,

It is clear from (21) and (22) that in the case of
exchange by virtual spin waves of a ferromagnet,
the singlet pair transitions are determined by the
even matrix element | | , and the triplet pair
transitions with s; = 0 are determined by the odd
matrix element Ry i . In this case the quantity
Vk,k1 + V_p _g, here plays the role of the ‘“‘ex-
change’’ part indicated in Sec. 1. Thus, in the case
of the interaction induced by spin waves, as also in
the above-considered case of phonons, the transi-
tion from singlet to triplet pairs does not involve
(in contrast to [1]) a change of sign of the entire
matrix element, but leads to a change of sign of
only its ‘‘exchange’’ part.

If we now consider the transitions of pairs with
s, = 0, induced by either virtual phonons and vir-
tual spin waves of a ferromagnet, then from (16),
(17) and (21), (22) we obtain

H" =Y (FunBSBE + RinBIBY), (23)
k,k;
F’k’kl _ 74 e
R = Vi, FVik) + Vok, 6 FV ok, x,)
Kk
+ Vet 7V k) £+ Vi TV k1) - (24)

It is obvious from (24) that in the case of singlet
pairs the ‘‘phonon’’ matrix elements Vi k, and the
““spin’’ matrix elements Vi |, are subtracted, so
that the spin waves in this case prevent (in accor-
dance with [23) the formation of a superconducting
state. However, in the case of triplet pairs the in-
dicated matrix elements are added to each other,
so that formally one obtains the conclusion of

A. Akhiezer and I. Akhiezer[3J, that in this case

it is necessary to take the corresponding ‘‘phonon’’
and ‘‘spin’’ matrix elements with the same signs.
It is necessary, however, to emphasize that here
this result has been obtained not owing to the
change of sign of the matrix element Vi i, upon
transition from singlet pairs to triplet pairs (as
would occur in the case of a relation of the form[*

Vk,k1 Vﬁ,ki +(—1) Vk,ki’ where I =0 or 1),

but owing to the circumstance that the electron
transition is determined in the case of virtual

phonon exchange by the matrix element Vi k,» and
in the case of virtual spin wave exchange it is de-
termined by the matrix element Vk, —k,- In addi-
tion, it does not follow from (24) that spin waves
necessarily lead in the triplet state to attraction

S. V. VONSOVSKIf and M. S. SVIRSKII

of conduction electrons near the Fermi surface,
since R{{’k1 and ﬁk,ki are, in general, alternating
in sign. Finally, it is also necessary to take into
account that we obtained (24) for electron pairs
with zero momentum, but not for Akhiezer-
Pomeranchuk (AP) pairs [1-33 having nonzero
momentum, since the ends of the momenta of the
components of the pairs lie in the latter case near
the different Fermi momentum spheres (displaced
with respect to one another by the energy 2®) for
conduction electrons with different spin projections.
In the latter case, it is impossible in general to
investigate separately the singlet and triplet states,
since the AP pairs are neither singlet nor triplet.‘“

In this sense the AP pairs are similar to the
BCS pairs considered above, which are likewise
neither singlet nor triplet. However, while it is
possible, as shown above, to construct triplet or
singlet combinations from the BCS pairs, it is in
general impossible to construct such combinations
from AP pairs, since transitions of isolated parts
of such combinations correspond in a ferromagnet
to different matrix elements. This leads to the in-
stability of the singlet or triplet combinations of
AP pairs, which is manifest mathematically in the
appearance in the interaction Hamiltonian, to-
gether with the already considered terms of the
type B*S BS and B*T BT, of also terms of the
form B*S BT and B*T BS (a more detailed ac-
count of this question is given in [213). We also note
that the displacement of the Fermi momentum sur-
faces for conduction electrons of a ferromagnet
with opposite spin projections does not completely
exclude the formation of electron pairs with zero
momentum in the case of sufficiently weak s—d
or s—f exchange, provided these pairs are formed
outside the region of the shift, [22] o r if the s—d
or s—f exchange is so weak that the shift mentioned
turns out to be energetically less favored. (23-25]

4. For an investigation of the interaction of
conduction electrons induced by the spin waves of
an antiferromagnet, one can start, for example,
from the interaction Hamiltonian [’

”

Hafm = 2 VI‘(I, k,cklaczk,,—ocka c—k_ o (25)
k,k;,0
here the matrix element
~2
21 Op 1k, 1
Vi = : =
, vMy Ak+k‘+Bk+k. (e — Bk.)z . (")Isz, (26)

is negative near the Fermi surface, where

4This is precisely why we did not make a distinction
between singlet and triplet AP pairs in a previous articlel?],
a fact subjected to what appears to us to be unjustified crit-
icism inl®].
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| e — €k1| < °~"k+k1’ and the quantities I, u, v, M,
W, Apik ,» Bk+k, have the same meaning as in the
article by Privorotskif. [’

Only electrons with opposite spins interact in
(25), the same as in (18). Accordingly, one can ex-
press (25) in terms of the BCS operators (4) in the
form

Hopgm = — 2 Vi, (Oibic + b kbx), (27)

K, kg
where the minus sign in front of the sum has the
same origin as in the right side of (20). Now trans-
forming to the operators BE and Bg in (27), ac-
cording to (14) we obtain

Hagm = — 2 (F&WBSBY + Ré Bl BY),  (28)
Kk, k,
where
RE : } =V Va5 Vi + V% ) (29)

Thus, in the case of conduction-electron interaction
induced by virtual spin waves of an antiferromag-
net, the role of the exchange part is played by the
quantity V&, + V& ., which enters with a
plus sign in’the even matfix element Ff i, deter-
mining the singlet pair transitions, and en%ers with
a minus sign into the odd matrix element Rii’k1
determining the triplet-pair transitions. In this
connection, in accordance with 487, the spin waves
of an antiferromagnet lead, near the Fermi sur-
face, to the repulsion of conduction electrons whose
pairs are in the singlet state. According to the
estimates of Baltensperger and Strissler, (6] how-
ever, this circumstance does not exclude the possi-
bility of coexistence of superconductivity and anti-
ferromagnetism, in view of the quite possible pre-
dominance of the stronger attraction due to virtual
phonons. As far as the triplet state is concerned,
here, according to (29), only the nonexchange part
of the matrix element Rf‘l{’k1 leads, near the Fermi
surface, to the mutual repulsion of the conduction
electrons in an antiferromagnet, whereas the ex-
change part leads to their mutual attraction.

5. Now let us consider trial wave functions
describing singlet or triplet electron pair states
of a superconductor. According to (10) (with ac-
count of the fact that (BE)3 = (BE)3 = 0), these
functions may contain the operators BS and BE
in powers not higher than the second. li’herefore,
it is natural to write these functions in the form

VT I = e — B BB

+ ol (B v, (30)
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YT = I [ — v — &% 4 8FBS
k

+ e (B Y, (31)

where the primes on the product sign have the

_same meaning as the prime on the summation sign

in Eq. (16); ¥y is the wave function of the vacuum,
and Bk, @k, Ok, and yk are the desired oc*c(:upation
probabilities, respectively, of the states Yy
(B;S)Z\va, B;T ¥y, and (Bi‘;T)2 ¥y. In this connec-
tion, desiring to investigate simultaneously the
effect of both phonons and spin waves, we include

in Egs. (30) and (31) only the singlet and triplet
states with s; = 0.

Taking this limitation into account, it is not
difficult to also obtain the functions (30), (31) by
means of a generalization of the unitary trans-
formation of Yosida’s article, t%6) where it was
shown that the transition from the variational
method of BCS{7 to the canonical transformation
method of Bogolyubov (161 can be accomplished by
means of the unitary operator eilU, where

U=— ikzek by — b,). (32)
For this we take (27]
Uh' - LE/VEOK(B:S_BS)Y
k
Up=—1i 2V 2¢ (B’ — Bi). (33)

k
where Ug and Up are written for singlet and trip-
let states, respectively. Then we obtain

afk. = ewscim e ts = €0S B kC. Kkt — Sin ekc?...w,
oSy, = e'ls c;kle’ws = €08 OkC=k; -F SinOkc. 1, (34)
which, after introducing the notation

c0s 0y = Uy, sin g = 0y, uy + vp = 1, (35)
coincides with the canonical transformation of (16

which thus remains unchanged for singlet pairs.

On the other hand, operating on the vacuum wave
function (with respect to the initial c-particles)
¥, with the operator elUS, we obtain

SUS W, — IT'[cos? 0 - V2 sinOycosByBy
K

+ sin?0y (B5)*] W, (36)

which coincides with the wave function (30) after

introduction of the notation

cos? Ok = (1 — ax — Pi)", V 2sin0y cos 0y = l3'.f?,

sin? Qg = ol (37)
Further, it is not difficult to see that (30) in
turn coincides with the trial wave function (2.13) of

the BCS article: [15]
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Ypes = 1;_1 (1 — M) + Bl Y,
= Ikl’l (1 — k) + bl (1 — By (b + bly)

+ bbbl ] P, (38)

where the fact that h_y = hy has been taken into
account. Furthermore, taking account of (8) and
(10) and introducing the notation

= (1 — o — B V2hE A — k) = B,
(39)

1/,
h‘k = 04{!1

it is easy to see that the BCS function (38) actually
coincides with (30). This also explains the fact
mentioned above in Sec. 2 that, although the BCS
operators b; do not create singlet or triplet pairs,
nevertheless the BCS wave function (2.13) des-
cribes just the singlet state.

In the case of triplet pairs we have

T iU AU o .
Uik, =€ Teoppe T = cos Qycigt F Sin Qucriy,

a?,k. = eiUTcxkle_wT = CO0S QuCzk| + Sin cpkc;H. (40)
On the other hand, acting on ¥y with the operator
elUT and introducing the notation

cos? Tk = (1 — Yk — 6k)l/2, VE sin @k COS Pk = 6;{27
(41)

sin? @x = 'Y‘k/er
we return to the trial wave function (31).
It follows from (34) and (40) that for both singlet
and triplet pairs (with s, = 0) one can write the

canonical transformation[wj in the same form:

* *
Ok, = Uklkt — UkCoky, Ok, = UpC_x; + vckt, (42)

imposing, however, different conditions on vk in
this connection. Namely, in the case of singlet
pairs it is necessary to put

U kg = Uy, Vg = Uk, (43)

and in the case of triplet pairs it is necessary to
require

U_x = Uy, Vg = — Uk

(44)

Triplet pairs (with s, = 0) may also be included
in similar fashion in the double-time Green’s func-
tion method, where for the average values of the
type A = (cl’:, c_k,) it is necessary in the case
of singlet states, in accordance with ”], to set

However, in the case of triplet pairs it is necessary
to require
AT = — A] (46)

in place of (45). The latter requirement is connec-
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ted, as it is not difficult to see, with the circum-
stance that A_j represents the average value of
the operator bX;, which has the same sign as the
average value of the operator b; in the singlet
state, and the opposite sign—in the triplet state.

6. Using the functions (30) and (31), we now in-
vestigate the corresponding variational problem.®’
The Hamiltonian of the system under consideration
in the case of a superconducting ferromagnet has
the form

H = 2 2 skdc;ccko+2 Z
¢ k>Kkpg o k<kpg

where H” is defined in Egs. (23) and (24), and kg
is the radius of the Fermi sphere for electrons
with spin projection ¢. In the case of a supercon-
ducting antiferromagnet, H has outwardly the same
form as in (47), where it is necessary, however,
to replace Vk,k1 by Vﬁ,k in H” and, in addition,
to take into account that in an antiferromagnet
kpy = kg,. The following values for the average
energy of the system (at T = 0°K) follow from (47),
(30), and (31):

Wws= 2' 2' exs Bk + 2ax)

| exs | CoCro + H”, (47)

I°] k>kFo
+ 2 D) ek [(2 — Bx — 2m) + X Fr, o BUBL
o k<kpg K.k,

X1 — ax — Bu)+ alll(1 — ax, — Bi)” + a’l, (48)

W=D S e O+ 2v) + D D el 2 — 8 — 2y1)

o k>kpg o k<kpg
+ 20 R 808 [(1 — v — 8" + vl
K, K

X [(1 — yi, — 8" 4 yil. (49)

Comparison of (48) and (49) indicates that it is
sufficient to solve the variational problem for the
singlet state (48) and after this to obtain at once
the solution of the problem for the triplet-state by
replacing Fi{,lq by Rl/«:,ki in the final result. In-
troducing the notation up = Bk + 2 ozk,[18~ it is not
difficult to see that the derivative 8WS/dak van-
ishes for u} = 4 ag- Correspondingly setting
ag = hi"(, we write (48) in the form

Ws =23 D el + 23 D Jewl (I — i)

o k>Kpg o k<kpg

4D Fi bl (1 — bV (1 — Ry ).

ky l'\‘l

(50)

5)We also obtained the same results by the canonical
transformation method[**] with account of the modification
(44), and by the method of double-time temperature-dependent
Green’s functions with account of the modification (46).
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Minimizing (50) with respect to hk, we obtain in
the region of k space in which pairs are present:

B = Yy 11— e/(e2 — €2,)"], (51)
o = — 2 ;'F;_ w bl (1 — )™ (52)
The equation for €y follows from (51) and (52):
ok = — 2 [’L k,ﬁok/(&‘lz(, + Sgk, )l/!, (53)
3

which we_shall solve under the assumption that
Fi{,lq_’ F’ > 0 for |eg| < 6 and Fl,<,k1 = 0 for
| eg| > 6, where T’ is the positive average value®
of Fy |, in the region |eg| < 6, and 6 is defined
as the effective phonon frequency (or the Debye
temperature and accordingly gives the isotope ef-
fect) in the case when the region of the phonon-
induced attraction is larger than the region of spin
wave-induced attraction. In the opposite case, &

is determined by the effective frequency of the spin
wave (or Curie temperature) and correspondingly
does not give an isotope effect.

In this connection, it is necessary to distinguish
the case when the displacement of the Fermi mo-
mentum surfaces is removed on account of the
energy decrease due to the increase in the number
of paired electrons, [2525] from the case when the
removal of the displacement of the Fermi surfaces
is energetically unfavorable. (227 por simplicity,
we confine our attention to the first case. Then it
follows from (53) and (50) that

g0 = 8/sh (1/No F'), (54)*

WS = — 1/, Noei + N,8?, (55)

where N, is the density of states near the Fermi
surface for one spin projection, but the last term
in (55) describes the increase of the exchange en-
ergy of the system, accompanying the removal of
the displacement of the Fermi surface. It is clear
from (55) that this removal is (energetically)
favorable only in the case of sufficiently weak s—d
or s—f exchange, when €, < V2 ®. In this connec-
tion, the lowering of the energy will be greater, the
greater €, is, and therefore the larger F’ is. This
enables us to assert, taking account of (49), that
the formation of singlet pairs will be energetically
advantageous upon fulfillment of the inequality

F>TF, (56)

6)Here we prefer to use the average value of Fl'q,k instead
of the approximate expansion of Fj .,k in Legendre polynomi-
als,[**'*1] since the subsequent various assumptions utilized

inl**1] lead to different results (also seel1z14]),
*sh = sinh.
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where R’ is the average value of Rk, k, in the
region | €k| < 6. In the opposite case, the forma-
tion of triplet pairs will be energetically more
favorable. Criteria similar to (56) also hold in the
case of a superconducting antiferromagnet [although
in this case, of course, it is necessary to set

® =0 in Eq. (55)].

7. We now present, without detailed calculations,
the results of an investigation of nonferromagnetic
and nonantiferromagnetic superconductors, in which
the phonon-induced interaction leads, according to
Eq. (16), to the equivalent formation of triplet
states of three possible types (both with sy = 0 and
with s, =*1). We chose trial wave functions for
this case in the form

WT — I (o + BBy + 14 (BiY )2
k

+ &byt +nilbiy ] Vo (57)

Correspondingly, the solution of the variational
problem led to an equally-probable distribution of
all three types of triplet pairs with probability”

Bu = Bk = Mk = Y% e2/(e2 + e2), (58)

&0 = ho/sh (1/NR), (59)

which corresponds to an energy of the supercon-
ducting system equal to

Wy = — 2N, (hw)?/ [exp (2/NoR) —1]1.  (60)

The equivalence of the three types of triplet
pairs vanishes, however, upon the above -considered
inclusion of spin waves of a ferro- or antiferro-
magnet, or upon introduction into the investigation
of the intensity of the external magnetic field. In
the latter case a nonvanishing paramagnetic sus-
ceptibility of the superconductor may qppear at
T =0, as has been shown by Fischer!" (for
‘“‘alternative’’ pairs with sz =+ 1), Privorotskii [8]
and Balian and Werthamer'®’ (in the last article
for pairs in a p-state). A more detailed investiga-
tion of this question falls, however, outside the
scope of the present article.

8. The account presented above indicates that
the presence of the ‘‘exchange’” part of the matrix
element, defining the transitions of singlet or trip-
let pairs, actually turns out to be a general property
of all the interactions considered above (induced by

DIn order to avoid a misunderstanding, which the symme-
try of (58) with respect to €} = 0 may cause, we emphasize
that the occupation of electron states is determined not only
by By, but also by the quantity yy, and that on the whole
%(3Bk + 2y ) coincides with hy ofl*] and has the same anti-
symmetric behavior with respect to €} = 0.
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virtual phonons, Coulomb forces, or by virtual spin
waves of a ferro- or antiferromagnet), which is
quite natural, since this ‘‘exchange’’ part (having,
in general, a different form for the various inter-
actions) is a direct consequence of the type of sym-
metry of the coordinate part of the electron-pair
wave function. In this connection, near the Fermi
surface a singular change takes place in the nature
of the interaction described by the exchange part,
corresponding to the triplet state, namely: a change
from attraction to repulsion for the interaction in-
duced by phonons, and, conversely, a change from
repulsion to attraction for the interactions induced,
respectively, by Coulomb forces or by spin waves
of a ferro- or antiferromagnet. The latter circum-
stance enables us, of course, as one of the alterna-
tives to explain the coexistence of superconductivity
and ferromagnetism, or antiferromagnetism, or
paramagnetism, and also the absence of a normal
isotope effect in certain systems containing transi-
‘tion metals, having assumed the formation in the
enumerated cases of a superconducting state with
triplet pairs.

It is, however, necessary to note that the odd
matrix element Rk Ky determining the transitions
of triplet pairs, apparently is usually smaller [
than the even matrix element Fy i, determining
the singlet pair transitions (for example, for the
simplest assumption, Vk,k, = const, the element
Rk,k,; simply vanishes, whlch corresponds to the
cancellation assumed by Clmzeaux[18 ). In such a
case, according to (56) the singlet state may turn
out to be energetically more favorable. Accordingly,
in order to understand the coexistence of supercon-
ductivity and ferromagnetism or superconductivity
and paramagnetism and so forth, other generaliza-
tions of BCS pairs may turn out to be useful; one of
of these alternative versions was proposed and ap-
plied to one of these problems by Cooper in 28],
and to other problems by us. [29
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