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Resonances in low energy nuclear reactions are considered from the standpoint of the Regge
pole philosophy. Formulas for the amplitude of reactions of the type A + x — B + y are
given which, along with the main Breit-Wigner term, contain corrections as a consequence of
the analyticity of the partial amplitudes f) (E) in A (effect of the proper asymmetry of the
resonance level). The possibility of observing the effect of the proper asymmetry in the ang-
ular distribution of the reaction products is discussed. The signature of the resonance level
is considered briefly. An attempt is made to extract from the data of the phase shift analysis
of the C2(a, a)C® elastic scattering parts of the trajectories of the three Regge poles re-

sponsible for the resonances.

1. INTRODUCTION

COMPLEX angular momenta were first intro-

duced by Watson (1 and Sommerfeld ] in the dis-
cussion of the diffraction of radio waves around
the surface of the earth. By this method the prob-
lem of diffraction could be solved efficiently. In-
deed, the usual expansion of the wave function in
a series of partial waves f, is here practically
useless, since terms up to the order n ~ kR (R
is the radius of the earth, k the wave number)
are important. By analytic continuation of fj,
into the complex plane of the angular momentum
n = A, Sommerfeld and Watson represented the
wave function in the form of a rapidly converging
series in terms of the poles of f). The angular
dependence of the wave function, which would
seem to be unusually complicated on account of
the enormous number of partial waves f, of the
same order of magnitude, was thus represented
by a simple analytic function, viz, the Legendre
function P) (—-z), where, however, A does not
take on one of the ‘‘physical’’ values (A =0, 1,
2,...), but is a complex number. (Now we would
say that this value A is the ‘‘Regge pole’’ closest
to the real axis.)

Some years later, Regge kI proved the ana-
lyticity of the partial amplitudes f) as a function
of the angular momentum A for a wide class of
potentials in nonrelativistic potential scattering.
Here all singularities of f) in the right half-
plane of the variable A (Re A > —Y%) are simple
poles which lie in the upper half-plane (Im A > 0)

for E > 0 and on the real axis for E < 0. There-
after the distribution of the poles and the trajec-
tories described by them as the energy is varied
were discussed for different potentials: the
square well (4,5] and the Yukawa potential.[s'gj

In a number of papers, (-12] e analytic prop-
erties of the scattering amplitude in A were used
in the investigation of the asymptotic behavior of
the cross sections of various processes at high
energies (for a review of the work in this direc-
tion, see [13]).

Recently Shapiro (private communication) and
Rebolia and Viano 14 called attention to the fact
that from the standpoint of the theory of complex
angular momentum the angular distribution of the
products of nuclear resonance reactions must
have a forward-backward asymmetry. This asym-
metry arises from the circumstance that the
angular momentum of the resonance level is a
complex number, and not from the interference
of the Breit-Wigner amplitude with the scattering
amplitude for potential scattering and neighboring
resonances. We therefore call it the ‘‘proper
asymmetry’’ of the resonance level (p.a.l.).
However, the p.a.l. can be distorted if the contri-
bution from one resonance level (Regge pole) is
compensated by the contribution from far reso-
nances and also by the known integral term ap-
pearing in the ‘‘Reggeized’’ form of the amplitude
[see below, formula (2)].

Section 2 of the present paper is devoted to the
problem of the compensation. It is shown that the
compensation is unimportant for kR > 1 (R is
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the nuclear radius) in a wide region of scattering
angles, so that the p.a.l. can be observed experi-
mentally. The experimental observation of the
p.-a.l. is of great interest, since it gives the pos-
sibility of establishing the motion of the Regge
poles at energies close to resonance. In the same
section, we shall discuss the problem of the sig-
nature of the resonance level and its effect on the
angular distribution.

In Sec. 3, we discuss, from the point of view of
the theory of complex angular momenta, the data
of the phase shift analysis of the elastic reso-
nance scattering of a particles from C%? at «
energies up to 5 MeV. It is shown that one can
obtain from the energy dependence of the small
nonresonant phases the trajectories of the Regge
poles corresponding to the first three excited
levels of the compound O nucleus.

2. PROPER ASYMMETRY OF A RESONANCE
LEVEL AND POSSIBILITY OF ITS EXPERI-
MENTAL OBSERVATION

Let us consider a nuclear reaction of the type
A+ x — B+ y between spinless particles, neg-
lecting the Coulomb interaction.!) We expand the
reaction amplitude f(E, z) in a series of partial
waves:

FE 2= S @n+ 1) o @) Paa)

fn(E)=%§

-1

f (E, 2) Py (2) dz = €™F) sin 8, (E), (1)

where E is the total kinetic energy of the parti-
cles A and x, and z = cos 6 is the cosine of the
angle between the momenta of the particles x and
y in the center of mass system.

We assume that the partial amplitudes f,(E)
can be continued analytically from the integer
values of the angular momentum A = n into the
complex plane of the variable A, where on the
large circle in the right hand plane (Re A > —1/2)

2\ + 1) f» (E) Py (— z)/sin A — O

for arbitrary z in the physical region (-1 =z

= 1), and the half-plane Re A > N (N is an arbi-
trarily large, fixed number) is free of singulari-
ties of f) (E). In this case the analytic continua-
tion from the integer values A =n is unique.m]
We assume that the only singularities of f) (E)
for Re A > -/, are simple poles in the points

DThe Coulomb interaction is taken into account in a sub-
sequent paper of the authors.
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A = aj(E), and denote by rai( E) the residue of
fy (E) at the pole aj. Using the Sommerfeld-
Watson transformation 23 we represent the re-
action amplitude f(E, z) in the form

fE D = — 4 D@+ 1) ro, e P —2)

1

@A +1)/ (BE) Py (—2)
sin ;A

=1/, +ico

— o dA. (2)
—1/,—ico

It must be emphasized that the above-men-
tioned properties of the partial amplitudes leading
to (2) are rigorously proved in the nonrelativistic
theory only for scattering from a potential which
consists of a superposition of Yukawa potentials,m
and in the relativistic theory are derived from the
Mandelstam representation with a finite number
of subtractions.® These proofs are not applicable
to the amplitudes of nuclear reactions, since these
have anomalous singularities in the invariant
variables (the momentum transfer, etc.). We
shall, however, assume that the nuclear reaction
amplitude f(E, z) can be written in the
‘‘Reggeized’’ form (2) and consider the associated
consequences.

Let us assume that at some complex energy
W = E; — iI'/2 one of the poles a(E) goes
through a positive integer value of the angular
momentum A =I: a(W) =12 If T is not very
large, the pole «(E) at the real energy E close
to E; will be located at a point in the complex
plane close to A = 1:

eEB)=14+v(E), |vE|<L v(W) =0 (3)

If the other poles «j(E) in the complex A plane
are far away from the real axis, then the term
corresponding to the pole «(E) in the sum over
poles in (2) will be large (of order 1/v) com-
pared with the remaining terms [of order
exp(—7 | Im «j |)] and will make the main con-
tribution to the reaction amplitude. We isolate
this term and write the amplitude in the form

FE D) =— 5 @a+ 1) ra(B)

x [ e Pa (= 2 + 2 (£, 9)], (4)
where g(E, z) stands for the remaining terms in
(2). Let us consider the pole contribution to the
amplitude:

fPE, 2) = — o Qa+ 1) 7o (B) o Pu(—2).  (5)

sin ma

2This implies that the partial amplitude f;(E) has a pole
in the energy at E = W.
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A(cg:ording to (3), we can write the amplitude form
f(f in the form d_s _ (a+1)r, (E)72
fPE, 2) = — (20 + 1) o (B) a0 e
P, (z) x [P}(z) + 2Re v-P; (2) Ry (2) + O (v?)]. (9)
x L5+ R @) +0m)], (6)
where The deviation of the angular distribution from the
simple form do/dQ ~ [P;(z)]? predicted by (9)
R (3) = (—)' [0Py (— 2)/0alaei. (7)  would, in the language of the usual resonance

If T is small, then v(E) = o’ (Ej)) (E — E,
+ir/2) for E = E(, and the main term
fg))( E, z) takes the form

rjo’ (Eo r

— L @) P, = (®)
i.e., it coincides with the Breit-Wigner amplitude
for an isolated resonance. We note that singulari-
ties in A of a type different from the simple mov-
ing poles do not lead to the Breit-Wigner formula
in passing near the integer values A = [.

The term Rj(z) in (6) has no natural analog
in the usual theory of resonance reactions. It
leads to perfectly definite deviations of the angu-
lar distribution from the Breit-Wigner formula.
Its occurrence is a consequence of the assumed
analyticity of the partial reaction amplitudes in
the angular momentum. We shall call the quan-
tity R7(z) the ‘‘proper asymmetry’’ of the reso-
nance level. The explicit form of Rj(z) is given
in Appendix A. Figure 1 shows the function
Ri(z) for 1 =0,1, 2, 3, and 4.

In cases where the function g( E, z) in (4) can
be neglected, the differential reaction cross sec-
tion is near the resonance given by the square of
the pole contribution to the amplitude and has the

theory of nuclear reactions, require the introduc-
tion of interference terms between the given
resonance and a large number of neighboring
resonances. A comparison of (9) with experiment
would allow a direct determination of the energy
variation of the real part of the Regge pole across
the resonance.®

However, the pole contribution to the amplitude
f(P)(E) cannot represent the amplitude of a real
physical process in the entire range of angles
(-1 =2z =1), for the following reasons. Since
Py (-2z) has a logarithmic singularity at z =1,
f(g ) (E, z) goes to infinity for 6 = 0 (forward
scattering). This is reflected in the circumstance
that the partial amplitudes f;lp) corresponding to
fg))( E, z) fall of too slowly for n — «:
2041 ( 1 1 )~ 1

“ 2n4+1\n—a + nta-}-1 nE v (10)

fan (B)=r

The correct reaction amplitude is finite for all
physical values of z and its partial amplitudes

3n this section we assumed for simplicity that at a given
energy only one pole a(E) comes close to an integer value.
The results are easily generalized to the case of several such
poles (cf. the analysis of the experimental data, Sec. 3).
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decrease exponentially for n — % owing to the
finite range of the nuclear forces. Therefore the
term g(E, z) in (4) must guarantee the correct
behavior of f(E, z) for z =1 and compensate the
pole-type partial amplitudes fg’g(z) for large n.
We call this the effect of the compensation of the
distant pole phases.

It is easy to show that the function g (E, z)
does indeed compensate the logarithmic infinity
of the pole contribution to the amplitude, by sub-
stituting in (2) the expansion of Py (-z) for
z—1,
sin o

n

Py (—2) = In 1—;{ + const

+0[(1 -2 — 2,

and taking into account that, by Cauchy’s theorem,
the coefficient of In [(1 — z)/2] in the expres-
sion

—1/x+ico

| @+ nn @ d)»}

—=1/,—ico

f (B, 2) =—{ S + tre, + o

Xlnizz + ¢ (E, 2)

(11)

goes to zero, while the remainder is finite for
z =1.

For an estimate of the effect of compensation
we write the partial amplitude f, (E) in the form

fn (E) = & (E) & (E). (12)

The quantity &p, considered for complex values
n = A, is an analytic function of A with the follow-
ing properties: £, is exponentially small on the
real axis for sufficiently large n (n > L), and
(17~ 1 for n=1 (I is the angular momentum of
the resonance level). It will be seen from the
following that L > I in the cases of interest.

We shall assume that &) is a smooth function
of A in the interval from zero to L. This is in
line with the hypothesis of the analyticity of f;.

We add some comments on the magnitude of
the cut-off parameter L. The nuclear reaction
amplitude receives contributions from resonance
and direct processes. The amplitudes of the
direct processes are given by Feynman graphs
with nuclear form factors in the vertices.[16:17
The partial amplitudes of the direct processes
f;\ )( E) become exponentially small for A =n
> Lg, where Lg is determined by the analytic
properties of the direct reaction amplitude in the
momentum transfer. These properties depend on
the form of the vertex functions and the position
of the closest singularities of the Feynman graphs

E. I. DOLINSKII
in z(z = z3): Lq = Lg (KR, zy). Since the ampli-
tude of the direct reaction f)(E, z) is finite
for z =1, it cannot compensate the logarithmic
singularity of the pole contribution to the ampli-
tude. Therefore the cut-off parameter L in (12)
is not connected with L.

As shown in Appendix B, the partial amplitudes

f;\d)( E) have no singularities for Re A > —Y, and
therefore the direct processes are entirely con-
tained in the integral along the line Re A = — ' in
(2). However, it follows from (11) that this inte-
gral contains, besides the direct processes, also
a part leading to the compensation of the distant
pole phases. This part of the integral has no
simple physical interpretation, and in estimating
L we must therefore take recourse to qualitative
model-type considerations. For potential scatter-
ing 18 and scattering from a black nucleus 19 it
is known that a sharp cut-down of the phases be-
gins for n > kR, where R is the radius of the
nucleus. We assume therefore that the compensa-
tion of the pole phases in well-defined resonance
reactions begins at n > L ~ kR (with kR > 1).

For an estimate of the effect of compensation
in line with our assumption about the behavior of
£, we consider a crude model:

1 o<n<<L—1
§n= 0

n>L (13)

Then

[oo]

e D) @n+ 1) [ (E) Pala). (14)

g 2) = Gy @ ;

Substituting the known asymptotic form of the
Legendre polynomial P,(z) for n >» 1,

2 \F ' 1 n 1
Pr (2) = ( nn sin O ) {cos[(n—[— 7)9_7[]_}‘0(’;)},
which is valid for 0 < €9 =m—-¢€, € > 1/n,

and retaining the main terms in the expansion in

L~ 1, we obtain

g(E, 2 =2 (:n:s?ne)l/zz

n=L

cos [(n + Y/z)  — /4]
o

s )
=2 ( - Szin 0) Re {ei L+ 0-/a] O (319’ 3y, L)}, (15)
o n
= IO 16
®Esh Eo (L (16)

Using the integral representation for the func-
tion &(z, s, L),[m we easily obtain its asymp-
totic expansion for L >» 1, which has the form
(z =elf)

. ie~19/2
D (et®, s, L) =

2L° sin (6/2) 17

[1+ 0 (arsmem )]
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For 6 » 1/L we finally obtain from (17) and (15)
the asymptotic expansion of g(E, z) for L >» 1:

) _ 2 2 cos (LO + m/4)
(£, 2) = ( 7 sin 0) L’ sin (6/2)

x[1+0(1, &, %)]- (18)
From (18) we find the upper estimate
lg (B, 2)| < (?;?:Té)l/ (L"sin %) . (19)

It follows from this that | g(E, z)/RI (E, z) |
= 6. in the region of angles for which

0.8 (20)

s Y, .. 0
Fy (6) = (sin 6)" sin 5| Ry (c0s 6) | > ——

If we take 6 < 1, we can neglect the effect of
compensation in this region of angles and approx-
imate the exact amplitude f(E, z) by the pole
contribution to the amplitude (5).

Figure 2 shows the function Fj (6) for [ =0,
1, 2, 3, and 4. We see, for example, that for I =0
the range of angles 6 in which the proper asym-
metry of the level is distorted by no more than
10% due to the compensation is 35° > 6§ < 85° for
L=6 and 15° < § < 120° for L = 10. On the
whole, we can for L >» 1 and excluding the inter-
vals of angles near 6 = 0 and the zeros of
R7(cos 0), use to a good approximation formula
(9) for the description of the angular distribution.

We note that the effect of the p.a.l. is clearly
not observable for small energies (kR «< 1). In
this case the phases 6, ~ (kR)?2*! and decrease
very rapidly as n is changed by unity, beginning
with n = 0 (this is a trivial consequence of the
centrifugal barrier). On the other had it is known
that for k — 0 the Regge poles condense near
A = =1, 8:10,2] ap4 it becomes understandable that
no single Regge pole can predominate in the re-
action amplitude for kR « 1.

Since L 2 kR, the effect of the proper asym-
metry of the level is best observed in its undis-
torted form at a large energy E. However, one
must stay in a region of energies E where there
are still isolated resonances, since otherwise the
angular distribution will be determined by several
Regge poles. Therefore it is most convenient to
study light nuclei close to the magic nuclei at
resonance energies of the order of a few MeV.

In connection with the form (2) of the amplitude
we remark the following. In the analytic continu-
ation from the physical values A =n into the com-
plex A plane we require of the function f) (E)
that it be bounded on the large circle for Re
Re A > —Y. This is a necessary condition for the

£ I _
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44t ~/ /I \ '/' W
aJr— / I \. K \\\

25 s e

Y L Y, v ) I g
Jo° b0° g9° 120° 150 180°
FIG. 2. Behavior of the function F;(0) for different values
of I: a—solid curve for [ = 0, dotted curve for [ = 1, dash-
dotted curve for [ = 2; b—solid curve for [ = 3, dotted curve
for [ = 4.

uniqueness of the analytic continuation from the
discrete set A = n.0% m the relativistic theory,
this requirement forces one to make a separate
analytic continuation from even and odd values of
A =n, introducing two different analytic functions
X and f}'\.m The Regge poles for fy and f; de-
scribe, in general, different trajectories as the
energy is varied, and each trajectory is charac-
terized by a new quantum number o (¢ = %1),
called signature.

In the low energy nuclear resonance reactions
under consideration we have cases where the
Regge pole definitely has a signature.?) If the
resonance reaction goes through a compound level
with at least one decay channel into two identical
particles (for example, Be®* — 2a/), the expan-
sion of the reaction amplitude contains only par-
tial amplitudes of a given parity. In this case the
compound level lies on a Regge trajectory with a
definite signature, and for spinless particles the
resonance occurs only if the signature of the tra-
jectory coincides with the parity of the level
[o= (—)l]. Then the function R; (z) in formula
(9) for the differential cross section must be
replaced by

sin 6

T(2) = 5 [Ry (2) + 6By (— 2)] = Py (cos 6) In =5,

-+ % [Vi(cos® 4oV, (—cosB)], o=(—), (21)

and the angular distribution becomes symmetric

“This circumstance was pointed out to us by I. S.
Shapiro.
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about 90°. An analogous situation obtains also in
the case of nonrelativistic scattering, where the
signature of the Regge pole comes in if the poten-
tial has an exchange part. If the resonance level
has no decay channel into identical particles, then
the corresponding Regge trajectory has evidently
no signature.

3. COMPARISON WITH EXPERIMENT

The most direct test of the assumption of Sec.
2 about the smooth compensation of the pole
phases and hence the existence of the p.a.l.

R; (z) [formula (9)] is the exact measurement of
the angular distribution of the reaction products
at various energies within the resonance peak. In
particular, we have for a narrow resonance v(E)
~ a'(Ey))(E - E; +1iI'/2), and (9) predicts a
definite energy dependence for the p.a.l. effect.
As is seen from the analysis of the elastic scat-
tering of a particles from C'2, typical values of
v in the neighborhood of the resonance are of the
order 0.01 to 0.1. Therefore, according to (9),
the interference of the main term in the amplitude
with the p.a.l. term can lead to energy dependent
corrections in the angular distribution from a
few percent to about 20%. Unfortunately, we had
no data on precisely measured angular distribu-
tions at the resonances.

Another possible test of the hypothesis of the
smooth compensation of the pole phases 6gjn) (E)
for values of n close to the angular momentum of
the resonance level ! is the determination of the
Regge trajectory from the experimental data on
the small nonresonant scattering phases. In the
case of an isolated resonance caused by a single
Regge pole a(E) we obtain from (10) and (12),
taking into account that £; ~ 1,

Table I
E,.,MeV| T, MeV | J& n
3.205 0.792] 1~ 2,10
3.556 |~0,001| 2* 2,00
4.241 0,033 4+ 1.83

E; is the resonance energy of the & particles in the lab system,
I' is the width of the resonance in the lab system,J" is the spin

and parity of the level, ) = Z,Z,e*m,,/h%k is the Coulomb parameter,

where m,, is the reduced mass of the colliding nuclei, Z, and Z,
are their charges, and k is the momentum in the c.m.s.

DOLINSKII

fn (B)If1 (E)
=Ev(E) QL+ )/l —n)(l4+n+ 1)]. (22)
Here a(E)=1+v(E), |[V(E)| < 1, n=1; 1 is

the spin of the resonance level. In the approxima-
tion of the crude model (13) for £,, we have

(l—n)(@+n+41) sind,
21 sine, n=l. (23)

v(E) = ¢l Cn b
With the help of this formula one can from each
nonresonant phase 6p( E), establish a section of
the Regge trajectory in the neighborhood of the
resonance ?

If the quantity &, is indeed weakly dependent
on n for values of n close to I, then the values
of v(E) calculated from different phases 6, (E)
must be close to one another. We note, however,
that the deviations of the true values of £, (E)
from unity manifest themselves more in the
values of v( E) obtained from (23) than in the
estimates of Sec. 2 of the range of angles in which
formula (9) holds for the angular distribution.

Formulas analogous to (23) can easily be ob-
tained for the case of several poles close to in-
teger values (overlapping resonances). We quote
the formulas for the case of two poles correspond-
ing to resonances with the spins /; and I,:

Vi, (E) =Cy [(ly —m) (I, +m + 1) fm (E) — (I, —n)
X(l+n + 1) fn (E))/]1,(E), (24)
vi,(E) = — C, [(l, —m) (L +m +1) f(E) — (I —n)
X (L+n+1) fE))/f, (E).

Here m, n = 1y, ly; f, (E), f,(E) are the non-
resonant partial amplitudes for the angular mo-
menta m, n:

f, (E) = ™ sin 8 (E);

Ci=— (li—m) (L —n) (L +m + 1) (Lt n+ 1)

XL+ 1) (L— L)+ L+ 1)m —n)m + n + DI

(i=1,2).

SFormulas (23) and (24) were obtained without account of
the Coulomb interaction. As seen from Table I (cf. below),
n > 1 for the resonance levels under consideration. Therefore,
the Coulomb interaction has an important effect on the angular
distribution of the scattered particles, which is different from
(9). However, as will be shown in a subsequent paper of the
authors, (23) and (24) retain their form even when the
Coulomb interaction is taken -into account, if the phases §,
are understood to represent the so-called nuclear scattering
phases. The numerical values quoted below refer to the nu-
clear phases without any further specific mention.



REGGE POLES AND NUCLEAR RESONANCE REACTIONS. I 667

V.ZJ"RB v
4220

975

ot //
a5
+ +
JZ 1 12 1 ! 1 41
16 38 40 42| 44
£,,MeV

4451

=470 -

T

=415

-420

=425
FIG. 3

Using (24), one can from each pair of nonresonant
phases 0p,, 6p, determine the trajectories of the
two poles all(E) =1+ v, (E) and al,(E) = Iy
+ v, (E).

Specific calculations of the pole trajectories
according to (23) and (24) were carried out for
the resonant elastic scattering of « particles on
ct?, using the experimental data of 22) 1 the
energy interval from 0 to 5 MeV (in the lab sys-
tem) there are three resonance levels of the com-
pound nucleus O whose parameters 23] are
given in Table I. Since 65~ 0.1° for hard sphere
scattering (at E = 4.8 MeV and R = 5.4 ), the
authors of %) set 6, = 0 for n = 5 in carrying
out the phase analysis. In the energy region con-
sidered, 6, and 63 are the only nonresonant
phases.e)

Figures 3 and 4 show the behavior of Re v
and Im v in the region of the three resonances.
In the region of the 17 resonance it was as-
sumed that the phases are determined by the
single Regge pole a;(E) =1+ v;(E), whose
trajectory passes near the point ! = 1. The values
of Re vy(E) and Im v, (E), calculated with the
help of (23) with I = 1, are shown in Figs. 3 and
4, using the phase 6,(E) (curves 1) and the phase
63(E) (curves 2). The curves 1 and 2 run very
close to one another near the resonance energy,
but across the half-width of the resonance I'/2
=~ 0.4 MeV there is some discrepancy.

9The phase §, is small in the region of the 1" resonance
(8, ~ 0.06) and one cannot rely on its stability as the number
of phases in the phase analysis is increased. The phase §,
is obtained from [?*] with poor accuracy, but the order of
magnitude of §, is not in contradiction with (23).
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The next resonance 2% is very narrow and the
values of vy (E) calculated with (23) from the
phases 6, and 63 with I =2 differ by a sign.

This difference is explained by the fact that the
2* resonance lies within the limits of the half-
width of the neighboring 1~ resonance whose pole
ay(E) has not yet receded far into the complex
plane [| v;(E) « 1]. In calculating the trajectory
of the pole ay(E) =2 + v, (E), corresponding to
the 2* resonance, one must therefore take the
pole a4 (E) into account and use the two-pole
formulas (24). The curves 3 and 4 in Figs. 3 and
4 show the motion of the poles a;(E) and ay(E)
in the region of the 2* resonance as obtained by
a two-pole treatment of the phases &, and 3.

From the curves for v;(E) and vy(E) in
Figs. 3 and 4 we have obtained the derivatives
of = dai (E)/dE and the residues rai(E) at the
corresponding resonance energies (see Table II).
The residue at the resonance is given by the rela-
tion ry(Ey) = —iv(E;), since we have for the
resonant partial amplitude f7(Ey) = —ro(Ej)/

X v(Ey) =i. According to (3), v(E, — il'/2) = 0.
Therefore we obtain for a narrow resonance
(T/Ej < 1) in the region |E - E,| £ T

o/ (Ey) =2 [Im v (E;)) — i Re v (Ey)]. (25)

7)

This relation provides a second independent
method of calculating «’(E;).

In Table II we give the values of Im v(E;) ob-
tained from the curve& of Fig. 4 and the values of
Re o’ (E;), calculated from the former with the

Table II
a (E,) cal-
Reso-| culated Re o’ (E,)
nance from Imv (Ey) |from (25) | Imal
Fig. 3 (MeV-1)
(MeV-1)
1- 10,24i0,1 0.06 0.16 ~0.06
2+ 9-+4i0.05 0.01 1020 | ~0.01
4+ —4—i | —0,06 —3.6 ~0,06

For §, we give the average value of the derivative cal-
culated from the curves 1 and 2.
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help of (25). Owing to the steepness of the curves
for Re v(E) and the change of sign of Re v(E)
in the neighborhood of E = Eg, the calculation of
Im o’ (E;) according to (25) leads to widely
scattered values and is rather unreliable. As
seen from Table II, both methods for the deter-
mination of Re a’(E;) are in satisfactory agree-
ment.

Let us now turn to the 4" resonance. In the
neighborhood of this resonance | v;(E) | < 1,
and the pole «;(E) must be taken into account.
Since Re aj ~ 10, Re ay (E) rises to unity as the
energy is increased by AE ~ 0.1 MeV. If the pole
ay to the right of the 2* resonance continued to
move near the real axis, then the 3~ resonance
would be observed at E ~ 3.7 MeV [even if we
assume that the trajectory of the pole.- @y ( E) has
a signature, there would be the 4* resonance at
E ~ 3.8 MeV]. Apparently, the pole a,(E) moves
away sharply from the real axis into the complex
plane to the right of the 2* resonance, and it may
be neglected in the consideration of the 4* reso-
nance. The parts of the trajectories of the poles
ai(E)Y=1+y»(E) and oy(E) =4+ v, (E) cal-
culated with the help of (24) in the neighborhood of
the 4* resonance are shown in Figs. 3 and 4
(curve 5: vy, curve 6: v;). The values of «f and
rq, for the 4% resonance are given in Table II.

It is seen from Figs. 3 and 4 that the parts of
the «;(E) trajectory constructed independently
in the neighborhoods of all three resonances are
in satisfactory agreement with one another. It
should be emphasized that the a4(E) trajectory
moves in the opposite direction [Re a{(E) < 0]
and intersects the real axis, with Im ay(E) <O
in the region of the 4* resonance itself. Such a
behavior of the Regge pole is not possible for
scattering from a real Bl or complex potential
with absorption (optical model). However, since
these three resonances cannot be described by
any reasonable potential, the problem of the
theoretical interpretation of this trajectory re-
mains open.

We also make a general remark on the phase
analysis carried out in 2], According to (22), the
small nonresonant phases in the region of the 1~
resonance are given by the formula 6p = 3¢y
Im v;/[(n - 1) (n+ 2)]. It follows from the close-
ness of the curves 1 and 2 of Fig. 4 that up to
n = 3 the compensation of the pole phases is
small and £, ~ 1. Since kR ~ 3, it may turn out
that &y = 1 even for n = 4, 5, and 6. Taking into
account that Im vy ~ 0.06, one may then expect
the following values of the phases: 64 ~ 0.6°, &5
~ 0.4°, 6 ~ 0.3°. These considerations show that
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the precise determination of the Regge trajector-
ies evidently requires a phase analysis with a
larger number of phases then indicated by the
estimate from the hard sphere scattering.

In conclusion we remark on the work of
Rebolia and Viano.1¥ I this paper it was at-
tempted to describe the angular distribution in
the elastic scattering of a particles on C!? in
the neighborhood of the 4* resonance with the
help of the single-pole amplitude (5). The fit to
the experimental angular distribution led to the
trajectory a,4(E), which runs, as in our case,
in the opposite direction and intersects the real
axis; however, the quantity | o4 (E) — 4 | attains,
starting from zero, very large values (of order
two) within the width of the resonance. This sharp
increase of a4 (E) within the width of the reso-
nance appears strange to us. We note further that,
when the distance of the pole from the real axis
becomes of order unity, its contribution to the
angular distribution is exponentially small and
the inclusion of only one pole in the scattering
amplitude is unjustified. In the light of our re-
sults on the angular distribution for this reso-
nance, one must include the pole «; besides the
pole «4. Moreover, in describing the angular
distribution in this energy region it is necessary
to take the Coulomb interaction into account.

The authors express their deep gratitude to
I. S. Shapiro for numerous fruitful criticisms and
a number of useful remarks, L. D. Blokhintsev
and B. V. Geshkenbein for a discussion of the
results of this paper, and A. S. Kronrod and L. M.
Voronina for the numerical computations.

APPENDIX A

We give several formulas for the function
R7(z):

R, (2) = (—)" [0Po (— 2)/dal _,. (A.1)
The function R](z) satisfies the relations
(14 1) Riyy (3) — 2L+ 1) 2R, (2) + IR, (2)
= 5o Pui () — Py (9)], (A.2)

2l +1

D) Ra@+ - 4R ()
= — 1 P () — Py @),

Knowing Ry(z), one can use (A.2) for a consecu-
tive calculation of the functions Ry(z) for I =1,
According to (8.762) in [203, we have

1—z

— (A.3)

Ry(z) =1n
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Equations (A.2) are satisfied if we set

R (2) = P () n 22 + Vi (a),

where Py (z) is the Legendre polynomial and
Vi(z) is a polynomial of degree ! defined by the
following recurrence relation:

U+ D) Vi () — QL+ 1) 2V1 (2) + Wiy (2)

(A.4)

[Py (2) — Pi (2)],

2l+1

Vo@® =0, V,(d=1+z (A.5)
We give the explicit expressions for the poly-
nomials Vi(z) for 7= 2, 3, and 4:

1

Vo) =222+ 22—+,

3 5 5 2
Vi(e) =522+ 522 — 22— 2,

Vi (z) = 533 _{_%zs_%z?_—_:%z—}—%z—. (A.6)

It follows from (A.4) and (A.5) that

R (—1) =0 for arbitrary 1. (A.7)

APPENDIX B

Let us consider the simplest graphs for a
direct reaction of the type A + x — B +y, corre-
sponding to the singularities of the amplitude in
the momentum transfer closest to the physicsl
region (the nuclear vertices are considered con-
stant for simplicity). The kinematics of the reac-
tion is given by the formulas

z=a+bt, a=32(s+s) (58)7"
b=1(us)™", (B.1)
where

§ = MAM,‘,M-2SAx,

M= ';“(MA + A/Ix'{’ MB+MV)1

Sy = MM M 2sg,),

and say, SBy» and t = txy are nonrelativistic
invariants introduced in [243 From this we have

2 =145 (6 — s+ 1] ()™

The quantity (s¥? — s¥?)2 depends on the
kinetic energy of the colliding particles. Its mini-
mum value is

(B.2)

o, if (M,—M)Q<0

(sf> — sf)2in = {Z(Mx—MU)Q,if (M, — M) Q> 0, (B-3)

where Q = MA + My — Mg — My is the Q value of
the reaction.
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FIG. 5

FIG. 6

The pole graph of Fig. 5 corresponds to the
amplitude

1P (E, 2) = Cp (E)/(z — 2),

zo=1+ ‘;— [(311/' - 3;/')2 + 2mqel (31-5'2)_l/2,

e=mg+ My — M,. (B.4)
The partial amplitudes have the form
P (E) = C, (E) Q, (2)-
The only singularities of f;\p)( E) are simple
poles in the points A = -1, -2, -3, ... Therefore

the amplitude of the pole graph has the following
representation:
~1/y+ic0
1 (A 1) 1P (B) Py (—2)
f®(E, 2) = — 2 s}in ah >
—1/=ico
Using the explicit form of the amplitude for the
triangular graph 24 (Fig. 6), we can write it in

the form of a dispersion integral,

dh. (B.5)

i E ) = g £ D gy (B.6)
ta
Ca (B)
= A% g —1t
A (E7 t) (t — to)llz (t A)v
where
ty=—2(M.— M, Q,
ta =ty + MsMgpmi® (xa + %5)?,
%4 == (2myge4)”, np = (2myep) "
My = mymy (m; + my)~%,
gea =my + mg— My, ep=m; + my — Mp.
From (B.6) we obtain
@ =+ | AE a+b) 0,0 ds,
A
zp = a + bta. (B.7)

It follows from (B.2) and (B.3) that z; = a + bt,

> 1. To find the singularities of f{&) we go over
to the variable ¢ = z/zo in (B.7) and take into ac-
count that 20
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oo

| 0, Gt 6 — 17" a

1

—x @)+ 5) Lt G — 1

(with z; = 1). As a result we obtain

£ (B) = Ca (B) (o) {2207 (n + %)_1
x [z + (z8 — 1)1

ZA/Zo

—L 0 0 B & — 1]

1

(B.8)

from where it is clear that the only singularities
of f& ) in the finite part of the A plane are sim-
ple poles in the points A = -Y%, -1, -2, ...

The amplitude f(A)( E, z) has the representa-
tion

@A +1) 2 (E) P, (— 2)
sin mA

dr, (B.9)

O E D) = — 5
C

where the contour C runs from —Y% —iw to -Y%
+ i~ parallel to the imaginary axis, passing the
pole A = —Y% on the right. One might think that
taking account of the dependence of the vertex
functions on the momentum transfer leads to a
more rapid decrease of f(E, z) for z — =,
Therefore, the result that the right half-plane
Re A > —1/2 is free of singularities of f) (E) is
preserved also for nonrelativistic pole and tri-
angular graphs with nuclear vertices. Thus it is
seen on the example of the simplest graphs that
the direct processes enter only in the integral
along the line Re A = —Y in the representation
(2) of the total reaction amplitude f(E, z).
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