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A theory of low frequency hydrodynamic fluctuations in nonequilibrium states characterized
by weak time-dependence of the nonstationarity and weak spatial inhomogeneity is developed.
The theory is used to investigate the spatial growth of fluctuations associated with convec-
tive instability of a system. As one of the examples of instability, the growth of acoustic
fluctuations in a piezoelectric semiconductor located in a constant electric field is consid-
ered. As another example, the growth of fluctuations in the electron concentration is inves-
tigated for a semiconductor with a negative differential conductivity.

1. INTRODUCTION

THE problem of fluctuations in a state of thermo-
dynamic equilibrium has been worked out very
thoroughly. The fluctuation-dissipation theorem
of Callen and Welton " (also see %) establishes
a relation between the fluctuations in a system
and its dissipative properties when an external
force is acting on it. There is no such general
theorem for the fluctuations in a stationary non-
equilibrium state. But if the kinetic equation is
applicable for a description of the stationary
state, then a sufficiently general method does
exist for the investigation of such fluctuations on
the basis of this equation.’% It is easy to gener-
alize this method for an investigation of the fluc-
tuations in arbitrary nonstationary states.

In all of the enumerated cases, the fluctuations
represent a comparatively small effect. But in
the presence of an instability in the system, they
may increase to a large level. The case of con-
vective instability, when the fluctuations remain
stationary at each point of space but on the other
hand inhomogeneities appear, revealing spatial
growth ‘‘along the current,’’ is of particular in-
terest from the viewpoint of experimental possi-
bilities. Nonstationary and inhomogeneous low
frequency fluctuations are investigated in the
present article for the case when the nonstation-
arity and inhomogeneity are small. The growth
of fluctuations associated with an instability of
the system is investigated on the basis of this
general theory.

Let us analyze the problem of the description
of nonstationary fluctuations, i.e., fluctuations in
a system whose macroscopic state depends on the

time t. Let the system under investigation inter-
act with any kind of external system [in the
special case of thermodynamic equilibrium—Ilet it
interact with a heat reservoir (thermostat)], and
owing to such interaction let it be characterized
at each moment of time by a certain distribution
over microstates, so that one can talk about the
probability for a given microstate as a function

of t. Then it is possible to introduce the concept
of average values for the system under consider-
ation. The calculated average value will be under-
stood as the average over the probabilities for all
the values which a given quantity can assume at a
given instant of time. This average will be denoted
by a bar.

Let a certain time-dependent quantity u(t) be
measured in a nonstationary state. Let us choose
this quantity so that u(t) = 0 at any moment of
time. At the same time, the correlation function
u(ty)u(t,) is, in general, not equal to zero. It
also characterizes the fluctuations of the quantity
u.

In a stationary state, the correlation function
u(t;)u(t;) depends only on the time difference
T =1ty — ty, and the average which we were dis-
cussing above is equivalent to an average over
the time t; for a fixed value of 7. In a nonstation-
ary state, this correlation function also depends
on the half-sum t = ty + t). Our goal is an in-
vestigation of the fluctuations at one instant of
time, i.e., the determination of functions of the
form u’(t).

For weak nonstationarity, it is possible in a
number of cases to derive a simple equation
which this function satisfies. Such an equation is
obtained in Sec. 2 for the simplest problem of a
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fluctuating oscillator under nonstationary external
conditions. For us this problem is of purely sub-
sidiary value as the intermediate step in a deriva-
tion of the equation describing nonstationary and
inhomogeneous fluctuations, also including fluc-
tuations which increase because of the instability
of the system. We shall not attempt to give the
most general formulation of this method for in-
vestigating fluctuations, but will confine ourselves
to an analysis of several examples.

Before going on to the exposition of the theory,
we mention several possible applications of it
which are of interest. The growth of acoustic
fluctuations in piezoelectric semiconductors is
investigated in Secs. 5 and 6. As Hutson et al.ls]
showed, a convective instability with regard to the
generation of sound vibrations appears in a pie-
zoelectric semiconductor under the effect of a
constant electric-field E which exceeds a certain
critical value E¢. Eq is determined from the
condition V( E¢c) =~ w, where V is the drift veloc-
ity of conduction electrons!) in the field E, w is
the phase velocity of the acoustic wave. Such an
instability was directly observed experimentally
in the work by Hutson et al. ™

In the experiment of Smith 6] 3 similar insta-
bility appeared in an indirect manner, causing a
rather sharp kink in the current-voltage charac-
teristics for V & w. The Smith effect is un-
doubtedly caused by acoustic fluctuations which
grow under conditions of convective instability
and which change the density of the constant cur-
rent due to the strong acoustoelectric effect [1-10]
which is characteristic of piezoelectrics. The
amplitude of the growing fluctuations may be
limited either by nonlinear effects (whose exist-
ence was pointed out by Hutson 8] and the author
[11]y or by the finite dimensions of the sample.

Nonlinear effects begin to play a role only for
a sufficiently large amplitude of the growing
acoustic waves, i.e., for not too small values of
the difference E — E;. On the other hand, in the
region of small values of the difference E — E,
corresponding to the beginning of the kink in the
current-voltage characteristic, the coefficient of
amplification, which is proportional to this differ-
ence, is also small, and the Smith effect can be
considered with the aid of the linear theory of
acoustic fluctuations developed in the present
article.

Another interesting problem for the application

DA semiconductor with current carriers of one sign only,
which for concreteness are assumed to be electrons, is con-
sidered.

of the theory of fluctuations to piezoelectrics is
the scattering of light by growing acoustic waves.
Experimental study of this effect enables us to
investigate the same process of amplification of
acoustic waves and to determine their amplitude
and spectral composition.

As another example, we considered the growth
of fluctuations in the electron density inside a
semiconductor with a negative differential con-
ductivity. As shown by Kazarinov and Skobov, and
by L. Gurevich and I. Korenblit,m] a state with
negative conductivity can exist, for example, in
the presence of sufficiently strong crossed elec-
tric and magnetic fields. Such a state is unstable?®)
—a growth of small inhomogeneities in the elec-
tron concentration takes place in it. It is of in-
terest to ascertain how this convective instability
must manifest itself in the shape of the current-
voltage characteristic, i.e., in what manner the
presence of a negative conductivity must be ex-
perimentally exhibited.

2. FLUCTUATIONS OF AN OSCILLATOR UNDER
NONSTATIONARY EXTERNAL CONDITIONS

We consider the problem of the motion of a
point mass m on which the following forces act:
A quasielastic force —mw%u proportional to the
displacement u from the equilibrium position, a
frictional force —myu proportional to the velocity
0, and a random force mA (t). The corresponding
equation of motion has the form: [1-14]

i+ i+ ofu = A (),
where the function A (t) satisfies the relation

A (t) A(tz) = 2T7/m) 8 (tr — ta),

(2.1)

(2.2)

where T is the temperature (in energy units).

Let us assume that one (or several) of the
quantities T, m, or y are changing with time.
For concreteness, we consider a variation of T.
Let the corresponding frequency p of the varia-
tion be much smaller than w,. We shall also as-
sume that 1/w; is much larger than the charac-
teristic time for the establishment of equilibrium
in the external system. In this case, the state of
the latter may be characterized by a temperature
which depends on time, and one can use the corre-
lation relation (2.2) for a description of the fluc-
tuations. Let us derive the equation which the
function U(t) = u?(t) satisfies.

The presence of the frictional force leads to a

2)I thank G. E. Pikus who called my attention to the ex-
istence of such an instability in semiconductors.
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decrease of U(t), and the effect of the random
forces is to cause at each moment of time the ap-
pearance of new fluctuations, i.e., an increase of
U(t). The desired equation represents a condi-
tion of balance which takes the opposing effects of
these two factors into account.

The law describing the damping of U in the
absence of random forces is obtained from Eq.
(2.1) with the right side set equal to zero. Its
solution is
u = e [uycos o't + (y/20') u, sin o't

+ (1/@’) @ty sin o't], (2.3)
where w’ = W, Ug = Ut=g, Up = U|t=g. We
shall assume that the damping is small: y/w, < 1.
Then to the lowest approximation in y/w

U= e (u—g cos? wyt + (/oY) sin? oot + (@yizg/20,) sin20,t).

(2.4)

In the stationary state uu = _0. In the case under
consideration uﬁ/wo ~ (p/wo) uz, i.e., it is negli-
ble for p « w,. With the same precision, u?
= wiu?. Hence U(t)=e"Ytuy?, and the change of

this quantity during a time interval At «< 1/ is
[A U]Y = - TUAt-

Let us determine the average #erease of U,
caused by the random force, over a time interval
At satisfying the inequalities

min (7, 1) > AtS ;.

One can set vy =0 in Eq. (2.1) for an investigation
of time intervals At <« 1/y. Then the solution of
(2.1) has the form

At
u (A2) = ol S sin @, (At — ¢,) A (t,) dt,

0

(2.5)

(2.6)

+ g Cos WAt + w14, sin AL, (2.7)
Squaring (2.7) and averaging with account of
(2.2), we obtain

At
U@y =-"1- \ T () dty
o b
At

. —
W § T (t)) cos2e, (At — ¢,) dt; + uj.

(2.8)

Taking the slowly-varying function T(t;) outside
the integral sign, we find the term linear in At:

(AUl = (vT/me?) At.
Combining this with (2.5), we obtain an equation

for the function U(t) averaged over time inter-
vals At >» 1/w:
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(2.9)

In the stationary case 9U/9t =0 and U= U in
accordance with the theory of thermodynamic
fluctuations.

In conclusion we remark that the ratio U/a%,
where a; = vi/mw, is the amplitude of the zero-
point vibrations of the oscillator, is from the
viewpoint of quantum mechanics the average value
of the quantum number N which characterizes the
state of the oscillator. In analogy with (2.9), one
can write

ON/ot = — v (N — Ny), Ny = T/ho,. (2.10)

Equation (2.10) has larger limits of applicability
than (2.9). It is also valid in the case of a slowly
varying natural frequency w, of the oscillator, since
AN = mwyU is an adiabatic invariant of the har-
monic oscillator, which remains unchanged upon
variation of w,.

3. FLUCTUATIONS OF ELASTIC WAVES

Let us consider a continuous isotropic
medium in which longitudinal elastic waves are
being propagated. As Landau and Lifshitz 15
showed, the acoustic fluctuations in such a medium
are described by the equation

pu = AV2a + nV2u + Vs. (3.1)

Here p is the density of the medium, A is the
bulk modulus of compressibility, n is the corre-
sponding coefficient of viscosity, and s are ran-
dom stresses ) which satisfy the relation

5 (1, 1)) 8 (L, Tp) = 2TMd (r; — 1) 6 (t; — 2p). (3.2)

The frequency of the fluctuations is assumed to be
so small that dispersion is absent from 7.

Let us expand the functions u(r, t) and
s(r, t) in Fourier series with respect to the
coordinates (V, is the volume of normalization):

u(r, 1) = D ugehlr, ug= V513d3re-"‘1r u(r,?), ug=u,.
q

(3.3)

The Fourier coefficients uq satisfy the equation

‘Iq + Tliq + oqug = iqsy/p, (3.4)

3)For simplicity we consider the case when it is possible
to neglect (see[*°]) the effect of temperature gradients ac-
companying the propagation of longitudinal acoustic waves
on the absorption of sound and on the fluctuations.
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where v = nq%p, w 2 = Aq%p. For the quantities

sq(t) we have
5-q (t)) sq (t) = QTx/V o) 8qqd (ty — 1)

We shall derive for the present case an equa-
tion of balance of the type (2.9). First we deter-
mine the law governing the decrease of fluctua-
tions in the absence of random forces. The solu-
tion of Eq. (3.4) with the right side set equal to
zero has the form

(3.5)

ug = ul) +ul, u? = al"? exp {— 1t/2F iogt}, (3.6)
where wg = Vwh - (Y4)v2, the a{a’ ') are con-

stants. Expresswn (3.6) describes a superposi-
tion of two traveling waves propagating in oppo-
site directions. The solution of the homogeneous
equation (3.4) with wave vector q is a superpo-
sition of two such waves.

We further restrict ourselves to the case of
small damping, 'y/wc1 <« 1, and consider the wave
packet:

FO (q, 1, 1) = éar D) full) eixe
x

= e“I'Z f,a.wexp [inr — iwgud — 7t/2]. (3.7)

The coefficients fy are different from zero in the
region Ak <« q and satisfy the normalization

condition
2t =1
We construct the quadratic combination:

U (g, v, 1) = FOFD = 33 exp [i (¢, — %) v

%1 %2

—1 ((l)q.m, —_ (l)q+‘L) t— Tt] I f,zaq+x aflﬂ);, (3.8)

We choose the interval Ak so that
> A> |t/ vl

where w = 0w/0q is the group velocity of sound.
Assuming approximately that

Ogix, — Ogix, = W (%, — %),

we obtain the following equation for the function
U:

oU/ot + wVU + U = 0. (3.9)
We note that this equation is also valid for y < 0,
since no assumptions with regard to the sign of vy
were made during its derivation.

Now let us determine the increase caused by
the random forces in the quantity U(q, t)
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= u&i)*u&” during a time interval At satisfying an
inequality of the type (2.6). If an arbitrary solu-
tion, uq(t), of Eq. (3.4) is given, then the func-
tions u((l” and u((f) can be expressed in terms of
it according to the formula

(1,2) __

uf? = 1 (ugF ug/(iog F1/2)] = § T (uqug/iay).

.. DN - 2 *
To the precision used here, uguq = wg uqu

therefore q

U(q, £) = u " ul’ = ugug — (ugug — Uqug) /2ig.  (3.10)
The appearance of the extra factor 2 is related to
the fact that in (3.10) the contribution from the
solution of Eq. (3.4) with wave vector —q is also
taken into account.

In complete analogy with Sec. 2, [Aug X uglT
(yT/pvowf._l) At, and [Aug X ig)p = [ Mg X uglp
0, since to the precision we are using, the cor-
responding expressions do not contain a term

1

il

linear in At. Hence )
[AU(g, t)lr = (yT/pV0q) At. (3.11)

Finally, for Ax/q <1
[AU(g, 1, )]r = D) futx ~ YT P i
q T 4/ pVo . Z/‘f o gak
(3.12)

Finally we obtain the following equation for the
function U(q, r, t):

a(/+ U + U = [OU}T’ [%]T= 7T§.

oot (3.13)

This equation can be generalized in a trivial
manner to the case of arbitrary elastic aniso-
tropy.

In analogy with (2.10), instead of Eq. (3.13) one
can consider the equation for the ‘‘phonon distri-
bution function’’ Ng = pVowqU(q, r, t)/h:

/ 7 Py
N, O(Oq N, qu oNq (N Nuo)»
a dq Or ar dq
Ny = 3.14
a hw ( )

In contrast to (3.13), (3.14) is also valid for the
case when wg is a function slightly (weakly) de-
pendent on the coordinates and the time.

In conclusion, we write down three inequalities

4)It would also be possible to obtain expression (3.11) by
a more direct method — with the aid of the equations for the
functions uq(s2)

SU.2) (T Ny ) Lo 1 145
u = — 9 u 0. T T .
q \2 lg | q +ZPT/2¥iﬁ)q
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which, together with the requirement that disper-
sion be absent from the coefficient 1, determine
the limits of applicability of the present approach:

1<0g, p<KLOg, d>1/q.

Here p and d are, respectively, the character-
istic frequency and the characteristic length of
the variation in the function U. We note that these
inequalities also determine the limits for applica-
bility of the kinetic equation to a system of pho-
nons.

4. FLUCTUATIONS OF THE ELASTIC VIBRA-
TIONS IN PIEZOELECTRIC SEMICONDUCTORS

A varying electric field, proportional to the
strain, arises in piezoelectrics during the propa-
gation of acoustic waves. In an investigation of
fluctuations in a piezoelectric semiconductor, it
is necessary to take the interaction of this field
with the conduction electrons into consideration.

We select any direction (x axis) of high sym-
metry in the piezoelectric, along which purely
logitudinal vibrations exist. The complete system
of equations describing the fluctuations of these
vibrations has the form ‘17"

d2u

pﬁ,— 812 Bax2+"ax2+ax (4.12)
axz D+ 4np 5 0:52 = — 4men. (4.1b)
dp
e&~+55=0, ]=—G ED —|—g (410)
Here B is the piezoelectric constant, ¢ is the

electrostatic potential, € is the dielectric per-
mittivity of the piezoelectric (at constant strain),
e is the electron charge, n is the excess (in
comparison to the equilibrium value n;) concen-
tration of electrons, ¢ is the conductivity, D is
the diffusion coefficient, j is the total density of
the alternating currents, g is the density of the
random currents. It is assumed that there is no
generation and recombination of electrons.

The rate of change of the entropy of the piezo-
electric due to dissipation of elastic energy

equals
S=Sd3 (7;— H+ e ‘?(%) (4.2)

From here one can see that the fluctuations of the
current density and of the stress tensor are
statistically independent: [

s (ry, ty) g (rp, t5) = 0.
Furthermore

g (v, 1y) g (rp, ty) = 2076 (r; — 1) 8 (¢, — to)-

The previous expression (3.2) is retained for the

(4.3)
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correlation function of the xx-component of the
stress tensor.
Expanding the quantities appearing in (4.1) in
Fourier series with respect to the coordinates
and eliminating the potential ¢, we obtain the
following system of equations for the Fourier
coefficients:
pitg = — (A + 4nP?/e) q2uq — mqliq + 4nePngle + igxsq;
(4.4a)
Tulng/ot + (1 4 qi/uz) ng = ﬁqiuq/e + iTug:gqle, (4.4b)
where k° = 4mo/eD, Ty = £/470.
With regard to order of magnitude, hq ~ wqng
where wq is the frequency of acoustic waves with
wave vector q. For

o,t/(1 + 2/ <1

the first term in Eq. (4.4b) is small in compari-
son with the second, and then it is possible to
solve this equation by the method of successive
approximations. Limiting ourselves to quantities
of lowest order in the terms containing ug, ilq
and gqr We have

(4.5)

19,:8qTx
14 q2/m2’
(4.6)

B _ % B
2 q
¢ 14 gy e

2
9T N
Uq -+

e = (14 ¢%/x»?

Substituting (4.6) into (4.4a), we obtain the
equa’cion5

. . . B g, , )
uq+7uq+m§uq= lq:x(sq‘i"c—r_;q‘J%W) (4 7)
where
S DRI R S U ( dndr G )
LAy [ Nt (1+q/u2)2]’ o= o \M g% 4w
and also (4.8)
8y (¢1) 8q(ty) = 2T00qq 6 (2, — )V (4.9)

Equation (4.7) has exactly the same form as
Eq. (3.4). Therefore, using the results of the pre-
ceding Section, one can at once conclude that Eq.
(3.13) holds for the function U(q, r, t), where
for v it is necessary to substitute expression
(4.8).

5. FLUCTUATIONS IN PIEZOELECTRIC SEMI-
CONDUCTORS IN THE PRESENCE OF DRIFT
OF THE CURRENT CARRIERS

Now let us consider the fluctuations in a piezo-
electric semiconductor in which a constant elec-

5)If inequality (4.5) does not hold, then it is necessary to
solve the problem exactly and to investigate the equation, not
of second order but of third order in the time, which is ob-
tained from the system (4.4).
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tric field E exists and a constant current density
J (E) appears. We shall find out what kind of
change it is necessary to make in the initial equa-
tions of the preceding Section in order to account
for this case.

In the expression for the density of the alter-
nating current in (4.1c), it is necessary to add the
term enV, where V = (1/e)0Jy/0n,. In the same
equation it is necessary to substitute the differ-
ential conductivity 0Jy/0Ey for o. Equation (4.1c),
modified in this manner, is valid for arbitrary
(and not necessarily linear) dependence of J on
E.G)

It is necessary to assume relation (3.2) the
same as in the absence of the electric field E.
The point is, as A. Akhiezer 18 showed, that the
coefficient of viscosity 7 is determined by the
interaction of sound with short-wavelength pho-
nons. Yet only the long-wavelength phonons inter-
act with the conduction electrons, as is evident
from an analysis of the appropriate conservation
laws, and only their state can change due to the
‘‘heating’’ of the electrons by a constant electric
field. As for the state of the short-wavelength
phonons in experiments with a strong field, as a
rule it remains unchanged and is determined by
the equilibrium Planck distribution function with
lattice temperature T. Therefore the presence of
a strong field does not change relation (3.2). For
the same reason it is necessary as before to as-
sume that the correlation function
s(ry, t{)g(ry, ty) is equal to zero.

The correlation function of the random currents
in general depends on E. A method of calculating
this correlation function by solving the corre-
sponding kinetic equation was proposed in the
author’s article. Analysis of this equation leads
to the following results. Time dispersion (depend-
ence on the frequency w) of the Fourier compo-
nent of the correlation function for the random
currents starts at frequencies w ~ 1/7g if the
electrons are strongly ‘‘heated’’ (i.e., if the sym-
metric part of their distribution function deviates
strongly from its equilibrium value), and starts at

6)It is assumed that dispersion (dependence on w and q) of the
quantities o and D does not play a role. In the presence of ap-
preciable departures from Ohm’s law it is necessary for this,
in any case, that wrg <1, where rg is the relaxation time for
the symmetric part of the electron distribution function.For
the interpretation of Smith’s experimentsm such a condition is
obviously not a serious limitation, since these experiments
were carried out at room temperature, when the principal re-
laxation mechanism for electrons is their interaction with op-
tical phonons (vibrations) and the time rg is sufficiently
small.
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w ~ 1/7, if the electrons are slightly (weakly)
‘‘heated.”” Here 7g and 7, are, respectively, the
relaxation times of the symmetric and antisym-
metric parts of the electron distribution function.
Thus, for strongly ‘‘heated’’ electrons dispersion
is not present at characteristic values of the fre-
quency w < l/Ts,7) and for slightly (weakly)
‘‘heated’’ electrons there is no dispersion for

w < I/Ta. Making the inverse Fourier transfor-
mation, we find that in the case of no dispersion,
one can consider the current correlation function
to be proportional to 6(t; — ty).

Similar statements are also true with regard
to the spatial dispersion of the current correlation
function, with only this difference: It is necessary
to compare a typical value of the wave vector g
with 1/¥75 and 1/v71,, where V is the average
velocity of the electrons.

Finally, if neither spatial nor time dispersion
plays a role (and in what follows, we shall be
interested in precisely this case), then the corre-
lation function for the current density is

g (ry, ty) g (ra, La) == 2n¢22 DO (t; — t5) O(r; — 1a).

Introducing the electron noise temperature,
Te = ne’D/o, one can rewrite this expression in
a form similar to Eq. (5.3) )

g (1'1, tl) g (1'2, 1‘2) == 25T36(r1 —_ I'2) 6 (tl —_ tz).

First let us determine the average @q for
an infinite continuous medium in the subcritical
regime and under stationary conditions. The
problem of the determination of similar quantities
in a state of thermodynamic equilibrium in gen-
eral did not arise for us, because it is possible to
determine them at once from the expression for
the mechanical energy of a deformed continuous
medium. In the present case, for the determina-
tion of uduq we shall directly use the system of
equations (4.1) together with relations (5.1) and
(3.2) (at the same time we take the additional
term neV in the expression for j into considera-
tion).

Expanding the quantities appearing in (4.1)
into Fourier series with respect to the coordinates
and in a Fourier integral with respect to the time,
we obtain

sosq = (T/Vg) 8q - S (0 + ©'), (5.2)

"In this case there is also no dispersion for frequencies
in the interval 1/r < 0 < 1/75.

8)We emphasize that in those cases when the electron dis-
tribution has the form of the Boltzmann function with a certain
effective temperature T, the latter in general does not in the
least coincide with the noise temperature T, (see [']).
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goge = (To/aV,) 08q, ¢ 8 (0 + '), (5.3)
(N ol — q.V) -2 /n2
g AT B
pw?— (A + M) q;
where
A=A—iom, M=M —iM"
_ 4np? —i(0—q,V) T, + a2/x2
e i—i(0—q,V) T+ 2
2(g2/%) (14 2D + (0 — ¢ VP Ty .
— — > Y —i(o—q.V)
€ (1 4 g5/ (0 — g, V)? 75
4np T (5.5)

e (Lt et e— Rty

Hence
o] o
—_— 2 S
ugq = \ do ‘ do'ulqug
—:m —'00

T+ T %7 [(L+ g2+ (0 — g,V e
[P(l)2 —(A+ M) qz] [pw? — (A* + ﬁl*) Qi]
(5.6)

2 o0
a5 g
T av, ) do

—00

It is possible to transform expression (5.6) into
the form

1
x [
@ — Pi — i (on+4 M") ¢}/p

: )
ot — P2+ i (on+ M) g¥p

T
x [Tnt (5.7)

(B 1 ]
S (L4 g3/m) 4 (0 — g, V)1

where

N 4n3e (qi/ﬂ)(l+q§/u‘~’)+<m—qu)2r§}
Pate) “T[}"Jr e (tmrte—eyra 1

(5.8)
The denominator wn + M” vanishes at the
point w = Qq which is the solution of the equations)

NQ + M’ () = nQq

. 4m3? Qq—aN 7y
& (L4 gl 4+ Qg — g, V)P y

=0. (5.9)

The expression inside the square brackets in
(5.7) also vanishes at this point, so that the com-
plete expression under the integral sign remains
finite at this point. We deform the contour of inte-

9)We shall be interested in the case when this cubic equa-
tion has only one real root. If there are three (real roots), then
the appropriate sums enter into formulas (5.10) and (5.11).
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gration into the complex w plane, going around
the point w = Qq below (the real axis). For

E < E; the first term inside the square brackets
has a pole in the upper half-plane; closing the
contour of integration below the real axis, we find
with the aid of the theorem of residues that the
contribution from this term vanishes. The second
term has a pole in the lower half-plane; closing
the contour of integration below the real axis, we
obtain

— 1 1 BzT per, 1
tate = o, Bz o \ IR N A j
5 __ — 212
X Jn 4 B (1+‘1x,/x2)2 (Qq qu)ZTZ‘ } , (5.10)
l S (14 g2/ + (R — gV )Tl
where Pg, = Py ().
In a similar way we find
Uqllg = — Uqlq
1 . BT, 1
T P —92 n? S (14 g3/ + (g — 4,V )Ty }
B2 (1+ g2/ — (@ — ¢, V) Th } -
X{" S [(L+ 2/ + (% — gV P Ll (5.11)

Thus, when the difference qu - Qq is positive
but small, the fluctuating vibrations with wave
vector q increase sharply.

Whenever the poles of one of the terms in the
integrand of (5.7) turn out to lie on both sides of
the real axis, a Fourier analysis is unsuitable for
investigation of the correlation function
u_q( t) uq(t + T), because this quantity does not
decrease with increasing 7, but increases. In
other words, here the system becomes unstable.

The investigation of the fluctuations in the
regime of weak inhomogeneity and nonstationarity
is carried out in essentially the same way as in
the preceding section. The equation correspond-
ing to (4.4b) has the form

Ty (0/0t + ig.V) ng + (1 + g3/%%) ng = Bgiugle + iTug:go/e.
.12)

(5
If, apart from the inequality (4.5), the following
inequality also holds

2|V |/l + Gaie?) < 1,

then one can solve this equation by the method of
successive approximations. Substituting its solu-
tion into Eq. (4.4a), we obtain

(5.13)

2

2

.2 1 %G B 1 2

ug + — [ 'f‘ ———"H_q /MZ)J q+ T W4 5 T 2oy qi/xz)zuq“}‘“’quq
— %B_ %1 5.14
~qu<8q+rcl+qi/ne). (5.14)
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Repeating the discussion of Sec. 3, we conclude
that the quantity U(q, r, t) satisfies the equation

oU/ot + wVU 4 vU = [0U/dt]r. (5.15)

One can determine [0U/0t] in the same way as
above; however, the following method quickly
leads to the goal. The stationary and homogeneous
solution of Eq. (5.15) has the form

= [0U/dt]r/y.

Hence, if US! and y are known, [oU/bt] 7 is
determined.
In the limiting case of interest to us

(5.16)

gy | Bk og—gV 1
e R vy LR
AL Em sy B ERE)
TS gy [n+55 (1 g2/ '

and, as follows from Eqgs. (3.10), (5.10) and (5.11)
1 1

U®'(q) = u;uq—(u;l;tq—— il;uq)/Ziwq Y 0g (03— 2))
82T, 1 1
T _t p2__ 1
x{ s (1+q§/u'~')z}/{"+ SU+a /u‘a')z}
1 Bz , —qu
P"°‘° [n7 3 (1+q;i/x2)2] / [noa +% S (442 )
(5.19)

Combining (5.16)—(5.19), we find
[0U(9)/0tlr = 14U, (@), Uolq) = T/pVo0q,

To= Mg2/p + T B%q2/Tpc (14 g2/%*)*. (5.20)

This derivation of Eq. (5.15) is good for y > 0.
However, as indicated in Sec. 3, the left side of
this equation also retains its form for y < 0. As
far as the right side is concerned, it is deter-
mined by the equation of motion with a random
force for vy = 0, and therefore it in general cannot
depend on the sign of . Thus, this equation also
holds for y < 0, i.e., it also describes increasing
fluctuations.

6. SPATIAL GROWTH OF FLUCTUATIONS
ASSOCIATED WITH CONVECTIVE
INSTABILITY

Let us apply Eq. (5.15) to the investigation of
the spatial growth of fluctuations associated with
convective instability. We consider, for example,
the fluctuations in a plane parallel plate of piezo-
electric. We choose the direction perpendicular
to the surface of the plate as the x axis, and we
assume that the electric field is directed along
this axis (or makes a small angle with it). If the
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transverse dimensions of the plate are sufficiently
large, then one can assume, neglecting edge effects,
that U varies only in the x direction. Then the
stationary equation (5.15) takes the form

wxaU/0x+’]’U=TOU°. (6.1)

As the boundary condition, we assign the value
of the function U on the surface of the plate,
x = 0, on which the growth of fluctuations begins.

Let us set
Ulxmo =U,. (6.2)

The solution of Eq. (6.1) for the boundary con-
dition (6.2) has the form

U = U= 4 U, (1o/1) (1 — e7%x). (6.3)
In the case when 7 = 0, the solution is
U ="U,+ vWUer/w.. (6.4)

For vy > 0, the first term in Eq. (6.3) decreases
exponentially as one moves away from the sur-
face x = 0, and the second term approaches the
value USt = 4 U,/y, which is the spatially homog-
eneous solution of Eq. (6.1).

For vy < 0 the spatially homogeneous solution
of Eq. (6.1) does not have any physical meaning,
since U is an intrisically positive quantity. On
the other hand, the inhomogeneous solution (6.3)
remains positive even for y < 0. The first term
on the right hand side of Eq. (6.3) describes the
growth of surface fluctuations, and the second
describes the growth of volume fluctuations. Near
the production threshold when vy,/| v | > 1, the
second term in (6.3) is usually substantially larger
than the first for sufficiently large values of x.

The region of applicability of expression (6.3)
is restricted to amplitudes such that the linear
theory is still valid. If J ~ E then, as indicated
in the articles by Laikhtman and the author,!
the condition for the linear theory to be applicable
has the form:

2(g2, 4—%2)2
u2< e (47‘3) _— (65)
I
where qp, is the characteristic value of the wave
vector at which the coefficient of amplification is
a maximum.

7. FLUCTUATIONS OF THE ELECTRON
DENSITY IN A SEMICONDUCTOR

Let us consider one more example of increas-
ing fluctuations: Fluctuations of the electron
density in a semiconductor in the presence of a
drift due to a constant electric field E. The com-
plete system of equations describing the fluctua-
tions has the form
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on/ot + div j = 0, (7.1)
Jji = enV; — eDydnldxy — oud@lozy, + gi, (7.2)
i, 0°9/0x,0x) = — 4men, (7.3)

where V = (1/e)8d/9n,, ojx = 8Ji/0E). The cor-
relation function for the density of the random

K ] N
currents (see 1%4) is

gi (ry, 1) g (T, ) = 20D b (8, — ty) & (x; — 1) (7.4)

Expanding all quantities in Fourier series with
respect to the coordinates and eliminating j and
¢ from this system of equations, we obtain

Ong/ot + ng (iqV + 4nog/eq + ¢*Dg) + iqgele = 0, (7.5)

where oq = 0iKkdjdx/q’ and in like manner for the
other tensors.

The spectrum (and the damping) of the
‘‘excitations’’ is obtained from the solution of the
corresponding homogeneous equation and has the
form

o = qV — i (¢®Dq + 4n0gleq) = qV — iy/2.  (7.6)

The case when oq < 0 is of particular interest.
The state with oq < 0 is unstable, since for
4 | oq I/Sq > quq the fluctuations of the elec-
tron concentration increase. For 4w | oq |/€q
< V2/4Dq this instability is convective: The
growing fluctuations move with velocity V to-
gether with the electron current.

Let us form the average B(q, t)
=n_qg(t)ng(t). A function of the type (3.8),
B(q, r, t) satisfies the equation

0Blot 4+ VyB 4 vB = [0B/dt]r, (7.7)

where [0B/0t]T is determined with the aid of the
solution of Eq. (7.5) without account of damping:
. at
ng (80) = AL eminvac | dry eavig, (1) + nf,
0

(7.8)

(0)

where ng’ = ng|at=, and relations (7.4) also turn
out to be:

[0B0t] = nyg®Dq/V,. (7.9)

For | 04 | E < J the linear equations (7.5) and

(7.9) have a rather limited region of validity,
since even for comparatively small amplitudes
the quadratic terms of the expansion of J in
powers of 0¢/0x; begin to play a role in the os-
cillations of the electron density. It appears that
the condition under which it is possible to neglect
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such terms is also, in the majority of cases, the
fundamental limitation which determines the
limits of applicability of the present linear theory.
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