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A new qualitative and quantitative interpretation of the ‘‘parametric resonance’’ effect in
luminescence is proposed. The effect consists in the appearance of modulated luminescence
of atoms possessing in the excited state a system of closely spaced sublevels when the en-
ergy gap between them (the system ‘‘parameter’’) is modulated by an external field with a
frequency which is equal to or is an integral multiple of the transition frequency between the
sublevels. It is shown that the process can be described as a multi-photon process in which
an optical photon is radiated or absorbed simultaneously with one or several photons of the

modulating field.
1. INTRODUCTION

MULTI— PHOTON processes were considered
theoretically as long as thirty years ago D’Z];
experimental work in this field, however, has only
recently appeared, beginning in the radio region
and then in the optical one, in connection with the
advent of generators of stimulated emission
(lasers). In the radio region there have been ob-
served transitions of paramagnetic atoms between
magnetic sublevels under the influence of fields
at non-resonant frequencies.B:| Resonance maxima
in the transition probabilities arose when the en-
ergy of several photons coincided with the differ-
ence in energy of the states in question. In the
optical region transitions have been observed ac-
companied by the absorption of two photons from
a ruby laser.% In both cases photons of closely
similar frequencies participate in the elementary
act and the operators of the transition are the
same for all photons.

Aleksandrov et al.[® recently described a
phenomenon called ‘‘parametric resonance’’ in
resonant luminescence. They observed a modula-
tion of the luminescence of atoms possessing in
the excited state a system of closely spaced suls-
levels when the interval between them (the system
‘“‘parameter’’) is modulated by an external field at
a frequency which is, for example, equal to the
frequency of transition between the sublevels. We
shall show in this paper that this phenomenon can
be considered as a kind of multi-photon process.

The peculiarity of this multi-photon process
resides in the fact that here one optical photon
and one or several radiofrequency ( rf) photons
participate in one elementary act. In addition, the
transition operators are different: an electrical

dipole transition operator for absorption of optical
photons and a magnetic dipole operator for ab-
sorption of the rf photons. Another feature of the
considered experiment is such that the observed
quantity is not associated with excitation of pure
states, but with excitation of their coherent
superposition. This leads to the condition that the
probability of excitation involving n rf photons is
not proportional to the n-th power of the intensity
of the rf field, as has always been observed
previously in multi-photon transitions. This de-
pendence is determined both by the number of
photons that participate in the elementary act and
by the means of excitation of the coherent super-
position of states.

2. QUALITATIVE TREATMENT

We shall present a brief description of an ex-
periment for the observation of a ‘‘parametric’’
resonance in order to make clear the essence of
the phenomenon. The resonant scattering of light
by cadmium vapors in a weak magnetic field has
been studied. The scheme of the resonance levels
of cadmium is shown in Fig. 1. The exciting
light was plane-polarized and was propagated -
along the magnetic field, so that the level with
m = 0 was not excited and will not be considered
further. The magnetic field that split the excited
state was modulated according to the law

H = H,+ H,sin (Qt + ¢). (1)

It has been established that the intensity of the
light scattered at a fixed angle turns out to be
modulated at the frequency Q and its multiples.
At the same time there are resonant maxima in
the intensity of the scattered light whenever the
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FIG* 1. Scheme of the resonance
levels of cadmium,
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frequency of the transition between the levels
m = +1 is a multiple of the frequency of the modu-
lating magnetic field Q.

The modulation of the luminescence has been
interpreted as a consequence of the formation of
a coherent superposition of the excited states in
each scattering atom. Since the splitting of levels
1 and 2 was much less than the width of the ex-
citing line, each atom in state 0 has a probability
of excitation both to state 1 and to state 2 as the
result of absorbing photons of the optical radia-
tion only. In the general case, a superposition of
states 1 and 2 arises, as a result of which each
atom radiates two frequencies at once. These
frequencies, by interference, give beats at the
difference frequency. As a consequence of the in-
coherence of the exciting light, however, the
phases of these beats are random for the different
atoms, and are completely averaged over the en-
semble of radiating atoms.!) Regular beats are
obtained only if the difference of the phases of the
excited states is the same for all atoms.

We shall show, in a qualitative way at first,
how multi-photon transitions can lead to a con-
stant difference in phase of the excited states.
Consider some optical harmonic capable of ex-
citing one of the sublevels, say level 1. The polar-
ization of this harmonic is such that it can excite
also level 2, but its energy is insufficient for this
excitation. The atom can acquire additional en-
ergy by simultaneously absorbing one optical pho-
ton of just this harmonic and one radiofrequency
photon at the frequency of the transition between
sublevels 1 and 2. Now the phase of the optical
harmonic enters in the same way into both the
phase of state 1 and the phase of state 2, and the
difference in phase of these states turns out to be
the same for all atoms of the ensemble. The in-
tensity of the emission from the entire assembly
of atoms is found to be modulated at a frequency
equal to the transition frequency between states 1
and 2.

DNote that in contrast to double resonance experiments,[7]
the alternating tf field, which is parallel to the dc field H,,
cannot cause transitions between the considered sublevels.
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Obviously, if not one but several rf photons are
absorbed with every optical photon, then we ob-
serve multiple resonances. All the various phe-
nomena observed in ‘‘parametric resonance’’ can
be qualitatively described by similar simple con-
siderations based on the model of multi-photon
transitions. The possibility of such a qualitative
treatment and the illustrative interpretation con-
stitute the undoubted advantage of this means of
analysis. We shall show below that it is possible
to obtain not only a qualitative but also a quantita-
tive description of these effects in terms of multi-
photon transitions.

3. QUANTITATIVE THEORY

The theoretical examination of the effect from
the point of view of multi-photon processes is
greatly simplified if it is assumed that the radia-
tion of the usually employed light sources has so
low an intensity that the degree of its degeneracy,
which is equal to the number of photons in one
cell of phase space, is negligibly small (in the ex-
periment described it is equal approximately to
10~%). Then, because of the uncertainty relation
between the number of photons in one cell of
phase space and the phase of the field created by
them, we can consider the phase of each harmonic
of the incident optical radiation to be completely
indeterminate.

The absence of a definite phase of the harmonics
in the exciting light implies that there is no com-
mon dipole electric moment component of optical
frequency for the ensemble (absence of ‘‘optical
coherence’’ in the ground and excited states). The
density matrix representing this ensemble then
breaks up into two sub-matrices belonging to the
ground and excited states. Neglecting induced
emission compared to spontaneous emission, we
can then consider the entire process of resonant
scattering of light as consisting of two independent
processes: excitation and subsequent spontaneous
emission, separated by the lifetime of the excited
state.

The agreement of the theoretical results pre-
dicted from such a model with experimental
data ®! is an indication of the close approach of
this model to reality. In addition, the absence of
definite phase relations between the various har-
monics means that the contributions of different
frequency intervals to the excitation probability
will be additive. * In this case it is possible to
calculate the effect of excitation under the influ-
ence of an rf field H; sin (@t + ¢) and one har-
monic of optical radiation E(t) = Ewe'Mt, and
then integrate the result obtained over w.
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Let the atom be in the ground state y, att = 0,
and let the energy of the ground state be zero.
The state of the atom at any later time is described
by
|} 2

m=0,1,2

am () $m , (2)
where i, is an eigenfunction of the atom in the
dc magnetic field H,. According to LB], the inten-
sity Ig(t) of light scattered by one atom in a
given direction is expressed via the density
matrix of the atom in the following way:

I (t) =K [Pux &1 dfy [2 4 pas (2) ldgo lz + 2Repydidly]. (3)

Here K is a factor connecting the intensity of the
radiation with the square of the dipole moment of
the radiator, and d* is the operator of the atomic
dipole moment component lying in a plane perpen-
dicular to the direction of the radiation.

In order to obtain the total intensity of the
scattered light, it is necessary to sum Ig(t) over
all atoms of the scatterer, taking the Doppler ef-
fect into account. However, if wyv/c = ¥, where
v is the velocity of the scattering atom, ¢ is the
velocity of light, and y is the natural line width,
then this sum changes only the constant K. [
Thus, the problem reduces to a calculation of the
elements of the density matrix of one atom.

The Hamiltonian describing the density matrix
has the form

=H -+ 17;

H=H,— T2, V=—dEeit+ guel, Hy sin (2t 4+ ¢).

(4)
Here g is the Lande factor, p, is the Bohr
magneton, J, is the z component of the angular
momentum operator. The remaining symbols are
the same as those used by Aleksandrov et al.l6]
The Schrodinger equation for the amplitude apm (t)
has the form

iﬁéo ®© = Vloe_imlax ® + Vzoe—m[az ®,

Bl (£) = B (Omo — 17/2) @m () + Vem€'™ 4 Vinme ™) am (1)

+ Veme®©ta, (t), m=1,2. (5)

Here
Vmo = - Eo: dfno»

1 i
Vi = 1 thoe®,

Vi = — % ihoe®, o = 2guH,. (6)
To solve the system (5) we make use of Win-
ter’s method, * which was successfully used for
investigating multi-photon processes in the radio
region. We will seek solutions of Egs. (5) in the

form of the following expansion
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A (),

-0
am (t) = 2

n,k=—co

m=0,1,2. (7

In this we choose the system of equations for
ag})*(k) in such a way that a*®) is connected

. - + (k1
with aén D+do) or a(mn) (=) only through a single

exponential term. The solution af this system
should be such that if a summation is carried out
over n and k, quantities satisfying (5) will be ob-
tained.

Then the equation for the coefficients of the
expansion ag.})*(k) (m =1, 2) will have the form

a5 M = B (0o — i7/2) a7 4V peitalir D

* i = N -
+ mee 1Qta$rr:)+(k 1) + V(yme_u,,ga‘gn 1)+(k) (8)

with initial conditions
t=0,

Equation (8) is the equation of the change of
state of the system, atom + optical field + rf field.
It is very much like the equation obtained in the
quantization of optical and rf fields.['”) The index
n is equal to the number of optical photons ab-
sorbed with the initial state n = 0. Similarly the
index Kk is the number of absorbed (+k) or stim-
ulated-emitted ( —k) photons for an initial state
k = 0. The coefficients a(mn +&) have in this treat-
ment the significance of amplitudes of states in
which the atom is in state m, having absorbed n
optical and k rf photons.

The choice of this method of analysis is con-
nected with the fact that we desire to account
simultaneously for both the phase and the change
in the number of photons of the optical and rf
fields. In our chosen model of optical excitation
we could have described its state by accurately
giving the number of photons in each harmonic.

In contrast, the rf field has a very high degree

of degeneracy. The state of such a field is char-
acterized practically also by specifying the phase
and number of photons. A precise statement about
the number of photons, however, leads to com-
pletely indeterminate phase. The method used

here allows us, without determining precisely the
number of photons of the rf field, to judge its varia-
tion, with the phase of the field kept definite.

An approximate solution to Eq. (8) can be ob-
tained if elementary perturbation theory 1% is
used. Its application is valid for the case of a
very weak rf field H; «< Hy,. We limit ourselves
here to calculating only those amplitudes ag})*(k)
which either do not contain Hy or contain it in the
first power. The only amplitudes that are signif-
icantly different from zero are af)*®, a{D+®),

a™*® = 1, the remaining a{™*® = 0.

)
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and al%)“‘”. Omitting the simple calculations,
we give directly the final expression for the am-
plitudes ay,(t) in this approximation.

For intervals of time greater than the duration
of the transient processes (t > 1/y), we obtain

Vv e—imt

am (t) = #’mm
e—iﬂt

Vi
X {—1 T Fo,—eo—0—up)

meeiﬂt
+ B(@,,—o+Q—iy2) )"

(10)

From this expression it is seen that the amplitude
of the excited state a,, (t) has three resonant
terms, correspanding to different means of exci-
tation (Fig. 2). The first term corresponds to
direct optical excitation, the second to excitation
with the simultaneous absorption of one optical
and one rf photon, and the last to excitation with
absorption of one optical photon and stimulated
emission of one rf photon.

AL

e

@, a{;&z FIG-. 2. Dependence of the state
amplitudes am on the frequency of
the optical radiation (case w,, =
o+ D).
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If the level splitting wy differs from Q@ by
more than the natural width of the level v, then
the excitation of levels 1 and 2 proceeds by op-
tical photons of different harmonics, and conse-
quently it does not bring about a coherent super-
position of excited states. For wy; = Q there are
two possibilities for coherent excitation (Fig. 2):
(1) level 1 is excited directly by a photon of fre-
quency w = wy, and level 2 by a photon of the
same frequency with the simultaneous absorption
of one rf photon; (2) level 2 is excited directly by
a photon of frequency w = wy, and level 1—with
simultaneous stimulated emission of one rf pho-
ton.

The change of state of the rf field (a change
in the number of photons or energy) depends on
the ratio of the transition probabilities associated
with the emission or absorption of rf photons. It
is easy to see that for the case when the line of
excitation is much wider than the absorptionline, and
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the latter is completely within the first, the prob-
abilities of these two processes are the same and
the state of the rf field is not changed on the
average. This is just the case realized experi-
mentally.

Assuming that the spectral density of the op-
tical radiation E, = E; is constant within the
line width of the excitation line, and integrating
over w from —<«< to +<, we obtain the elements
of the density matrix pmm’(t) = a’;n(t)amf(t).
Keeping only terms of first order in € = w,/Q,
we obtain

Py = 20| Ey | o [P/yR2,

po = 20| B[P | P, (11)

e—i(ﬂt+€b)

Dgy = 2“1E0|2d;od:1{ i _}_ﬂ
n = Iz on + iy 2 (0n+ i) (@ + Q +iv)

(12)

o ot (Qt+0)

T2 (om+ i) (0n—Q + tr);} ’

The intensity of the scattered light is related
to the density matrix by Eq. (3). We see that
modulation of the scattered light in this linear ap-
proximation is associated only with the off-
diagonal element of the density matrix p,;. We
are in fact interested only in this component (we
denote it by I;(t)). In p,y there are two reso-
nant terms: the first when w,; =  and the second
when wyy = 0.

We consider them separately, assuming that
the resonances are well resolved:

1) wyy =R, wyy > v (Fig. 2).

Substituting (12) into (3) and considering that
(see LG])

diy = dy, = d,
we obtain

I — isin(9t+cp+x);
n()=C ViE+ @ — on)

v = —2p+arctg®=2, ¢ ~LK|dFEP, (13)*

dty = dy = de™

where y is the angle between the direction of ob-
servation and the plane of polarization of the inci-
dent light.

From this formula it is seen that the light
scattered by one atom is modulated at the fre-
quency of the rf field, and the phase of this field
enters into the phase of the modulation of the
scattered light. Since the phase of the rf field is
definite and constant, the modulation of all atoms
is synchronized, i.e., the radiation of the entire
ensemble is modulated.

2) wyy =0, € >7v. In this case all three terms
in Eq. (12) are ‘‘in operation,’’ which corresponds

*arc tg = tan™
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Yps Wy Wy FIG: 3. Dependence of the state
amplitudes ap, on the frequency of the
optical radiation (case w, = ;).
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to excitation of levels 1 and 2 by three optical
harmonics (Fig. 3):

— 2% + %)
Iy ) = — ¢ [© — 2+
B { Ve +7 Ve +1

Yo = arc tg (wy/7).

(14)

Equations (13) and (14) agree precisely with the
ones obtained by Aleksandrov et al.l] for the
limiting case € <« 1, which indicates the equiva-
lence of both methods of analysis.

The treatment presented gives the result of a
linear approximation. To describe the effect in
higher orders requires, besides an assessment of
possibility of multi-photon processes in absorption,
a consideration of the possibility of multi-photon
processes in emission as well. In fact, in analogy
with excitation, it is possible to have spontaneous
emission of an optical photon simultaneously with
the absorption or emission of several rf photons.
Thus, for example, a quadratic effect—a change in
the average intensity of the scattered light upon
coincidence of the modulation frequency with the
frequency of the transition 1—2—can be explained
in the following fashion. Let there be a coherent
superposition of states 1 and 2 under excitation.
The decomposition of this superposition from the
classical point of view can be considered in the
following way: one of the levels is decomposed
with emission of only an optical harmonic, and
the other with the emission of the same harmonic
of optical radiation and the emission or absorp-
tion of an rf harmonic. The interference of these
optical-frequency harmonics leads to a change in
the spatial distribution of the intensity of the
scattered light. Since the amplitude of the rf
field enters linearly both in the excitation of the
coherent superposition of the states and in its
decomposition, the whole effect is proportional to
the square of the amplitude of the rf field.

In conclusion, we wish to point out that multi-
photon processes in emission constitute a related
phenomenon discussed in the literature but not yet
realized. We mean frequency modulation of the
radiation of an atom by means of the Stark and
Zeeman effects. As is known,['?] the spectrum

+e Sin (=29 + %) (Q + @)

}
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of a frequency modulated oscillation is given by

oo

U@)=U, 3 J; (%—D)cos (0, kQ) 1, (15)
k=—o0c0

where w; is the mean frequency of the oscillation,
© is the modulation frequency, and Aw is the
maximum deviation of the frequency upon modula-
tion. Equation (15) can be applied to an excited
atom if it is possible to ignore the decay of the
excited state, i.e., if the period of modulation is
much less than the lifetime of the atom in the
excited state. In view of what has been said above,
this spectrum can be considered as the super-
position of multi-photon processes of different
order with respect to the number of participating
photons of the modulation field.

In order to observe experimentally the appear-
ance of these additional lines in the spectrum of
an atom in an alternating field, the frequency of
the modulation should be greater than 10° cps, so
that Doppler broadening will not mask the phenom-
enon. For a sufficiently large field intensity this
constitutes a definite technical problem, still un-
solved. ‘‘Parametric resonance’’ in luminescence
allows one to perceive the elements of the effects
considered under the Doppler shape, using the
phase relations between the components of a com-
plex spectrum.
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