SOVIET PHYSICS JETP

VOLUME 18,

NUMBER 1 JANUARY, 1964

GRAVITATIONAL TRANSMUTATIONS OF FERMIONS

Yu. S. VLADIMIROV
Moscow State University

Submitted to JETP editor January 25, 1963

J. Exptl. Theoret. Phys. (U.S.S.R.) 45, 251-259 (August, 1963)

The density of the interaction Lagrangian is constructed for gravitational, spinor and electro-
magnetic fields. The effective cross sections for annihilation of fermion pairs into two gravi-
tons or into a photon and a graviton, and also the Compton effect of a photon on a fermion with
transmutation into a graviton, are calculated on the basis of the quantization of the weak grav-

itational field.
1. INTRODUCTION

IN our previous work,[ﬂ a calculation and an
analysis of the differential and total effective
cross sections of the process of pair annihilation
of spinor particles into two transverse quanta
(gravitons ) of the linearized gravitational field
was carried out.!” Use was made of the interac-
tion Hamiltonian introduced in the works of
Gupta: [10,11]

H= V% (1 8,,) (Fro g —SLn¥).

In the present work, the form of interaction of
the gravitational and spinor fields is made more
precise. It follows from this development that the
use of Eq. (1) in the calculation of the different
effects gives insufficiently complete results for
the following reasons.

a) In the derivation of the density of the inter-
action Lagrangian, Gupta probably started from
the Lagrangian of the spinor field in curved space,
and from the non-compactness of the Lagrangian.
In the calculations of the S matrix, it is necessary
to take under the integral sign the Hamiltonian

DThe hypothesis of mutual transmutations of ordinary mat-
ter and the gravitational field, suggested by Ivanenko in 1947,
was used by Ivanenko and Sokolov(**] in the calculation of
the mutual transmutations of scalar particles into gravitons.
The transmutations of photons and gravitons was considered
by Piir,[4] and also by Korkinal®] on the basis of the linear
gravitational theory of Birkhoff, as developed by Borgardt.
However, the Birkhoff theory, which is constructed on the
basis of a series of postulates, is in our view too artificial
and represents a step backward in comparison with the Ein-
stein theory (even in the special formulation of Gupta). The
mutual transmutations of neutrinos and gravitons were con-
sidered by Wheeler and Brill [¢ 7] and by Kobzarev and
Okun’.[®] Recently, the transmutation problem has been con-
sidered by Feynman.[9]

density (1), which will lead to additional terms be-
cause of the expansion of \/—q in powers of v« .
A similar inaccuracy is contained in [2’3’12], but
because of the specific nature of the scalar field

it does not change the order of the cross section

of gravitational annihilation of two scalar particles.

b) In the calculation of processes of second
order and higher in Vk on the basis of perturba-
tion-theory methods, the matrix element of the
process contains additional terms of the same
order, brought about by the nonlinearity of the
gravitational field. [

c) For a correct description of the interaction
of the spinor and gravitational fields it is necessary
to use the tetrad formalism, [13] without the use of
which it is impossible to obtain the complete Ham -
iltonian or Lagrangian of the interaction.

2. THE DENSITY OF THE INTERACTION LA-
GRANGIAN OF SPINOR AND GRAVITATIONAL
FIELDS

The density of the Lagrangian of the spinor field
in curved space has the form

=1V =g [—iTr (0 + iy, V) ¥+ 2m¥¥],
(2)

where V| denotes covariant differentiation. The
covariant derivative of a spinor can be written only
with the help of the tetrad formalism: (131

v, ¥ = 0¥/ox — LA @B r@7 @Y,

VY= 0oxr —LUA @B T@ @,  ©

where Au( @, B) are the Ricci rotation coefficients
Ay (2, B) = Aol (o) B (B). (4)
Then (2) takes the form
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$=_%V—_g—z‘l"7 (@) h“”(a) -I-l-—'l'(o‘) h* (@) ¥

+2mTY + T (r 1) 1 (@) 7 ()

— 1 @) 1 (@1 ®) VA" Q) £ () £ (B) Ap,sel- (5)

We expand (5) in a power series in Yk, and
limit ourselves to terms of order not higher than
k. The quantities entering into (5) are expanded in
a series of the form

V=g g = e — V7 A 0

(the initial formula for the determination of h®¥¥
was developed by Gupta; €*¥ is the metric of flat
space-time),

__ 1 v
y—g=1 —‘z‘ﬂspvh
1 A 1 o o
— 188 IR - ey e AR

g = o — Y

I g % neBve 082 PR + O (x*); (8)

Q (”3/2); (7)

-+ % Vﬁe*‘"awhw — % xeaghaﬁh*”

Gov = Euy — 5 V% 808aph™ + V' £u08ush™® + uegueriea i h
———;—xeaps,gve;‘p hPpte
+ %8 EapEr o PR — T XEuEarEh PR 4 0 (x¥?). (9)
By making use of the definitions of h*(a) and
hy(a)
g =h* () i (o) and gy = By () by (),

we find

o) = e*(o) + %Vu_ (Bwc” (@) — 28%e, (o)) H“°

i (BoeBort(2) + deuobert (a) — deacdie: (@)

— 4eg,8¥e. () AR 4 0 (%), (10)
B(o) = &,(0) —+ V% (exgey (@) — 2epe- () £7°

+ 3'1_27{ (1281((1)81\'839 - 48t(a’)8Bv81p + &y ((1) E1p82p

— dex(@)extpe) AR 4 0 (67), (11)

where e#(a) and €y(o) are determined by the re-

lations
a)e’ () = &’ 1 g la)e,(a) = e,

The Ricci rotation coefficients

————— (12)

ag,, Oh (1)
_) + (@) 2

are found by means of the expansions (9) and (11):
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on+P on*P
Y —— Eap8ps — = sa,,e,;v)

—l——’i-aifsse—f—ss——i—ss)
2 o’ Bp( apCra acAp 2 ar pu/
% on*P on*® 12 1

- ’5‘ 9x° Epp (eapehv + EqvEap. — 5‘ €anEpv
% on*P

5 ot B &g, (EavErs — Eactrv) + f (B*Peap) % + O (*).

(13)
Here we do not write down explicitly terms of
order k, which contain haﬁeaﬁ, since these terms
are not needed.

In what follows we shall use the notation of flat
space, taking Xy = ix;. Then all the indices can be
written as subscripts [y(a)er(a) =vy;]. The
zero order of the expansion (5) is identical with
the ordinary Lagrangian of the spinor field in flat
space.

For a complete description of the interaction
of the gravitational and spinor fields, it is neces-
sary to take the Lagrangian density of the sum of
the spinor field in curved space and the gravita-
tional field:

cfgint: 4 Lo+ zgrav’ 14)
where %, is the first order term in the expansion

of (5) in a power series of Vx and is of the form 2
&y = V= (h,w + — sw,h) ( t‘{’ﬂ(LL

&
2

+t—— ‘I’)

+ X mhvy. (15)
The difference of this expression from (1) is oc-
casioned by the series expansion of the factorv —g
[item a) of Sec. 1]. Use of the tetrad formalism
does not give additional terms in the first-order
expansion.

The density %, —the expansion of (5) of order
k —has the form

o)

$2 = -1i (hpahvnz + Epv thaB) (_ tlyfnl 0x, + l

) ahw

. wm = in 57 Oh,, :
+ hy by Y — " ‘P(Tu’lvp T thuﬁ'a‘;;

—"TVTO'YuhOP e \’q"{‘ xf (h). (16)

The second line is due to the more accurate ac-
count of the interaction of the spinor and gravita-

2The gravitational vertex contains in the general case the
mass, in contrast with the conclusion reached in [¢]
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tional fields obtained on the basis of the tetrad
formalism [item c) of Sec. 1].

Zgray is the first order expansion of the La-
grangian density of the gravitational field

2 = —x1Y —gg" (Tielh — TiTk) 17)

and was calculated by Guptaltil] [item b) of Sec. 11:

_ Vx, el YVix oh gp
Loav=— T b5 5, T 7w b o,
V= A thu BhvB
T2 Woxy ox,
Vi, ok, Y, Ohgoh,
— % Mg, T P e (18)

3. TWO-GRAVITON ANNIHILATION OF A PAIR
OF SPINOR PARTICLES

By making use of the results of Sec. 2, we cal-
culate by perturbation theory the effective differ-
ential cross section of the annihilation of a pair of
spinor particles into two gravitons. The calcula-
tion is carried out in the center of mass system.

The S-matrix of the process of order k has the
form

S = igT [%, (x)] d*x —-%SST (£ (x) &y (x2)
+ &1 (%) &1 (x) + L1 (x1) Lrp (x2)

+ Zrp (x0) £y (x2)] d*xy dx,. (19)
Contributions of the terms of the S matrix to the
matrix element can be graphically represented by
means of the Feynmann diagrams a—e. Part of
the matrix element described in diagrams b and
¢ (corresponding to the Hamiltonian interaction
(1)), was calculated in our previous paper. ]

The total matrix element of the process is
found in the form

- ix ~— A RL@ 2
F= 3243 2 (k) (o) uy (py) {— kahaghag (pikr)® (ifeo)

— 2k RSHORD (ko) + 2k (piky) (pikn) APHP

+ 4hPRD (piky) (piky) K

— 4KRORD - KAPRLE, (piks) (piks) + 2058 DR Dy
+ 4k§m (p14y) (p1%2) h%h%} uy (p2), (20)

where the following notation is introduced:
O = Kpipls 7O = higrapls

U3(py) and uy/(p,) are factors corresponding to
the antiparticle and the particle in the initial state.
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After tedious calculations, which correspond to
taking the trace of the matrix element, summation
over the polarizations of finite gravitons and gath-
ering of like terms, we get

_ %2 2.2 2 4 oin2 4 2 2
dc—m[pm cos?@ + p*sin®@ + 2p?sin®*@ cos® 0

+ %(mz—p2 sin®9)?

3p?m cos? 0 + m?p? (m? — p? sin? 0) p8sin® O do
+ pr U e e)a] ’
(21)
N r 4 PR Y K K, "
AT T / £
\ \ / )
'k
\ P p
P o
Pz ] P
a b c pl d pl
Ky
P2
\ kz
\\ Pe
\
K
Py !
1
P: //
S
k /s
Ps &
p

Photon line

Fermion line ———— Graviton line

where p is the momentum of the fermion, 6 is the
angle between the direction of motion of the initial
particles and the momentum of the graviton.

In the classical case, when ki ~ m? > p?, this
formula takes the form

m2x? ¢

dGcl =
that is, the radiation of gravitons is equally prob-
able in all directions.
In the ultrarelativistic case, in which p? ~ k}
> m?, we have
w22

B @y (35107 20 + 2sint 6) dC. ' (@23)

doy =

There will be no radiation of gravitons in the di-
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rections of propagation of the initial particles.
From (21), it is easy to obtain a similar for-

mula for the annihilation of two four-component

neutrinos (m = 0) into two gravitons. Lel

4. LAGRANGIAN DENSITY OF INTERACTION OF
SPINOR, GRAVITATIONAL AND ELECTRO-
MAGNETIC FIELDS

In Eq. (5), in the presence of an electromagnetic
field, an added contribution appears that is brought
~about by the replacement of the ordinary deriva-

tives of the wave functions by the expressions
or _ v o
oxt oxt ox™

This contribution has the form

V =gy (a) h* (a) YA,

Expanding this expression in powers in V&, we
get

eAT7,Y —LeVr ¥ (1,40 + 21.h7A4,) ¥ + 0 ().
(25)

v . . w . &
ieA,Y; marv + ieA, Y.

(24)

The Lagrangian density of the electromagnetic
field in a gravitational field has the form

L= —%V'__gg“)‘gvaAprv = _‘1— FoF*" + “21— Vo (exrhve

—1— evPerrt) FyoFyy -+ O (%). (26)
We write down the expansion in powers of vk of
the Lagrangian interaction density of the three
fields, neglecting terms of order higher than eV« .
By taking into account (25), (26), and (14), we get

Lio= 6P, YA, — 1 e Va1, YA h — e Vu T VA b,
5 VRFueFuhe — 3 VaF P+ 5V amT¥h
+ LV% ey + &)
x (— "‘?T»S% + iggnﬂ’) +VxIE)+06), (27)

where Vi f(3h) are terms containing the product
of three gravition functions.

5. PHOTON-GRAVITON PAIR ANNIHILATION OF
SPINOR PARTICLES

In addition to the process of two-graviton pair
annihilation of spinor particles, a transformation
of this pair into a photon and a graviton is possible.
In calculation of the cross section of two-graviton
annihilation, averaging was carried out over the
spins of the initial particles. However, if one does
not do this and assumes that the initial particles

179

are arbitrary, then it is easy to see that such a
process is possible only for antiparallel polariza-
tion of the colliding particles. For identical polar-
ization, the particles can annihilate with production
of a photon and a graviton. Let us construct the
matrix element of such a process, using the La-
grangian interaction density (27). In the general
case, the matrix element of the process can be
represented by means of the diagrams f—k. If
the calculation is in the center-of-mass system,
the contributions of the diagrams f, i, and k —
mutually cancel one another. )

The matrix element of the process has the form

- _eVu 1 - PN
F = — sy ook ooty & (P (260 (e + eh)
+ (Bye,) £10] uv (py), (28)
where

e = eupl; il\:hu.upﬁ'fu; (hueu) = huupfeu;

v = (pky) — (piky) is the square of the matrix ele-
ment, and averaging over the spins of the initial
particles and summing over the spins of the final
particles, we obtain the differential effective cross
section of the process of photon-graviton annihila-
tion:

_ e p®sin? 0
4 (8 g, (k3 — p?cos? 0)

do [1 + sin?0
sin? 0 (kg — 2p? sin? @)

k2 — p?cos? 0

(29)

] dQ.

2

In the classical case p? < ki ~ m?, we have

ex (”)%m? 6 (1 4 2sin?p) dQ.

& 8\ ¢ 30)

dGcl =
Because of the factor sin? 6, the maximum of ra-
diation of gravitons and photons will be observed
at 0 = r/2. There will be no radiation in the direc-
tions of the momenta of the initial particles.
In the ultrarelativistic case (p?~ k3 > m?) we
have

ds o = 4_f;"n-)z_(l - cos? ) dQ, (31)
i.e., the cross section of the process ceases to de-
pend on the energy of the particles, while the radi-
ation of gravitons will be strongest in the direc-
tions of the momenta of the original particles. In
the ultrarelativistic case, the spins of the particle
and antiparticle will be oriented in a single direc-
tion, which gives evidence of the necessity in such
a case of using Eq. (31) and not (23).
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There is interest in making a comparison of the
total cross sections of the processes of two-gravi-
ton and photon-graviton annihilation of two spinor
particles.

1. Classical case. The total cross section of
two-graviton annihilation has the form

Gel == ch/2048 nv, rg = wm, (32)

in contrast with the result of our previous paper,
where oc] ~ récv‘l(E/mcz) (E is the nonrelativ-
istic energy).

Since, in calculation of the number of acts of
annihilation, the cross section of the process is
multiplied by the velocity v, the number of anni-
hilating particles does not depend on v and is pro-
portional to m?.

The total cross section of photon-graviton an-
nihilation has the form

13r,r, 7 v\3 2

Sel = Zaom <?> v Te=lg- (33)

2. Ultrarelativistic case. The total cross sec-
tion of the two-graviton annihilation

s PR gk

ur 768 m ~ 768 m (mc‘a

(34)

increases in proportion to k(z, The cross section
of the two-graviton annihilation becomes of the
order of the cross section of two-photon annihila-
tion for koer ~ Vre/rg mc?. For electrons, 3
kocr = 102'mc?. The total cross section of the

photon-graviton annihilation is
0y = rerg/48mw = 1,26-10 cm? (35)

depends neither on the energy nor on the mass of
the colliding particles. The cross section of two-
photon annihilation becomes of the order of the
cross section of photon-graviton annihilation for
the same energies as in the previous case:

k:)cr ~ Rocr ""’Vre/rgmcz- (36)

6. THE COMPTON EFFECT OF A PHOTON ON A
SPINOR PARTICLE WITH REPLACEMENT BY
A GRAVITON ’

The matrix element of the process of a Compton
effect of a photon on a spinor particle with replace-
ment by a graviton can be represented graphically
in the form of diagrams 1-p. We shall consider
the case in which E; > kg, E; >» ki, (E; is the
initial energy of the fermion, kgy; is the energy of
the photon, kg, is the energy of the graviton), then

3n our previous paper, an error was made: it was stated
that k, ~ 10> mc?.
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the matrix element has the form (the principal

contribution is made by diagrams m and n)
VR (piks) ki (P%e,) — (prk) €

F= (4n)2 V korkor v (p2) (p1k1) (prks)

The differential effective cross section of the proc-

ess has the form

(2m)2k2, Es
do = Es — p1cos 6

(37)

Uy (p1)-

N F (p1, po) [P AR (38)
After squaring Eq. (37), averaging over the initial
and summing over the final spins, we obtain

20016 sind O sin? k o — k)12
e2%pbsint 0 sin? @ 02 [p1(k2 1)] dQ,

45 = Gy E; (Fs — pr cos ) Fur (paf)(pako)?

(39)

where ¢ is the angle between k; and p;, 6 is the
angle between k, and p;.

In the relativistic case, where E ~ E; ~ Ey ~ py
~ py, setting k; ~ ky ~ k, we get

o ~ e x(E/R)?, (40)

however, it must be noted that a difficulty appears
for k that is similar to the case of pure electro-
dynamics (the infrared catastrophe), associated
with the inapplicability of perturbation theory
methods in this case.

Equations (39) and (40) also hold for the reverse
process—the Compton effect of a graviton by a
fermion with transformation into a photon. If it is
assumed that a significant quantity of gravitational
waves (gravitons) exists in outer space, then the
effect of transformation of gravitons into photons
described above must take place upon interaction
of fluxes of gravitons with matter.*’

In particular, this effect must lead to additional
radiation of photons from outer space by objects
having velocity components normal to the radius
vector from the earth to the given object (owing
to sin® 6 in the numerator). If this effect could
be measured, then it, together with the Doppler
(radial ) red shift, would permit us to obtain a
complete estimate of the velocity and direction of
motion of cosmic objects.

The author thanks D. D. Ivanenko and V. L.
Rodichev for discussion of the results and for
valuable advice.
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