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The methods of geometric optics are extended to electrodynamics with spatial dispersion,

in which case the field equations are integral equations. This method is applied to the prob-
lem of stability of a magnetically confined plasma. The dispersion relations for longitudinal
oscillations are obtained. Analysis of the dispersion relation for the limiting cases of long-

wave and shortwave oscillations yields the necessary and sufficient conditions for plasma
instability. It is shown, in particular, that if the electron-to-ion temperature ratio is inde-
pendent of coordinates a weakly inhomogeneous low-pressure plasma confined by a magnetic
field is almost always unstable against shortwave oscillations.

INTRODUCTION

IN recent years a large number of papers devoted
to the theory of stability of spatially inhomogeneous
plasma contained by a strong magnetic field have
appeared in the literature. The conclusions drawn
in this work are of great interest. However, in
many papers [1-10] the results are obtained by a
method that is incorrect and appear to be rather
strange. The unusual feature is the fact that the
spectrum of characteristic oscillations of the in-
homogeneous plasma turns out to be a function of
position.

Several authors have shown[!1-13] that the solu-
tion of the stability problem for a weakly inhomo-
geneous plasma can be obtained by methods of geo-
metric optics. This approach not only avoids the
strange spatial dependence of the oscillation spec-
trum of the plasma but sheds light on the signifi-
cance of certain results obtained earlier [1-10 ang
leads to many new results.

The methods of geometric optics are based on
the theory of asymptotic solutions of differential
equations. In [11-13] this method has been used in
cases in which the investigation of plasma stability
could be carried out within the framework of differ-
ential equations of second order. However, in a
great number of interesting cases the field equa-
tions that describe the small oscillations of the
inhomogeneous plasma are integral equations.
Hence, the problem arises of formulating a method
of geometric optics for cases in which the field
equations are integral equations.

It should be emphasized that integral field equa-
tions are a characteristic feature of electrodynam-

ics with spatial dispersion. For example, in a
weakly inhomogeneous medium the relation between
the electric field E and the induction D (cf. [14])
can be written in the form

t
Di(r, ty=\dt' \ar'ey (¢t —t, e —r', ) E; (¢, ). (0.1)
By weak inhomogeneity we mean that the depend-
ence on r is much weaker than on r —r’.
In geometric optics the field is written in the
form

E = Eget* ®, (0.2)

where ¥(r) is the eikonal while the amplitude E,
is a slowly varying function of the coordinates and
the time. We shall be interested below in mono-
chromatic waves, in which case y = —wt + ¢);. The
gradient of the function ¥;(r) determines the wave
vector of the field oscillation, Vy;(r) = k(r). Then
in view of the rapid dependence of gij onr-r’,
we can write as an approximation

D; (r, t) = e+ ) (0, Yy, 1) Eyp, (0.3)

where[14]
&; (0, vy, 1) =S dtg drieft=ver g, (¢, ', 1), (0.4)
o

The expression in (0.3) is approximate and corre-
sponds to the zeroth approximation of geometric
optics, in which we neglect spatial derivatives of
both Egj and ejj.

Substituting (0.3) in Maxwell’s equations we ob-
tain in the same zeroth approximation

(V)2 — (v ¥ (Vb)) — 0% &5 (0, vy,1) | = 0,(0.5)
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which represents a generalization of the usual
eikonal equation to the case of a medium with
spatial dispersion. The difference lies in the de-
pendence of the dielectric tensor on k = Vi which,
obviously leads to extensive complications in the
analysis and solution of the generalized eikonal
equation.

The higher approximations in the method of
geometric optics for a medium with spatial dis-
persion can be obtained by making more precise
the right side of Eq. (0.3) and by taking account of
the appropriate derivatives in the field equations.
We shall not go into the development of the gen-
eral theory here. However, in the solution of the
problem given below (stability of magnetic con-
tainment of a low pressure plasma) we will actu-
ally give geometric-optics solutions with accuracy
up to the first approximation, and will also con-
sider some of the central problems in geometric
optics—the question of turning points, the Stokes
phenomena, and the spectrum of characteristic
frequencies of the field equations.!’

In the first section of the present work we give
a brief derivation of the equation for the longitudi-
nal oscillations of a weakly inhomogeneous colli-
sionless plasma contained by a strong magnetic
field. We limit ourselves to a one-dimensional
geometry so that all equilibrium quantities char-
acterizing the plasma depend only on the single
coordinate x. The force lines of the external mag-
netic field are assumed to be straight and parallel
to the z axis. In the second section we solve the
equations of the longitudinal field oscillation in a
plasma with accuracy to first order in geometric
optics. In the last and third section we investigate
the oscillation spectrum and obtain stability cri-
teria for an inhomogeneous plasma in certain par-
ticular cases.

I. INTEGRAL EQUATION FOR LONGITUDINAL
OSCILLATIONS OF AN INHOMOGENEOUS
PLASMA

Before we obtain the equation for small oscil-
lations of the field of an inhomogeneous plasma,
we must first determine the particle distribution
functions (electrons and ions) in the equilibrium

DIn many concrete problems the ‘‘integral’’ aspects of the
field equations are not important. In these cases, as shown in
[*5], the integral terms can be neglected in the first approxi-
mation and their contribution considered by means of perturba-
tion theory, using the asymptotic characteristic functions of
the differential field equations. The results obtained by this
direct calculation(**] can obviously be also obtained by the
method given here.
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state. Assuming that there is no electric field in
the equilibrium state, we have

v cos @dfo/0x — Qdf/0p = 0. (1.1)

Here, f; is the equilibrium distribution function
while © = eB/mc is the particle Larmor frequency.

In the case of interest, a low pressure plasma,
the magnetic pressure B%/87 is much greater than
the kinetic pressure p and the inhomogeneity in
the magnetic field can be neglected compared with
the density and temperature variations in the
plasma. If the plasma inhomogeneity is small
enough, specifically, if the particle Larmor radius
is small compared with the characteristic scale
size of the inhomogeneity L,

ur /QL<1: (102)

where v =V T/m is the particle thermal velocity,
then the solution of (1.1) can be written in the form

fo (X, @, v1, v2)

L vLsing g 1

= (1 e — T a);z—,t...)F(vl,vz,x)\
1.3)

Because the problem is homogeneous in time
and the coordinates y and z, in plasma states that
are close to equilibrium, the particle distribution
function can be written in the form f(x) exp { —iwt
+ikyy + ikzz }. In this case, if we consider only
longitudinal plasma oscillations (Vx E =0, E
= —V®&), the function f(x) is given by the equa-
tion?

—i{0 —k v, —kyv) sing) f 4 v, cose Of/dx
— Q0f/0p = (e/m) (v®) 0f,/ dv.

The solution of this equation that satisfies the
periodicity condition in ¢ is of the form

(1.4)

®
(e () de o 0 (g L0

[oe]

fx)=—

ie
2numQ

X exp {Zlf ‘\" (o — kv) d(p"} ,

@

(1.5)

where k = {ky, ky, kz} while x’ =x
+[v)(sin ¢ —sin ¢’)]/Q. Using Eq. (1.5) we find
the charge density induced in the plasma

p () = Blefav = — - \dx, G (x —x,, ) ® (x), (1.6)
where

2Plasma oscillations with phase velocities appreciably
smaller than the Alfvén velocity can be regarded as longitu-
dinal. In these cases the magnetic field of the wave can be
neglected and the complete system of Maxwell’s equations
reduces to the Poisson equation for the potential ®(x).
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G (x —x, 0 = —onld ™ "D (1, k), (L7)
ie* ¢ ,
DWM:—ZRﬂm\@
®
¢ o (%, @)
X exp {l@ \ (@ —kv) d(p”} k —(,",—q). (1.8)

@

The summation is taken over all charged particles
(electrons and ions).

For a weakly inhomogeneous plasma in which
F(vy, vz, x) is a Maxwellian distribution function
with inhomogeneous temperature T(x) and density
N(x), keeping the first terms in the expansion (1.3),
we have from (1.8)

D (x, k) =D, (x, B, ky, ks) + ikeDy (x, B2, By, k2);  (1.9)

D, (x, k)
~—2eip - B (1455 (5 - )
n=-—oo L
<ot () 4 (%))
Diel==33 [+~ d)etmw

(1.10)

Here, ki = kfi + k§,, Ap(x) = e'XIn(x), In(x) is
the Bessel function of imaginary argument, J,(z)

z

= ze 22 f dar eTZ/Z, and the primes denote differ-
joo

entiation with respect to the argument.

We shall be interested in the time development
of initial field perturbations or perturbations in the
particle distribution functions. In the case of lon-
gitudinal plasma oscillations this problem reduces
to the problem of finding the eigenvalues of the
equation

AD (x) = — 4np (x) (1.11)

with specified boundary conditions on the function
®(x).%

II. SOLUTION OF THE INTEGRAL WAVE EQUA-
TION

In the general case Eq. (1.11) is an integro-dif-
ferential equation for which an exact solution would
be difficult. Following the general approach given

YWe note that our derivation of Eq. (1.11) is more general
and simpler than the corresponding derivation given by Mi-
khaflovskif.[*]
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in the introduction we find the asymptotic solution
of (1.11) to first order in geometric optics. The
essential point here is the weak dependence of the
kernel G(x —x4, x) on the argument x, which
makes it possible to reduce the integral equation
(1.11) to some nonlinear first-order differential
equation containing a small parameter. The ex-
pansion of the solution of this equation in the small
parameter then allows us to formulate an approxi-
mate solution for the integral equation (1.11).

According to (1.7) the dependence of the kernel
of the integral equation (1.11) on the variable x is
determined completely by the function D(x, k),
which is a slowly varying function of the coordinate
x; specifically, it changes significantly over dis-
tances of order L (the characteristic scale size
of the inhomogeneity ). At the same time the kernel
G(x —X¢, x) varies much more rapidly as a func-
tion of the difference x —x;.

In a uniform plasma the function D(x,k) is in-
dependent of coordinates; in this case the kernel
G(x —xy, x) is a function only of the difference
X —Xy. This situation allows us to find solutions
of (1.11) for a uniform plasma in the form elkxx
where kx is obviously independent of x. In the
case of a weakly inhomogeneous plasma, following
the method of geometric optics we seek solutions
of (1.11) in the form

D (x) = Cexp {iS ke (x')dx'}, (2.1)

where the function kx(x) is assumed to be a slowly

varying function of x. Substituting the solution (2.1)
Xy

in (1.11), expanding the function f kx(x’)dx’ ina

X
Taylor series about the point x and keeping only
the first two terms in the expansion,

D (x)= @ (x) & B R L L (g — x) ke (%),
2

under the assumption that kx(x)(x;-x)? < 1 we
obtain the following differential equation?’ for de-
termining the function kx(x):

ﬁ+@+ﬁ_@=m@_§mwwpumy@m
Thus, we have obtained a nonlinear first-order
equation for kx(x). A simplifying feature in the

solution of this equation in the geometric optics
approximation is the presence of a small param-

“From the derivation of (2.2) it is evident that the require-
ment (x, - x)’k% (%) < 1 reduces to the condition

ke 02D (x, k)/OkE <€ D (%, k).
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eter of order ky/k%. In the zeroth approximation
in this parameter kx(x) is given by the algebraic
equation

k; + k) + k2 —4xD (x, k) = 0. (2.3)

Everywhere below by kx we mean the solution of
this equation.

The next approximation gives the correction
Okx(x):

Ok, - i In k.
k, 2k,

The requirement that this correction be small is
essentially the requirement for the validity of the
geometric optics approximation for determining
the asymptotic solution of the integral equation
(1.11).

In this approximation the solutions of (2.2) be-

come
{ (l — 4 ——D (x, k))}-l/‘ exp {i;\ka(x’)dx'},
T @5)

where the functions kx(x) are determined from
(2.3). It is evident that the condition in (2.4) is
violated close to the turning point, where kx(x) =0,
and the point where 1 —4w 9D(x, k)/akf{ = 0. In the
vicinity of these points (2.5) is not valid. We as-
sume below that the function 1 - 4m8D(x, k)/ok%
does not vanish; solutions of the integral equation
close to the turning point are discussed in the next
section.

Finally, we point out one feature that simplifies
the analysis of (2.3) in a number of cases. It fol-
lows from Eq. (1.10) that Dy(x,k) ~ 2 9D (x, k)/8x
~ Dy(x,k)/Lk%. On the other hand, from the appli-
cability of the geometric optics approximation kx
~ ky/L « k&. Hence, in the approximation used
here D(x, k) ~ Dy(x,k). Taking account of this
relation we note that within the framwork of geo-
metric optics (2.3) has symmetric roots +kx(x)
that play the role of wave numbers in the direction
of the plasma inhomogeneity.

k)>]'< 1. (2.4)

D (x) =

III. LOW-FREQUENCY OSCILLATION SPECTRUM
OF AN INHOMOGENEOUS PLASMA

We now apply the solutions of (1.11) obtained
above to the investigation of the spectrum of low-
frequency longitudinal oscillations of an inhomo-
geneous plasma. We note that actual spectra of
longitudinal plasma oscillations have already been
studied in (113 and [12) | In particular, in these
papers consideration was given to cases in which
the integral equation (1.11) could be reduced to a
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second-order differential equation. This procedure
is possible for long wavelength plasma oscillations,
in which case the root of (2.3) satisfies the condi-
tion® kk(x) « max {k¥, @*/vhk}. Inview of the
results obtained earlier in il and [12] we treat
here two other cases of longitudinal oscﬂlations

of an inhomogeneous plasma. We limit ourselves
to low-frequency oscillations defined by kyvTi

K w K kzgvre <K 4.

For simplicity we shall assume that the wave-
length of the oscillations is appreciably greater
than the electron Larmor radius. Assuming that
in the frequency range being considered it is suf-
ficient to consider only the n = 0 terms in (1.10),

we have from (2.3)%
5 5 N N 1 k K UT:
kl+k2+4ﬂez{Te+TT—<T{ Mmg ax)NA< oF
Vs .ﬂ— 1 ky a (0] .
. ,]/_2_ ('ﬁ"’"ma‘) N W} =0, (.1

where ki =k +k}. We now investigate Eq. (3.1)
in the limiting cases of longwave and shortwave
plasma oscillations.

In the long wavelength region, where ki lVT1
« @, we have from (3.1)

2 2 1 k, % NU2T" -
ki (x) = — & —{1 — 4me? (T[ - Mle 5x—> Q2 }
) l ‘ 1 ky 9 ./ ®
ke Ane? T, T MmQ,.x)N <1+‘[/ TIkzivre> ‘
(3.2)

In the other limiting case, where kiv?ri > Qf but
with the wavelength greater than the Debye radius,
we have from (3.1)

k a N
—_— —_ __———-\y —_—
T, T T, Tk Mo ox vr;

. Tk o N
+ i —Z—I—m—a-x‘z—;:o (3-3)
Hence,
k2v [(Njvg; )]
2 2 Ti Ti
R (x) = —ky + zn sz‘(l—}—T/Te)
/5 kU (N vg;) [
I —i}V 2n y_Ti Ti . 3.4
X { 4 [k, |9 N (14 TyT,)[ 6.9

The relations in (3.2) and (3.4) can now be con-
sidered aside from their relation to the original

9t is evident that this condition is always satisfied for a
plasma at zero temperature.

9Here and everywhere below the ions are assumed to be
singly charged, i.e., |ej| = |ee|. As aresult Ne = Nj = N(x).
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integro-differential equation (1.11). Specifically,
(3.2) and (3.4), which give the zero-order geomet-
ric optics solution of the integro-differential equa-
tion (1.11), are at the same time the zero-order
geometric optics solution of the second-order dif-
ferential equation

@ (x) + £ (x) D (x) = 0. (3.5)

In this sense (1.11) and (3.5) are ‘‘equivalent.’’

The following point should be emphasized. The
relation in (3.2), which corresponds to longwave
oscillations, arises when the integro-differential
equation (1.11) reduces to a second-order differ-
ential equation. In this sense, the writing of (3.5)
is trivial. On the other hand, (3.4) is obtained as
a result of an approximate solution of an essen-
tially integral equation.'” In this sense, the forma-
tion of an equivalent second-order equation (3.5)
is, in our opinion, of great importance.

We are now in a position to use many of the re-
sults of the theory of asymptotic solutions of
second-order differential equations, carrying them
over by means of the approximate equivalent equa-
tion (3.5) to the case of interest here, namely the
theory of asymptotic solutions of integral equa-
tions. We recall briefly here some of the impor-
tant points in the theory of asymptotic solutions of
(3.5) that are pertinent here. This is necessary
here for where the theory is well known to the
physicist for real kfc(x), for example from quan-
tum mechanics, it is not well known for complex
k%(x). We shall not go into details here but refer
the reader to the specialized literature;[18-22] we
shall only recall the situation as regards the Stokes
phenomenon and the eigenvalue spectra.

The asymptotic solution of Eq. (3.5) is of the
form

D (x) = C(, exp {i .\kx (x) dx’}«i»C(_)exp {— i&/ex (x") dx'}.
(3.6)

In the general case the complex plane of x can be
divided into regions in which the coefficients C,,
have definite values. Under these conditions the
transition from one such region to another leads
to a discontinuous change in the coefficients
(Stokes phenomenon ).

The simplest case is the one in which the real
x axis does not go outside of one of the Stokes re-
gions over the entire range of values of physical

NThis integral equation is actually equivalent to
® ) = () § i () Ko (1, (x — ),

where K, (x) is the Macdonald function.
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interest. In this case the asymptotic eigenvalue
spectrum is given by

K ky (x) dx = nmx,

v

B.7)

where n is an integer appreciably greater than
unity while the integration is carried out over the
entire physical range of values of x. If we do not
use special dissipative or real boundary conditions
the calculation of corrections to the spectrum in
(3.7) in the worst case leads to the appearance of
a real term of order unity on the right side of (7)%.

If, however, the physical region of values of the
coordinate x encompasses several Stokes regions,
than both the equation which determines the spec-~
trum of characteristic frequencies and the con-
stants C(4) in (3.6) can be obtained by an analysis
of the solutions of (3.5) in the vicinity of the turn-
ing points, given by

2 (x) = 0. (3.8)

In the vicinity of the turning points the solution
of (3.5) is given in terms of Bessel functions. The
asymptotic behavior and the Stokes phenomena for
these functions are well known. By requiring the
coincidence of this asymptotic solution with (3.6)
we determine the constants C,). Since the turning
point lies on the Stokes line which divides the
Stokes regions in this way we find the constants
in (3.6) for neighboring Stokes regions.

Without going into greater detail on this ques-
tion (it is much simpler to consider each case in-
dividually ®’) we give here only the final result for
the most interesting case, in which the imaginary
part of the function k%(x) is small. The disper-
sion equation for the spectrum of characteristic
frequencies is of the form in (3.7) except that n
is replaced by n + 1/2 while the integration is taken
between the turning points. For simplicity we as-
sume that the transparency region Re k§((x) > 0.

Having in mind the fact that the imaginary part
of k%(x) is small, separating real and imaginary
parts, and neglecting the small contribution due to
integration along the imaginary axis, we can write
the two following relations, which give the frequency
w and growth rate vy of the oscillations:

9t should be noted that the difference between (2.5) and
the first-order solution (3.5) does not change the dispersion
relation (3.7). In the vicinity of the turning point of the func-
tion k%(w, x) where one joins the asymptotic solutions of (3.5)
it can be assumed that 1 - 470 D(w, k)/Jdk% = const while the
expression in (2.5) coincides with the solution of (3.5).

9¢t, [7], where a corresponding analysis is given for par-
ticular assumptions with regard to the form of the function k(x).
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de Re &, (@, x) = nm, (3.9)

de {Im ke(0,%) + 1 % Rek, (o, x)} =0, (3.10)

where the integration is taken over the region of
transparency between the projections on the real
axis of the complex turning points (3.8).1%

After these general considerations we return to
the question of stability of an inhomogeneous plasma
with respect to the low-frequency oscillations indi-
cated above. The oscillation spectrum has been
studied in [ for dense plasma in which V}
= B2/4nNM « c2. In the case of a low-density
plasma, where fo > c?, using (3.2), (3.9), and
(3.10) we obtain the following dispersion equations
for the frequency and growth rates of the oscilla-
tions in an inhomogeneous plasma:

S dxV Q (ox)

o 2 47'(82N Te k Vd s -
=de['—'ky”“kz Te (l+"fl— ‘z) )] = nx,
_ 3 ? N kyvd -1
T_.‘/Z I %, | {de T, wVQ((ox)}

'3
T, oInT
—1/, i [0 . l e
Q (m,x)[l—{-—'Te AL ,—MN],

N AV
Ti WUr,

X de

(3.11)

where V4 = (vai/Qi) 9 In N/ax.
From the first equation in (3.11) it follows that

Nk VyT:0 << — (k) + k5 + rD)/4ne?, (3.12)

where rp=(Tg/ 4me®N )1/ 2 js the electron Debye
radius. By virtue of this inequality we obtain the
instability condition for an inhomogeneous plasma
(positive growth rate)

k, NV g T, o
R AR

dx
VQ (o, %)

<0.
(3.13)

Using (3.12) and (3.13) we obtain the local insta-
bility condition

1 0InT,
2 0lnN

(ky + 2 rp/[1 + (K + &%) rpl— >0 InT./d In N >0,
(3.14)

satisfaction of which over the entire range of
transparency of the plasma is patently sufficient.
Whence it follows, in particular, that oscillations
characterized by the wavelengths greater than the
electron Debye radius are excited if 8 In Te/8 In N
= 0 in the entire transparency region. Oscillations
with wavelengths smaller than the electron Debye

IOThese relations were used in an analysis of the spectrum
and stability in [*]. We note that the proof of (3.8) and (3.9)
can be obtained by another method than that given above. Per-
turbation theory can be used for this proof.[*s]
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radius are excited when 3 In Tg /9 In N < 2. If,
d1ln Te/3 In N = 2 over the entire transparency
region of the plasma the longwave oscillations con-
sidered here cannot be excited and the inhomoge-
neous plasma is stable with respect to such oscil-
lations.

For the shortwave oscillations of an inhomoge-
neous plasma the dispersion equations are, in ac-
cordance with Egs. (3.4), (3.9), and (3.10),

l}} ’ = nmx,

. 1 o4 WV )T
0V Q@D =[x (8 | g gty —

_ k2 -1
o T Y
T= ]/2 [ &, 19, VQ (o, x) dx}

desz“Q(“"") o3 3<_1V_>
8 V Q(w,x) UreN (A4 Tu/T ) ky \U1:

| o Ao TT)
[ 7aln(Nﬁ¥T)]'

(3.15)

From these equations we obtain the sufficiency
condition for instability of an inhomogeneous
plasma:

d kz“i’ Q(w,x) U:’;'[ [°%
S * VQ((.O .x) UTeN (1+T1/Te) ky

() <o

In addition to this condition we have a local in-
stability condition, which is of more restrictive
meaning, but which exhibits a more concrete form.
Specifically, noting that the quantity (N/vr)'w/ ky
is negative over the entire plasma transparency
region [as follows from (3.3)] we have from (3.16)

1 + L0 In(T:/T.)/0 In (N/T{) > 0. (3.17)

{ @ 1n (T,T,)

T @10

This local condition is necessary but not suffi-
cient. On the other hand, if this condition is satis-
fied for the entire plasma transparency region the
plasma is unstable. For the inverse condition,
shortwave oscillations are not excited in an inhomo-
geneous plasma. The instability condition in (3.16)
encompasses a very wide class of inhomogeneous
plasma configurations. In particular, it shows that
an inhomogeneous plasma in which Tj/Te = const
is unstable. We note that the local condition for
instability, corresponding to (3.14) and (3.17), has
been obtained earlier by Rudakov and Mikhailovskii
for the case of an isothermal plasma[”] (cf. also
(1-4] gnd [8])-

In conclusion we note that the instabilities of an
inhomogeneous plasma contained by a strong mag-
netic field investigated in the present section, in
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contrast for example with those investigated in ref-
erence 12, represent a kinetic instability, since
they are associated with residue terms in the ker-
nel of the integral equation (1.11).
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