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The angular distribution of cosmic-ray muons under thick layers of rock is calculated. The 
calculations are compared with the experimental data on the angular distribution at large 
depths underground. The results of the theory and experiment are in agreement. This seems 
to indicate that the cross sections for elementary interaction processes involving fast muons 
(with energy of 1012-1013 eV) are satisfactorily described by present-day theory. 

l. Cosmic-ray muons provide a unique possibility 
to study the interaction of these particles at high 
energies. The usual method of investigation (for 
more details see [1]) reduces to a comparison of 
the variation of muon intensity with the depth (so
called absorption curve ) with the energy spectrum 
at sea level measured by means of a magnetic spec
trometer. The absorption curve is thus determined 
by two factors: a) the spectrum at sea level, and 
b) the energy loss of muons in the rock, and such 
a comparison enables us to determine "experimen
tally" the energy loss, which can also be calculated 
theoretically (for electromagnetic interactions). 
Consequently, it is possible to check quantum elec
trodynamics at high energies. 

In the present article we discuss a variant of 
this approach based on a measurement of the an
gular distribution of cosmic-ray muons under a 
thick absorber, which can be either rock or water. 
In the following, however, we shall discuss rock 
only. 

The angular distribution at a given depth, recal
culated taking the variation of the vertical intensity 
with depth into account, permits us to continue the 
absorption curve to depths unaccessible to direct 
measurements. The advantage of such an approach 
lies therefore in the possibility of studying the in
teraction of muons of higher energy than usual. 

2. We shall deduce the general formula for the 
angular distribution at large depths. 

Let j ( 0, E, 0 ) be the differential spectrum of 
vertical muons at sea level. The muon intensity 
at an angle e at sea level is then (see [2]) 

j (0, E, 6) = j (0, E, 0) p (E, 6). (1) 

The energy loss of muons in rock is given by 

dE!dR =a +bE, (2) 

where a and b are constant, and R is the depth. 

We have then, 

j(R0 ,E, 6) =i{O,E +f[exp(c~~~)-1], o}p(E, ll), 
(3) 

where R0 is the depth measured vertically. Cor
respondingly, the integral muon flux is 

co 

I(R 0 , 0)=\i{O, E +i[exp(c~:b6)-1J. o}p(E,O)dE. 
0 (4) 

In general, p( E, e) is a rather complicated 
function of its arguments. However, for sufficiently 
large energies ( > 1012 eV) it depends only on e, 
and can be well approximated by the function 

( ) ( 1 -cos e) 
p E, ll =exp 2.3 1 +cose. (5) 

We shall take the integral spectrum at sea level in 
the usual form 

(6) 

The angular distribution of muons at a depth R0 is 
then given by the formula 

I (R 0 , ll) =A exp {- r[ln f +In {exp (c~e)-1 }] 

+ 2.31- cos e}. 
1 +cos e (7) 

3. Let us estimate the possible errors in I( R0, e) 
due to fluctuations in the energy loss of fast muons 
and their scattering in the rock. The influence of 
the fluctuations on the energy spectrum of high
energy muons was discussed earlier in [3] and by 
Zatsepin and Mikhal'chi. [4] The results obtained 
are similar, but in [4] they are given in a more 
convenient form. 1> We shall give an approximate 
expression for the fluctuation correction to the 
integral spectrum which is usually measured in 

1lSee also the recent publication of Hayman et a1J•J 
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the experiment: 

I1 (Ro, 8) = I (Ro, 8) X (R0 , 9), (8) 

where I1 ( R0, e) is the spectrum corrected for 
fluctuations, 

x (R0 , 8) = exp [0.7 b' (r- 1.3) R 0 / cos 81, (9) 

and b' is the contribution to b due to the energy 
loss for bremsstrahlung and the production of nu
clear showers. In the following we use b' = 0.6 b. 

Let us find whether it is possible to neglect the 
scattering in the rock. Coulomb scattering in the 
rock is given by the expression 

8 1 Ec"~ /7[;" c< 5£ V cos 6' (10) 

where Ec = 21 MeV, and R0 is taken in g/cm2• 

From Eqs. (3) and (6) it follows that the effective 
value of muon energy at the depth R0 and angle e 
is 

Ee = ![; [ exp (c~~b6)- I J . (11) 

Coulomb scattering can be neglected if 

Ecb "~ /7[;" 
5a [exp (Rob/cos 6)-1] V cos 6~ 8 

(12) 

or 

_s: cos 6 ~e. Ev-
5a Ro 

(13) 

Since a "' 2 MeV I g-em -2, then for depths of inter
est R0 ::::: 1.5 x 105 g/cm2 and we can neglect Cou
lomb scattering if 

8 ~ 0.005. (14) 

The deflection of muons due to other processes 
(bremsstrahlung, pair production, and the produc
tion of electron-nuclear showers) is much smaller 
than for Coulomb scattering. 

The main contribution is that of the deflection 
er due to bremsstrahlung. An estimate gives the 
following result: 

(15) 

where JJ. is the muon mass. 
4. In order to estimate the magnitude of b we 

have used the data on the angular distribution of 
muons obtained by BollingerC6] (R0 = 1.5 x 105 

g-em - 2, muon energy interval "'5 x 1011 -1013 eV ). 
Unfortunately, there are no experimental data on 
the spectrum at sea level for energies greater than 
1012 eV. According to most recent measurements,['l] 
in the energy range 3 x 1011-1012 eV the spectrum 
is described by an exponential function with the 

exponent y ~ 2.6. If we assume that y is constant 
also at higher energies then the data of Bollinger 
are best described for b = 4 x 10-6 g-1 cm 2 (Fig. 1). 
However, the analysis of data [7] encompassing a 
wide energy range indicates that the exponent y 
tends to increase slightly with increasing energy. 
The increase in y leads to a decrease in b for a 
given absorption curve. Therefore the value b = 4 
x 10-6 g-1 cm2 (Fig. 1) obtained from our analysis 
gives the upper limit of b. To find the lower limit 
we used the value y = 3.3. In that case, the best 
agreement is obtained for b = 3 x 10-6 g-1 cm2. 

A theoretical estimate of b, which depends on 
three processes (bremsstrahlung, direct pair pro
duction, and nuclear shower production) gives 
( 3.8-4) x 10- 6 g-1 cm2• Within the limits of exper
imental errors we find a good agreement which, 
nevertheless, cannot be considered as a final justi
fication of quantum electrodynamics at very high 
energies for two reasons: a) the accuracy of the 
calculations of the direct pair production and nu
clear cascade production is unknown, and b) the 
final result depends on y. 
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FIG. 1. Absorption curves according to Eq. (5). Experi
mental data from [•]. Curve 1- y = 2.6, b = 4 x 10-6 g-1 cm 2 ; 

curve 2-y = 3.3, b = 3 x 10-6 g-1 cm 2 • 

5. Using Eqs. (7)-(9) we can write the angular 
distribution of muons, normalized to unity for ver
tical incidence, in the form 

I ( n n) __ {- l [exp (Rob sec 6) -1] 
1 "-o• u -- exp r n exp (Rob) --1 

sec6--1 } +2.3sec 6 + 1 +0.42R0b(y-1.3)(sec 8-1). (16) 

For sufficiently large depths (R0 ::::: 1.5 x 105 
g/cm2 ) the function (16) can be approximated by 

(17) 
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FIG. 2. Angular distribution of muons at different depths 
normalized to unity for the vertical direction. The minimum 
muon energy equals zero. Curve 1- at sea level; curve 2-
at the depth of 1.5 x 105 g/cm 2 ; curve 3- at the depth of 
4.5 x 105 g/cm2 ; curve 4- at the depth of 8. 25 x 105 g/cm2 • 

The angular distributions of muons at different 
depths are shown in Fig. 2. 

The discrepancies in the absorption curves ob
tained by different authors decrease if the angular 
distribution is taken into account. Thus, the values 
of the intensity given by Barton[s] for 3.28 and 
5.05 x 105 g/cm should be increased by a factor of 
1.5 and 1.8 respectively. This change improves 
the agreement with other data.C 9J 
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