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The differential cross section for elastic scattering of 660-MeV protons by carbon nuclei and 
the polarization arising as a result of the scattering are measured in the range 1.8° ::s 9 ::s go. 
Elastic proton scattering was separated from the inelastic processes by the magnetic analysis 
method. The following best values for the real and imaginary parts of the spin-independent and 
spin-dependent amplitudes were derived from the experimental data: gNR ( 0) = - 5.05 ± 0.45, 
gNI( 0) = 15.26 ± 0.45; hNR ( 0) = - 10.4 ± 13.3, and hNI( 0) = 37.6 ± 9.3 (in 10-13 em units). 
The potentials of the integrated optical model are estimated. The root mean square radii for 
the central and spin-orbit potentials are found to be ( 2.48 ± 0.04) x 10-13 and ( 2.83 ± 0.16) 
x 10-13 em, respectively. It is demonstrated that the spin-orbit interaction decreases with 
the energy. It is concluded that at 660 MeV the spin-orbit potential for nucleon-nucleus in­
teraction is complex. 

1. INTRODUCTION 

ELASTIC scattering of high-energy protons 
( E 2:: 100 MeV) by complex nuclei has been the ob­
ject of numerous experimental and theoretical in­
vestigations 1). With respect to experiment, this 
problem is made complicated by the difficulties 
connected with the separation of the protons that 
have experienced only elastic (diffraction) scatter­
ing from the inelastically scattered particles. The 
simplest theoretical analysis of elastic scattering 
of nucleons by complex nuclei in the angle interval 
below the first diffraction minimum is based on the 
use of the semiclassical approximation [2- 5]. 

The matrix of elastic scattering of a nucleon by 
a spinless pointlike nucleus has the form [SJ 

(1) 

where GN (q) = GNR + igNI and hN ( q) = hNR 
+ ihNI are functions of the energy and of the scat­
tering angle 9; q = 2k sin ( 8/2); k is the magnitude 
of the wave vector of the nucleon in the laboratory 
system; an is the projection of the spin operator 
on the normal to the scattering plane. In the region 
of small angles, the amplitude hN ( q), which de­
pends on the nucleon spin, can be represented in 
the form 

IJ A complete summary of the published experimental and 
theoretical papers is contained, for example, in the review 
by Faissner[•]. 

hN (q) = hN (0) sin e. (2) 

To determine the amplitude gN ( q) and HN ( q) 
with accuracy to a common phase factor, it is 
necessary to carry out a complete experiment which 
includes measurement of the differential cross sec­
tion dCT /dw ( (J) for the elastic scattering of the pro­
tons from an unpolarized beam, their polarization 
P ( (J), and one of the triple-scattering parameters 
( R or A). Observation of interference between the 
nuclear and Coulomb scatterings in the small-angle 
region yields additional information on the ampli­
tudes gN( q) and hN( q). 

In the present article we describe experiments 
in which the differential cross sections dCT /dw (e) 
for the elastic scattering of 660-MeV protons by 
carbon nuclei and the polarization of these protons 
P (e) were measured in order to obtain the data 
necessary for the determination of the forward-scat­
tering amplitudes gNR ( 0), gNI ( 0), hNR ( 0), and 
hNI ( 0), and the corresponding nuclear potentials 
of the optical model. The measurements were 
carried out in the small-angle interval in which 
the interference between the nuclear and Coulomb 
scatterings manifests itself. The procedure de­
veloped in these experiments made it possible to 
exclude to a considereable degree the influence of 
the accompanying inelastic processes. 

The experiments were made with the six-meter 
synchrocyclotron of the Joint Institute for Nuclear 
Research. 
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2. EXPERIMENT 

A. Measurement of the secondary-particle 
energy spectra. The energy spectra of the second­
ary particles due to pC collisions were measured 
in order to separate the diffraction scattering of 
the protons by the carbon nuclei from the accom­
panying inelastic processes at the angles 4.2, 5 .2, 
7.0, 8.3, 9.1, and 10.7°. The direction of the pri­
mary beam and the location of the scatterer T 1 in 
it (see Fig. 1a) were chosen such that the second­
ary-particle beam, scattered through the specified 
angle 81 and separated by the collimators K1 and 
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K2, was aimed at the center of the magnet. The 
proton energy at the location of the scatterer T 1 
was 660 ± 3.0 MeV. The secondary particles, after 
passing through the analyzing field and the colli­
mators K3 in a four-meter shielding wall, were 
registered either by a telescope of three scintilla-

/5 tion counters or by the argon-filled ionization cham- .9,1" 10.7" 

ber M2 • The relative width t.p/p of the momentum 
interval separated by the analyzer was ~ 1. 7% over 
the entire extent of the investigated spectra. From 
the number of secondary particles at the output of 
the analyzer, measured as a function of the mag-
netic field intensity, we plotted the relative momen­
tum spectrum at equal Hp intervals. The spectrum 
was then transformed into an energy spectrum under 
the assumption that the secondary particles were 
protons. 

The curves on Fig. 2 are typical secondary-pro­
ton energy spectra near the diffraction peaks. It is 
seen how the characteristic "congestion" corre­
sponding to the protons that have lost part of their 

FIG. 1. Diagram of experimental setups: a - for measure­
ment of the polarization of protons elastically scattered by 
carbon nuclei (T1 -polarizer, T2 -polarization analyzer, 
H -analyzing magnet, K1 , K2 , K, -collimators, M, and 
M2 - monitors, M - quadrupole lenses, C, to C5 - scintilla­
tion counters); b - for the measurement of the differential 
cross sections of scattering by carbon (K,, K2 , K, - colli­
mators, M, -monitor, T- carbon scatterer, C1 , C2 , C, -
scintillation counters, C - Cerenkov counter). 
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FIG. 2. Typical energy spectra of protons emitted at dif­
ferent angles 8 in pC collisions at 660 MeV. Under the dif­
fraction peaks are shown the instrumental resolution of the 
measurement of the proton polarization. 

energy to excitation of the carbon nuclei becomes 
more and more noticeable with increasing angle of 
observation in each spectrum on the left side of the 
diffraction peak. The possibility of attributing these 
ledges to the partial slowing down of the protons as 
they pass through the collimating unit of the analyzer 
is excluded, since the peaks corresponding to pro­
tons from elastic pp scattering, observed in exactly 
the same manner and under the same angles, had a 
strictly symmetrical form. 

The diffraction-scattered protons were separated 
from the remaining secondary particles by subtrac­
tion of the areas under the curves which represented, 
on the one hand, the energy spectrum of the protons 
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FIG. 3. Separation of the pC inelastic-scattering spectrum 
for () = 9.1 °, Continuous curve - summary spectrum of second­
ary protons from pC collisions; short dashes - left side of 
the peak, corresponding to protons from the elastic pp scat­
tering (this peak is shifted to the right by an amount equal to 
the difference in the proton energies in elastic pC and pp 
scattering); long dashes - difference curve, representing the 
spectrum of the protons that have experienced slightly ine­
lastic scattering. 

from the pC collisions, and on the other the peak 
corresponding to the protons from the elastic pp 
scattering in a polyethylene scatterer. The diffrac­
tion peak from the pC collisions and the peak from 
the elastic pp scattering were normalized to equal 
height and their maxima were aligned. Since the 
energy spread of the primary beam and the resolu­
tion of the analyzer remained the same when the 
graphite scatterer was replaced by polyethylene, 
it was to be expected that the form of these peaks 
and their width at half height would be the same. 
This was confirmed by the fact that when the peaks 
were aligned their right-hand branches always co­
incided. By way of an example, Fig. 3 shows for 
() = 9.1° the result of the subtraction of the areas 
under the normalized peaks, and the thus-separated 
diffraction peak and the spectrum of the protons 
that have experienced slightly inelastic scattering. 

An analysis of the spectra has shown that slightly 
inelastic scattering of protons competes noticeably 
with elastic scattering on c12 nuclei even in the 
region of angles much below the first diffraction 

minimum, and that the energy most frequently trans­
ferred to the nucleus does not depend on the angle 
and corresponds approximately to the position of the 
maximum of the giant photoresonance of C12 • How­
ever, the spectrum of the slightly inelastically scat­
tered protons was considerably broader than the 
region of the giant photoresonance of d 2 at all 
angles of observation, something that cannot be 
attributed to either the energy spread of the pri­
mary beam or to the finite resolution of the analyzer. 
In this connection, it is quite likely that inelastic 
small-angle scattering of fast protons leads fre­
quently to the occurrence in nuclei of spin-wave ex­
citations that do not manifest themselves in ordi­
nary photonuclear transitions C7•8J. 

These results offer evidence that even at rela­
tively high energies ( E > 600 MeV) reliable infor­
mation on the differential cross section for small­
angle elastic scattering of protons by nuclei and 
the polarization of the protons in this process can 
be obtained only when the elastically scattered pro­
tons are carefully separated from the protons that 
have experienced slightly inelastic scattering. 

B. Determination of the differential cross section 
of pC scattering. The experimental setup is shown 
in Fig. lb. The unpolarized proton beam is deflected 
14.2° on its path to collimators K1-K3 by the auxil­
Iary magnetic field. The neutral and low-energy 
particles are at the same time removed from the 
beam. The geometrical collimation was such that 
the following happened at the location of the scat­
terer: a) the beam image had a height of 20 mm 
and a width of 10 mm; b) the beam divergence in 
the horizontal plane was ± 0.15° . All measures 
were taken to reduce to a minimum the scattering 
of protons in the collimator walls. 

The scattered protons were registered with a 
telescope made up of three scintillation counters 
C1, C2, and C3, and one Cerenkov counter C with 
Plexiglas radiator. The angular resolution was de­
termined essentially by the multiple scattering of 
the protons in the scatterer and amounted to ± 0.3°. 
In order to reduce the error in the adjustment of 
the apparatus and to prevent the drift from affect­
ing the radio circuitry, the usual procedure was 
followed, of making frequently alternating measure­
ments of the angular distributions of the scattered 
protons to the right and to the left of the primary 
beam with subsequent introduction of the correction 
( ~ 0.05°) to the readings on the angle scale. Simul­
taneously, we registered the counting rates N123 of 
the triple coincidences of pulses from the scintilla­
tion counters, corresponding to the same solid angle 
2 x 10- 4 sr (the threshold energy of the registered 
protons was 60 MeV in this case), and the number 
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of coincidences N123(: of the pulses from all four 
counters. 

The diffraction scattering of the protons and the 
absolute values of the differential cross sections of 
this process were determined in the following man­
ner. The averaged measured counting rates N123 

other, numbering Q and located below the energy 
Ec, is not registered by the Cerenkov counter at 
all. 

A comparison of the values of N123 and Q has 
shown that the number of protons Q corresponds 
to a differential cross section ( 207 ± 19) 

to the right and to the left of the beam were used x 1027 cm2/sr. Corresponding to this cross section 
to plot an angular distribution curve for the second- and to the spectrum measured at 7o is an interval 
ary charged particles, and this curve was then extending up to E(: = 610 MeV. Since the value of 
normalized in the overlapping observation-angle Q remained unchanged in the considered range of 
zone to the absolute values of the differential cross angles, it can be stated that in the present experi­
s_ectio~s for the ~~iss ion of _secondar~ charf;d par- ments the protons not registered by the Cerenkov 
twles m pC colhswns, obtamed prevwusly J under counter were distributed approximately isotropi­
conditions identical with those of the present experi- cally and that the threshold energy Ec lies in ap-
ment. The total energy spectrum of secondary proximately the same region of the spectra. In-
charged particles measured at 7o was also nor- deed, an analysis of the spectrum measured at 12.2° 
malized to the differential cross section obtained has shown that the low-energy part of the spectrum, 
for this angle in [ 9] namely ( 1.100 ± 0.055) which makes a contribution equal to ( 207 ± 19) 
x 10-24 cm2/sr. x 1o-27 cm2/sr extends from 60 to 608 MeV. 

A compar~son of the readings of the ( C1C2C3 ) The energy spectra at 4.1, 5.2, 8.3, 9.1, and 
and ( C1C2C3C) telescopes has shown that in the 10.7° were measured only above 610 MeV (some of 
range of angles under consideration the values of the spectra are shown in Fig. 2). 
N123 and N123(: are connected by the relation In all cases, the spectra of the slightly elastically 
N123(: = ( 0.452 ± 0.005 )(N123 - Q), where Q is a scattered protons were separated from the diffrac-
constant. Apart from a factor that takes into ac- tion peaks as described in item A of Sec 2. The 
count the efficiency of the Cerenkov counter, Q differential cross sections obtained for the indicated 
represents the difference between the number of angles and corresponding to the energy interval 
protons registered by the ( C1C2C3) telescope, on from 610 MeV up to the upper limit of the spectrum 
the one hand, and by the ( C1 C2C3C) telescope on of the slightly inelastically scattered protons can be 
the other, i.e., the number of protons that have approximated by a straight line, extrapolation of 
experienced elastic interaction with large energy which in the angle region 1.8° =:: (} < 4.P has en-
loss. This relation between N123 and N123 (: can be abled us to estimate the contribution of the energy 
interpreted as if the detecting system discerned in interval under consideration to the total yield of the 
the spectra two groups of protons: one, numbering secondary particles. According to the estimate, the 
N123 - Q and located above a certain energy thres- pion admixture among the elastically scattered pro-
hold Ec, is registered by a Cerenkov counter with tons was negligibly small. 
average efficiency E = 0.452 ± 0.005, while the Figure 4 shows the values of the differential 
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FIG. 4. Differential cross sections for the scat­
tering of protons by carbon nuclei at 660 MeV. The 
experimental points correspond to: • - secondary 
protons with energy above 60 MeV; o -elastically 
scattered protons. The continuous curve represents 
the calculated dependence of da/dw on () (variant 
IV). 
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cross sections for the emission of protons with 
energy from 60 MeV to the upper limit of the spec­
trum, obtained in this manner, as well as the values 
of the differential cross section of the elastic ( dif­
fraction) scattering of protons together with the 
statistical measurement errors. 

C. Measurement of proton polarization in elastic 
pC scattering. The experimental procedure con­
sists of first separating with the aid of a magnetic 
analyzer the diffraction peak from the spectrum of 
the secondary particles due to the pC collisions in 
the polarizer T1, and then measuring the proton 
polarization in this peak. The analysis was by elas­
tic scattering of the protons by protons in the poly­
ethylene analyzer T2 ( Fig. 1a). The mean proton 
energy in the separated band corresponded to the 
maximum of the diffraction peak and was maintained 
constant during the time of the measurements. As 
the scattering angle increased from 2.1 to 10. 7o, 
the width of the separated zone at half the altitude 
increased, in accordance with the estimate, from 
8 to 13 MeV. This was accompanied by an increase 
in the fraction of the admixture of the slightly in­
elastically scattered protons in the separated band 
of the spectrum; it did not exceed 3% at 10. 7o. 

The elastic pp scattering in a polyethylene ana­
lyzer 4 mm thick was completely separated from 
the inelastic processes by means of two conjugated 
telescopes, ( C1C2 C3 ) and ( C4C5 ), installed in ac­
cordance with the kinematics of the elastic pp scat­
tering alternately to the right and to the left of the 
beam passing through the analyzer. The effect due 
to the carbon was excluded by measuring the differ­
ence in the counting rates with the polyethylene and 
with a graphite analyzer having an equivalent num­
ber of carbon nuclei. Standard electronic coinci­
dence circuits were used for the pulses from the 
scintillation counters and the telescopes, with a re­
solution time 1 x 10-<J sec. 

The asymmetry E ( 81 ) in the analyzing scatter­
ing of the protons previously scattered through an 
angle 81 in the graphite polarizer was measured at 
82 = 18° . This pp-scattering angle corresponds at 
635 MeV, according to Meshcheryakov et al [ 1o] 

(who measured the polarization in elastic pp scat­
tering by a similar method), to a maximum polari­

zation Ppp ( 18°) = 0.42 ± 0.03. As already noted 
[ 10], the magnitude of the polarization and its angu­
lar distribution in pp scattering are constant in the 
energy interval from 415 to 635 MeV. Therefore, 
assuming that Ppp ( 18°) does not change as the 
energy increases from 635 to 665 MeV, we could 
determine the polarization Ppc ( 81 ) of the protons 
in the pC scattering from the relation 

(3) 

The values of Ppc ( 81 ) obtained in this manner 
in the interval 2.1° :s IJ 1 :s 10. 7o are shown in Fig. 
5. We see that the polarization reaches a maximum 
at ~ 8.5°. The possibility of the inelastic processes 
distorting the observed angular dependence of the 
polarization has been reduced to a minimum, since 
only elastic processes have been selected in both 
the first and the second scattering. 
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FIG. 5. Polarization of protons symmetrically scattered 
by carbon nuclei at 660 MeV. The value of P (6.3°) is taken 
from[ 11 J. The calculated curves correspond to: dashed curve -
variant I, solid curve - IV. The shaded strip is the error cor­
ridor. 

3. CALCULATION OF PC-SCATTERING AMPLI­
TUDES 

A. Parametrization of the expressions. The 
method used in the present work to calculate the 
amplitudes of the forward pC scattering from the 
results of small-angle measurements of the differ­
ential cross sections of this process and the polari­
zation of scattered protons was developed by Bethe 
C4J and Cromer [ 12]. This method is based on the 
fact that the polarization of the nucleons in nuclear 
scattering below the first diffraction minimum can 
be calculated with good accuracy in the Born approx­
imation [2 ,a]. In this approximation the amplitudes 
gN ( q) and hN ( q) are proportional to the nuclear 
form factor 

00 

F (q) = ~ (' p (r) sin (qr) rdr, 
q .l 

0 

(4) 

where p ( r) is the distribution of the nucleon den­
sity in the nucleus, normalized in such a way that 

00 

4n ~ p (r) r2dr = L 
0 

The density of the nucleons is best approximated by 
a Gaussian distribution 

( 5) 
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In this case F ( q) = exp ( - a2q2 /4). For the c 12 

nucleus, as follows from experiments on electron 
scattering [ 13], the radial parameter of the Gaussian 
distribution is a = 1.965 x 10-13 em, which corre­
sponds to a mean square radius < il >112 = 2.37 
x lo-13 em. 

The results of the following analysis of the ex­
perimental data are to some degree independent of 
the model employed, since under the conditions of 
the present experiment ( E = 660 MeV, k = 6.56 
x 1013 cm-1, 1.8° ::s (J ::s 10. 7o) the values of q lie 
in the interval 0.21 ::s q ::s 1.22, in which distribu­
tion-density approximations by other than Gaussian 
functions are in equally good agreement with experi­
ment [13] 

Account of the angular dependence of the nucleon­
nucleon scattering amplitudes leads to the following 
expressions for the nucleon-nucleus scattering am­
plitudes 

hNR (q) = hNR (0) Sin 8 ·F2R (q), 

hNI (q) = hNI (0) sine ·F21 (q), (6) 

where F1 ( q) and F2 ( q) are the nuclear form fac­
tors, which differ from the form factor F ( q) ob­
tained in the electron-scattering experiments. Ex­
pressions (6) signify that the real and imaginary 
parts of the central and spin-orbit optical potentials 
should have a different radial dependence. The 
available experimental data on the pC scattering 
at 660 MeV are insufficient to determine, along 
with the amplitudes gNR ( 0 ), gNI( 0 ), hNR ( 0) and 
hNI ( 0), the four other radial parameters of the 
form factors indicated above with equally good ac­
curacy. We have therefore made the simplifying 
assumption 

F1R (q) =Fa (q) = F1 (q) = exp (- faiq2), 

F2R (q) = F21 (q) = F2 (q) = exp (-+a~q2). 

The six free parameters (the four amplitudes and 
the radial parameters ag and ah) were varied in 
such a way as to reconcile them in best manner 
with the experimental data. 

The total proton scattering amplitude is given 
by the sum of the nuclear and Coulomb scattering 
amplitudes: 

g (q) = gN (q) + ge (q), h (q) = hN (q) +he (q), (7) 

where the Coulomb scattering amplitudes are 

ge (q) = _:_Z;k[l + 2 in In( ~0 )]F (q), 

he (q) = - i sine · 2n;~:2 (11 - {) ge (q), (8) 

and the nuclear scattering amplitudes are 

gN (q) = (gNR (0) + igNI (0)1 exp (-{aiq2), 

hN(q) =sine (hNR (0) + ihNI (0)1 exp (-+a~q2). (9) 

Here n = Ze2 /nv = 0.0541, v is the velocity of the 
incoming proton in the laboratory system, iJ. is the 
magnetic moment of the proton ( iJ. = 2. 79 nuclear 
magnetons), 2n ln( 90/9) is the average difference 
between the Coulomb phase shifts in the region of 
the Coulomb and nuclear scatterings, 90 = 1.06/ka; 
the imaginary part of gc ( q) was assumed equal to 
0 for 9 :::: 90, when the phase shifts of the Coulomb 
scattering become of the same order as in nuclear 
scattering. 

The differential elastic scattering cross section 
da /dw ( q) and the proton polarization P ( q) were 
determined by the expressions: 

dcr 
d;;)(q) =I gN (q) + ge (q) 12 +I hN (q) + he (q) !2 

q2 2 2 ( a~q2) + k2 [hNI (0) + hNR (0)] exp -2 

4nk [ ( eo ) J [ (a2+!a2) q2J - (j2 gNR (0) +2nln 6 gNI (0) exp - g 4 

+ 47'[ hNI (0)- 2n In ( ~) hNR (0)] exp [-(a~~ a2
) q

2
], 

(10) 
dcr 
dw (q) P (q) = 2 Re {[gN (q) + ge (q)J* [hN (q) +he (q)]} 

= 2 k { [gNR (0) hNR (0) + gNI (0) hNI (0)) 

[ 
(a2 + a2) q2 ] x exp - g 4 h 

2nmk [ ( e ) J [ (a2 + a2) qs] + -r gNI (0)- 2n In -f gNR (0) exp .- r. 4 

2nk [ ( 60 ) J [ (a~ + a1
) q2

] - 7 hNR (0) + 2n In -0 hNI (0) exp - 4 , 

(11) 

where m = [n2~ /2M2c2 ] ( 1.f. - 1/2). At 660 MeV 
we have m = 1.918. 

B. Analysis of the experimental data. A search 
for the best set of independently varied parameters 
gNR( 0), gNI( 0), hNR( 0), hNI( 0), ag. and ah was 
made with the aid of the high-speed electronic 
computer of the Joint Institute for Nuclear Research. 
A standard computation program by the ''gradient 
descent" method was employed [ 14] to find the min­
imum of the sum of the squares of the deviations 
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Values of nuclear amplitudes of pC scattering at 660 MeV (1. s.) 
and of the radial parameters of the Gaussian distribution, in 

units of 10-13 em, together with the corresponding values 
of x2, 'YR· and 'YI· and also the calculated values 

of at and a a· 

Calculation I 
variant 

Number of varied I 
parameters N 

Fixed parameters I ag = ah = 1,9651 

II III IV 

I gNJ(O) = 16,7±0,51 

gNR_ (0) -5.81±0.31 -5.37±0.42 -3.61±0.15 -5,05±0.45 
gN I (0) 14.42±0.29 14.97±0.45 15.26±0.45 

ag 2.011 ±0.04 2.111±0.018 2.021±0.34 
hNR_ (0) -29.5±6.8 -31.2±9.2 -6.7±13.7 -10.4±13.3 
hNI (0) 19.5±4.1 20.4±4.1 38.2±7 .6 :~7.6±9.3 

ah 2.011±0.04 2.33±0,12 2.31±0.13 
x:2 = x2/(21- N) 1.6 1.4 1.8 1.2 

IR_ 1.456±0.048 1.470±0.067 1.574±0.070 1.505±0.068 

II 0.900±0.051 0. 792±0.062 0.497±0.021 o. 744±0.068 

crt. mb 276.3±5.6 286.9±8.6 292.4±8.6 
cra, mb 201.5±4.0 212.1±5.8 242.7±0.6 217 .2±5.8 

2S 

X2 = ~ (etl ~;)2 , 
i=l 

where q is the deviation of the calculated i-th 
value of the quantity under consideration from the 
corresponding experimental value, determined with 
an error .6.i; the total set of the measurement re­
sults i.ncluded twelve values of da/dw(q) and nine 
values of P(q). It was assumed that the positive sign 
of the polarization corresponds to the direction of 
the polarization vector along the normal 
n = [ki x kf 1/l ki x kf I, where ki and kf are the 
wave vectors of the proton before and after scatter­
ing. From the obtained values of the varied para­
meters we calculated the values of the total cross 
section at of the interaction between the protons 
and the carbon nuclei and the corresponding absorp­
tion cross section a a· The connection between 
gNI ( 0) and at is given by the optical theorem 

gNI (0) = katl4n. (12) 

The cross section a a is given by 

aa = na~ [In (2rR) + C- Ei (-2rR)l. (13) 

where ag is the radial parameter of the form factor 
of the amplitude gN(q), and C = 0.577. The values 
of the real and imagin~ry parts 'YR and 'YI of the 
averaged phase y = pe1<P of the nucleon-nucleus 
scattering was determined from the relations [ see 
[ 14J, formula (4.25)] 

1 2 oo n 1 pn sin n<p 
gNR.(0)=--2 kag 'V (-1)- - 1-, 

L.i n.n 
n=l 

1 2 00 n-l pn cos n<p 
gNt (0) = -2 kag )1, (- 1) ---1-. 

._. n.n ( 14) 
n=l 

The sums in (14) were tabulated with an electronic 
computer in steps of 0. 05 for values 1 ::S p ::S 4 
and in steps of 1 o for 0 :::::; <P :::::; goo . The values of 
p and <P were chosen to satisfy the obtained values 
of gNR ( 0) and gNI ( 0). According to the curves 
given by Greider and Glassgold [ 15], which repre­
sent the experimentally obtained values of at and 
a a over a wide range of energies, we have at 
660 MeV 2> 

at (p + C) = (320 t:: 10). I0-27 em 2, 

aa (p + C) = (225 ± 10) .lQ-27 cm2. 

It follows from ( 12) that the indicated value of at 
corresponds to gNI ( 0) = ( 16.7 ± 0.5) x 10-13 em. 

Altogether, four variants were calculated. The 
results of the calculations are listed in the table. 
Figures 4 and 5 show the calculated angular depen­
dences of the differential elastic-scattering cross 
sections and the proton polarization in this process. 

Variant I. For all amplitudes of the nuclear 
scattering, the radial parameter was assumed to be 
the same and equal to a= 1.965 x 10-13 em. This 
approximation is equivalent to neglecting the angu­
lar dependence of nucleon-nucleon scattering am­
plitudes. The value obtained for gNI( 0) does not 
yield a sufficiently good value of at· A similar 

Z>A somewhat different value of utCP +C) was obtained 
by Moskalev and Gavri1ovskii[ 16 ], 
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situation obtains in the case of a four-parameter 
analysis of the data of pC scattering at 310 MeV, 
using a = 1.965 x 1o-13 em [4 ,12] • 

Variant II. The calculation was carried out 
under the assumption that the radial parameters 
ag and ah are equal to each other, but differ from 
a= 1.965 x 10-13 em. Such a five-parameter approxi­
mation improves the agreement of the calculated 
cross sections 0' t and 0' a with experiment only 
slightly, and leads to a radial parameter 2.6% 
larger than the value obtained from electron scat­
tering. 

Variant III. The value gNI( 0) = ( 16.7 ± 0.5) 
x 10-13 em, obtained from the total cross section 
O't by the optical theorem, was fixed but the re­
maining five parameters were varied. It turns out 
here that ah > ag > 1. 963 x 1 o-13 em. The calculated 
cross section O'a exceeds the measured one by 
about 10%. 

Variant IV. A six-parameter search for the 
solution is made. An important factor here is that 
in this case ah > ag > 1.965 x 10-13 em. The calcu­
lations yield the experimental value of 0' a' but the 
value obtained for O't is approximately 10% lower 
than the experimental ones. 

C. Discussion of numerical results. The quality 
of the approximation, in accordance with the x2 

criterion, is apparently best in the case of the six­
parameter solution. If we assume the results of 
this solution to be correct, we can reach the con­
clusion that the mean-square radii corresponding 
to the amplitudes gN(O) and hN(q) are equal to, 
respectively, 

(r~>'1• = V3J. ag= (2.48 ± 0.04) .lQ-13 em, 
<rb'1' = V312 ah = (2.83 J: 0.16) ·10-13 em, 

and are noticeably larger than the mean-square 
radius obtained from the electron scattering. One 
must think that this difference is due to the finite 
radius of action of the nuclear forces, as a conse­
quence of which the optical potentials of the nu­
cleon-nucleus interaction extend somewhat farther 
than the distribution of nuclear matter. 

The analysis performed offers undisputed evi­
dence that at 660 MeV the real part of the spinless 
amplitude gNR ( 0) is negative and, consequently, 
the interference between the Coulomb and nuclear 
scatterings is constructive. This can be verified 
directly by considering the angular dependence of 
the quantity [dO' /dw-dO'c/dw] /F2 ( q) where 

dcrc ( Ze2 )2 1 1 
dw = 2w~2 sin4 (6/2) 1[1 + kR sin2 (6/2)]• 

is the differential cross section for the scattering 

by an angle 8 in the Coulomb field of a nucleus 
with uniformly distributed charge Ze and radius 
R [17]; w and {3c are the total energy and velocity 
of the proton. It turns out that for e > 2.5° this 
difference is practically independent of the angle 
while for e < 2.5° it begins to increase with de­
creasing angle. Indications that the interference 
of the Coulomb and nuclear scatterings is more 
likely to be constructive were obtained earlier [ 1o] 

from an analysis of the angular dependence of the 
differential pp-scattering cross section at 657 MeV. 
In this connection it should be noted that the quan­
tity gNR ( 0) is positive and equal to 6.5 x 10-13 em 
at 135 MeV [ 1s] and 1. 7 x 10-13 em at 310 MeV C4J 
(see also [ 19], Table 9). Judging from the values of 
gNR ( 0) at 135, 310, and 660 MeV, the energy de­
pendence gNR ( 0) can be represented in first ap­
proximation by a straight line, so that gNR ( 0) re­
verses sign at approximately 400 MeV. An analo­
gous conclusion follows from an examination of the 
ratio of the real part of the central optical potential 
to its imaginary part as calculated by Batty r2o]. 

This ratio is equal to zero near ~400 MeV. Only 
at this energy, strictly speaking, is it correct to 
consider the diffraction pattern of elastic scatter­
ing of nucleons by nuclei on the basis of the "black 
disc" model. 

We did not bridge completely in the calculations 
a certain gap between the values of the imaginary 
part of the spinless amplitude gNI ( 0) obtained, on 
the one hand, from an analysis of the differential 
elastic-scattering cross section and the polariza­
tion, and on the other hand with the aid of the optical 
theorem. It is possible that the value of gNR ( 0) 
can be increased somewhat by further separate 
variation of the radial parameters of the form fac­
tors of the real and imaginary parts of the ampli­
tudes gN( O) and hN( 0). 

The real part of the spin-dependent amplitude 
hNR ( 0) turns out to be very sensitive to changes 
in the radial parameter and is negative in all the 
variants of the calculations. The last two variants 
of the calculations indicate that the absolute value 
of hNR ( 0) is close to zero. One must think that 
if the analysis is extended to include the results of 
new more accurate small-angle measurements of 
the proton polarization and particularly measure­
ments of the triple-scattering parameter A, it will 
be possible to obtain more reliable information on 
the value of the amplitude hNR ( 0). The imaginary 
part of the spin-dependent amplitude hNI( 0) is 
clearly positive and has in the case of computation 
variants III and IV an absolute value appreciably 
larger than hNR ( 0). 
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4. CALCULATION OF pC-SCATTERING AMPLI­
TUDES IN THE BORN APPROXIMATION AND 
OF THE OPTICAL-MODEL PARAMETERS AT 
660 MeV 

In the case of the scattering of a nucleon by a 
spinless nucleus, the potential of the optical model 
with account of the finite radius of interaction r12 ] 

can be written in the form 

V (r) = Vc (r) + Vs(r)(aL) 

(15) 

where E is the total energy of the nucleon in the 
laboratory system; Vc ( r) and Vs( r) are respec­
tively the central and the spin-orbit potentials: 

00 

v (r) = [2n2 G (0) )-1 \ G (q)F (q) J 0 (qr) q2dq, 
0 

00 

u(r) = -[2n2H(0)]-1 ~ H(q)F(q)J 1 (qr) q3dq; (16) 
0 

J 0 (qr) and J 1 (qr) are Bessel functions of zero 
and first order; G ( q) and H ( q) are the scattering 
amplitudes in the Born approximation: 

fBorn = G (q) F (q) + H (q) F (q) sin 8 ·Gn. (17) 

The values of the real and imaginary parts of 
the Born forward-scattering amplitudes G ( 0) and 
H ( 0) were calculated from data on the six -para­
meter solution from the following relations [ see 
[<1], formula (41.18) and [ 19], formula (6.8)] 

r=-2iG(O)Ika~, (18) 

HR (O) =(1 +-TrR)hNI (O) +i-r1hNR(O), (19) 

H1 (O) = -(1 +-TrR)hNR (O) + -Tr1hN1 (O). (20) 

The following values were obtained as a result: 

G (0) = ((-10,0 ± 1,0) + i (20.2 _1: U)) .lQ-13 em, 
H (0) = ((50 ± 13) + i (21 l:: 18)) .J0-13 em. 

Knowing the amplitudes of the forward scatter­
ing in the Born approximation, we can calculate 
the integrated central and spin-orbit potentials U 
and W, respectively, per nucleon. An advantage 
of these potentials is that they depend little on the 

assumed form of the radial distribution of the 
nucleons and on the nuclear dimensions. These 
potentials are given by the expressions: 

U = (2nli2c2 I EN) G (0), 

W = (2nfi2c2 I ENk 2 ) H (0), 

(21) 

(22) 

where N is the number of nucleons in the nucleus. 

The obtained values of the integrated potentials 
are: 

U = (( -127 ± 12) + i (257 ± 14)) .J0-30 MeV. cm3, 

W = ((14.8 ± 3,9) + i (6.3 ± 54)) .J0-65 1\'\.eV. cms. 

This advantage is not possessed by the ordinary 
potentials of the optical model, the values of which 
can be estimated from the equations 

Vc = NU I Qg, 

where li/iJ.c is the Compton wavelength of the pion; 
Ug = 7r3 1 2 a~ and Qh = 7r312ah are the volumes of the 
interaction region, corresponding to Gaussian dis­
tributions of the nuclear potentials. Using the ob­
tained values of ag, ah, U, and W we obtain 

VCR~- 33 ± 3 MeV, Vc1::::::. 67 ± 4 MeV, 

VsR = 1.3 ± 0.3 MeV, Vs1 = 0.55 ± 0.48 MeV. 

An indication of the presence of a real part in 
the central potential of the nucleon-nucleus interac­
tion at 660 MeV was also obtained in [ 16,21]. 

It is important that at 660 MeV the spin-orbit 
potential is complex, with Wi /WR ~ 0.5. The pres­
ence of an imaginary part in the spin-orbit potential 
offers evidence that in nucleon-nucleon collisions 
the formation of mesons in states with different 
values of j but identical values of l proceeds in 
different manners. 

For 660-MeV protons the spin-orbit interaction 
parameter c, defined as the ratio. 

c ~I H (0) l/k2 j G (0) j, (23) 

is equal to ( 0.056 ± 0.015) x 10- 26 cm2 , which is 
practically one order of magnitude smaller than 
the values in the nuclear-shell model, and much 
smaller than the value obtained as a result of an 
analogous analysis of the data on the pC scattering 
at 310 MeV (see[4J, Table 11). This means that 
the intensity of the spin-orbit interaction becomes 
definitely weaker over the extent of the considered 
energy interval. 

In conclusion it must be emphasized that using a 
nucleon-nucleus scattering matrix written in a most 
general form we can, by excluding inelastic pro­
cesses, tie in quantitatively all the available data 
on interactions between protons and carbon nuclei 
at 660 MeV. It is seen at the same time that gNR(O) 
is negative. The fact that the amplitude gNR(O) re­
verses sign over the energy interval from 310 to 
660 MeV is evidence that the repelling action of 
the rigid "core" in nucleon-nucleon collisions be­
comes stronger with increasing energy. 
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The magnitude of the imaginary part of the spin­
orbit potential has been determined with low accu­
racy, but it can nevertheless be stated that an ana­
lysis of the considered experimental data leads to 
a complex spin-orbit potential. The real part of 
this potential has the same sign as the spin-orbit 
potential in the shell model. 

In principle, knowledge of the absolute values 
of the amplitudes of the nucleon-nucleus scattering 
within the framework of the superposition model 
of the nucleus, can by itself cast light on some ele­
ments of the nucleon-nucleon scattering matrix and 
help in the future with a phase-shift analysis of the 
pp and np scattering data in the considered energy 
region. 

The authors are grateful to S. M. Bilen'kil, R. 
M. Ryndin, and Ya. A. Smorodinskil for useful dis­
cussions. 
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