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The Cooper problem is studied when oriented spins of internal electrons are present. The 
interactions between conduction electrons caused both by phonon exchange and spin-wave 
exchange are taken into account. It is shown that in principle superconductivity and ferro
magnetism can coexist in the same spatial regions. It is also shown that in solid solutions 
of ferromagnetic metals in superconductors the temperature of transition into the super
conducting state can increase with increasing concentration of the ferromaj,>netic component 
for sufficiently small concentrations. For larger concentrations, increases of concentration 
should lead to a reduction of the transition temperature. 

l. It was recently shown (see [l]) that certain 
solid solutions of ferromagnetic metals in super
conductors are simultaneously superconductors 
and ferromagnets. It was not clear, however, 
whether the superconducting and ferromagnetic 
regions coincide, and the hypothesis was advanced 
(Matthias and Suhl [l]) that such solutions have a 
"spongy" structure and consist of ferromagnetic 
domains separated by superconducting layers. 

It is of interest in this connection to study the 
Cooper problem in the presence of oriented spins 
of the internal electrons ( d electrons) of a ferro
magnetic component in solid solution. The present 
paper is devoted to this problem. We consider both 
the usual interaction between conduction electrons 
( s electrons) caused by phonon exchange, [2] and 
the specific additional interaction associated with 
the exchange of spin waves. [3] 

Analysis of the Cooper problem shows that 
superconductivity and ferromagnetism can coexist, 
and that spatial separation of the superconducting 
and ferromagnetic regions is not necessary. 

The additional interaction between conduction 
electrons due to the exchange of spin waves leads, 
as shown in [3], to attraction for a pair of conduc
tion electrons if this pair is in a triplet state with 
zero spin projection, and to repulsion in a singlet 
state. It can, therefore, assist or hinder the oc
currence of superconductivity, depending upon the 
spin state in which the electrons pair. 

If pairing occurs in a triplet state, a situation 
is possible in which increasing the concentration 
of the ferromagnetic component in the solution will 
increase the temperature of transition into the 

superconducting state.1> Such a variation of tran
sition temperature with concentration was observed 
in solutions of iron and cobalt in titanium. [4] Un
fortunately, however, there is no reliable informa
tion on the ordered character of the spins in these 
solutions. 

For sufficiently large concentrations of the fer
romagnetic component there occurs, irrespective 
of the spin state of the paired electrons, a decrease 
in the effective interaction volume in electron mo
mentum space, owing to which the temperature of 
transition into the superconducting state starts to 
fall with increasing concentration. 

2. Proceeding to the analysis of the Cooper 
problem for ferromagnetic superconductors, we 
dwell at first on the character of the interaction 
between conduction electrons caused by the ex
change of spin waves. The interaction energy V 
between s and d electrons is proportional to the 
spin s of the s electron and to the magnetic mo
ment per unit volume of the ferromagnet M: 

V(r) = E>a3,_.,~1 sM(r), 

where ® is of the order of magnitude of the Curie 
temperature ®c, a is the lattice constant, and p.0 

is the Bohr magneton. 

!)Considering the atoms of the ferromagnetic component as 
impurities which cause additional scattering of conduction 
electrons, Matthias and Suhl['] concluded th~t there must be a 
reduction of the transition temperature with increasing ferro
magnetic concentration. However, the interaction between con
duction electrons due to spin-wave exchange is of a coherent 
character, and cannot be interpreted as scattering of the elec
trons at impurities. 
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The emission and absorption of spin waves is 
associated with the components of the vector M 
which are perpendicular to the axis of easy mag
netization (the z axis). These components have 
the form 

M _ (floMo )'/, 'V ( + + ) ikr 
x - 2 ..:::..J ak a_k e , 

k 

M __ 1- (fLoMo )'/, 'V (a _a+ ) eikr 
y- 2 ..:::..J k -k ' 

k 

where ak_ and ak are the operators for the crea
tion and absorption of a spin wave with momentum 
lik, and M0 is the component of magnetic moment 
along the z axis (the normalization volume is 
taken as unity). The interaction V causes the en
ergy of an electron to depend on its spin orienta
tion: e:(p, a)= E0(p) + 2a®, where p is the quasi
momentum of the electrons and a=±% is the pro
jection of its spin on the z axis: We put henceforth 
E0(p) = p2/2m. 

The matrix element of the interaction energy be
tween two s electrons due to spin-wave exchange 
has, in the second approximation of perturbation 
theory, the following form: [ 3] 

(1) 

where Pi,2, ai,2 and p1, 2, a1, 2 are the momenta and 
spin projections of the electrons in the initial and 
final states, s± = sx ± isy, lik = Pi - Pi• and liwk 
= ®c ( ak )2 is the energy of the spin wave. 

Since the energy of an s electron depends on 
the orientation of its spin, various spin orientations 
correspond to various Fermi-surface radii p± 
= -J 2m ( t ± ®) , where t is the chemical potential. 
The matrix element (1) is non-zero only when ai,2 
+ a1, 2 = 0. Therefore, if Pi ~ p±, then p2 ~ p=F; in 
other words, during emission or absorption of a 
spin wave, an electron transfers from one Fermi 
sphere to the other. Whence it is easy to conclude 
that the minimum value of the momentum of the 
spin wave is 

Po= Y2m~. 

Close to the Fermi boundary [ E ( p, a) :::::: t 1 the 
matrix element (1) has the form 

( IV I , , , , ) 1 c.2 a3 Q· 
P1cr1, P2 cr2 p1cr1 • p2cr2 = -2 ° flW ' 

k 

(2) 

When solving the Cooper problem it can be as
sumed that the interaction between electrons is 
non-zero and is given by (2) if Pi,2 and p1,2 lie in 
the ranges (p± -~Ps• p± + ~Ps ), where ~Ps 
= Po®c /2?;. 

Noting that Q = S( S + 1) - % -· 2aia2, where 
S = 0 or 1 is the total spin of the pair, we easily 
verify that Q is non-zero only in two spin states 
of the pair: in the singlet state ( S = 0 ) and in the 
triplet state with zero projection of total spin 
(8=1, a1 +a2 =0). Here Q=-1 if 8=0, and 
Q = + 1 if S = 1; in other words, the electrons 
attract in the triplet state and repel in the singlet 
state. [3] 2> 

The effective matrix element of the interaction 
between electrons due to spin-wave exchange will 
bedenoted (-1)8 Us(p,p'), where 

Us = 6 2a3/2nrok, 2p = P1- P2• 2p1 = P~ - p;, 

nk = p 1 - p. 

Adding to this expression the effective matrix ele
ment -Up( p, p') of the electron interaction due 
to phonon exchange [here the momenta Pi, 2, p1,2 

are assumed to lie in the ranges ( p± - ~Pp• 
p± + ~Pp), where ~Pp = p0®n /2 t and ®n is the 
Debye temperature 1, we obtain the total matrix 
element of the interaction 

U (p, P1
) =-Up (p, P1

) + (- 1)5 Us (p, p'). 

3. We now write the Schrodinger equation for 
the wave function of the pair ~(Pi• p2) = ~(p, P) 
in the Cooper problem [5] (Pi = ih P + p, P2 =% P 
- p). This function must clearly be symmetric with 
respect to p in the singlet state ( ~ = ~0 ) and anti
symmetric in the triplet state (~ = ~i). The func
tions ~0 and ~i satisfy the equations 

( p2 p2 ) 1 I I I I 

4m + m - E 1¥0 (p, P) = 2 J { u (p, p ) T u (- p, p)} 

x [ n (vi- -i P) + n (vi + + P)- I]'¥ o (p', P) (::~)" ; 

( p2 p2 ) 1 \" ( 1) ( I :;,---+--£ 1¥dp,P)= 7 .{U p,p -U -p,p)} 
,un m -. 

x [n (vi- }P) + n (vi+ +P)- 1 J 'l',(p~, P) (:C~Tt~)" , 

(3) 

where n( p) is the distribution function of the elec
trons, and E is the energy of the pair. At absolute 
zero the expression in square brackets is non-zero 

2)The erroneous conclusion obtained in [7] regarding the 
type of interaction between conduction electrons caused by 
exchange of spin waves is associated with the fact that in [7 ] 

the triplet state with Sz ~ 0 and the singlet state are not dis
tinguishable. 



1562 A. I. AKHIEZER and I. A. AKHIEZER 

only in two ranges of momenta change: 

Pt<P"::, 

p,>p±, 

Together with the conditions I p1 - p± I < ~p. 
I P2 - p± I < ~p where ~p = ~Ps for the potential 
Us and ~p = ~Pp for the potential Up, these in
tervals define the region of change of the momenta 
Pt> p2 on the right-hand side of (3). 

Knowing the intervals of variation of p1 and p2, 

and noting that the vector p = 1;2 (p1 - p2 ) is geo
metrically expressed as the median of the triangle 
constructed with sides p1, p2, P, it is simple to de
termine the range of integration with respect to 
momentum p. The modulus of the vector p varies 
in the range determined by the inequalities 

;: - p 0 ;\phn p 2/m :- P 214m < s + p 0 /',p/m, 

where 
n (p · 1/ 2 P) -· 11 (p - 1/ 2 P) -1 

5ign {p 2im -!- P2!4m - n}. 

The angle 8 between the vectors p and P varies 
in the ranges ( 81, 82 ) and ( 1r- 82, 1r- 81 ), where 

cos0 1 . min {(p+- p- + !',p)/P, 1}, 

In other words, the end of the vector p can, in the 
general case, lie only in two symmetrically dis
posed zones or segments of the Fermi sphere. The 
ratio S0 of the area of this region to the total area 
of the Fermi sphere is shown graphically as a func
tion of the total momentum of the pair in Fig. la 
for the case q- > 0, and in Fig. lb for the case 
q- < 0 (q± = p+ -p-± ~p). 

I 

2Jp 

7 

a 

FIG. 1 

Taking into account the form of the region of 
integration on the right-hand side of (3), we must 
now find the values of the energy E for which these 
equations have nontrivial solutions, and determine 
the energy gap ~ = E- 2!;. Since the region of in
tegration depends essentially on the total momen
tum of the pair P, quantity ~ also depends on P. 
In fact, in the superconducting state, the electrons 

will be paired with total momentum and spin state 
( S = 0 or S = 1 ) such as to yield the largest gap. 

4. Expanding the potential U(p, p') jp=p'=Po in a 

series of Legendre polynomials, and retaining 3> 

only the first two terms u0, u1 cos J ( J is the angle 
between p and p' ), we rewrite equations (3) in the 
form 

( V' 2 ) 4~ + ~ - E W 0 (p, P) 

-\ [U~(8,8') -U~ (0, 6')] 1Jf 0 (p', P) 11d1:' = 0, 
,I 

( pe p2 ) 
4irl + m-E w, (p, P) 

-~ [U~ (6, 0') + u; (0, O')lcos'frW1 (p',P)TJdT' ~'0, (5) 

where ul( 8, 8') = ul, if both angles e, 8' belong 
to the region (4) [in the contrary case ul ( 8, 8') 
= 0]; 

11 d,; = (2rrltt 3 dp sign {p 2/m + P2/4m - 2\;}. 

We search for a solution of (5) in the form 

r ± ');1m (p, P) i'""'P'(' (cos 6) 

1¥1 (p, P) = { m~-l 

I ~ lm (p, P) i"'"'P'(' (cos 6) 
t m-=-l 

l = 0, I, 

where the upper expression defines the function 
'¥l in the range of e in which both the potentials 
Us and Up act, and the lower expression defines 
it in the range of e in which only the potential with 
the wider range of action is non-zero (in the angu
lar range where both potentials vanish, the wave 
function is, of course, zero). 

Completing the integration over the angle vari
ables, we reduce (5) to 

( P" +!!_-E) ,,Jm (p P)=-Ut \' Rzm ( ' P) d,;' 
4m m 1 ' P • P P • ll 

+ (- 1/ u;~ R;111 (p, P) 11 d,;', 

- ~ - E z1111 (fl, P) ( P' ' ) 
!~7; !JI 

3lAn account of higher harmonics of the potential gives 
nothing qualitatively new; it does, however, greatly compli
cate the problem, since, owing to the absence of spherical 
symmetry in the region of integration, (3) do not resolve into 
independent equations for each spherical harmonic. 
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8,, 

Rzm ( P) = (1-[m[l' ( . 8 dO 
p, (l +I m [)! .\ Sin 

8, 

(' dcp -imcp pm ( 0) )2 \Tr ( P) X j (2Jt)" e [ z cos r z p, , (6) 

where the quantities e1 and e2 in the expression 
for Rs(81,2 = et2) are determined by formulae (4) 
with ~P = ~Ps and in the expression for Rp( e1,2 
= 81,2) by the same formulae with ~P = ~Pp· 

The condition for the existence of nontrivial so
lutions of (6) is the vanishing of the determinant 

(7) 

where Sq is the smaller of the quantities Sp and 
Ss, 

(!; 
S~m = i: =: ~~:;: ~ [Pj' (cos8)J2 sin 8 drJ, r = s, p, 

0~ 

[' ( P 2 p' )-1 ( dr: ) E - ?~ J = \ - - - E dr: = - In ----~ 
•' 4m + m 1'] ds ~ 26 D 

(we assume for simplicity that ln en "' ln ec, 
although the quantities ®n and ®c themselves 
can differ significantly). 

(8) 

Selecting from the two solutions of (7) that, to 
which corresponds the larger value of ~. we ob
tain finally for the gap which occurs in the energy 
spectrum when electrons pair in the state ( l, m): 

~1111 (8) = 28D exp {- 1/dni}, (9) 

d 2U0U0 [S0S0 - (S0 )2] ao = (......!_) s p s p q 

ds l; V(unso + uosn)'- 4Uouo (S0)2-(1Joso- uoso) , 
PP ss psq PP ss 

(10) 

As in the usual case, the temperature of transition 
into the superconducting state T 0 differs from the 
quantity ~ only by a multiplier "'0.57. 

If e = o, then sLm = (2Z + 1 >-1, and, in agree
ment with a result of Gor'kov and Galitskil, [S] we 
have 

[11 (0) 2(-)D cxp {-(dc!dr:)r, (2l -~ 1)/U;,}. 

Using this relation, the potential Up can be ex
pressed in terms of the value of the gap in a sub
stance with disordered atomic spins, but with the 
same lattice characteristics 

[ ,[ -- ( d2 ) :!.1 + 1 
.,,- ,dT ~ln[:20JL!/i'l. 1 (0)]. 

For the quantity U~, using the explicit form of 

the potential Us and taking into account that tik 
:::: p+- p- and t » ®, we obtain 

U~ = T u; = (EPan2/28cpg) In (V8). 

Equations (10) become much simpler in three 
limiting cases: Ss « S~, Ss » Sp and ISs- Sp I 
« Sp, and take the form 

G1m = (dr:!de)r., w~s~m + (- J/+1 u~s;m J 

= (2l + 1) [stm(ln 26
D. )-

1 + (- 1) 1 HS1mt..-6-!n-s], 
p (',1 (0) s \; 8 

(11) 

where A.= (®/®c )(3v/n)1/3/8n is a constant of the 
order of unity, and v/a3 is the density of conduc
tion electrons. To these conditions correspond, 
of course, the inequalities ®c « en. ®c » en. 
and I ®c - ®n I « ®n. Since formula (11) is valid 
in opposite limiting cases, it can be used as an in
terpolation instead of the more complex formula 
(10). 

5. We shall clarify the variation of gap with 
Curie temperature. To do this it will be assumed 
that the principal mechanism of interaction be
tween conduction electrons is an exchange of pho
nons, so that the second component in (11) is small 
in comparison with the first. 

The quantities ~ defined by formulae (11) and 
(10) contain, along with the explicit dependence on 
the Curie temperature, an implicit dependence on 
®. In fact, the quantities sZm appearing in the ex
pression for the gap depend, according to (8) and 
(4), both directly on the Curie temperature (through 
p+ -p- and ~Ps) and also on the total momentum 
of the pair P, which is determined from there
quirement that the gap (for given values of the 
other quantities) should be the greatest possible, 
and, therefore, is itself a function of the Curie 
temperature. 

Thus, using (4) and (8), we must find the maxi
mum of each of the expressions (11) {or (10)] with 
respect to P, and investigate the variation of these 
maxima with Curie temperature. Here, depending 
on the relation between the quantities ®, ®c, and 
®n, there occur, for pairing a singlet and in triplet 
states, several particular cases, in each of which 
the solution is trivial. We present only the final 
results. 

If pairing occurs in a triplet state with zero 
spin projection, then, in the range ® <% ®n (i.e., 
p +- p- < ~Pp) the formation of pairs with total 
momentum P = p +- p- + ~Ps = Po It(® + % ®c ) is 
most favorable energetically. Here the range of 
influence of the potential Up spreads over the en
tire Fermi surface ( 3Sbm = 1 ), whilst Us acts in 
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the region 1 ;::= cos e ;::= ( 2e- ec )I( 2e + ec ). After 
calculating the values of s~m from (8) and substi
tuting them in (11), we obtain 

10 [ 28 D J -1 ' (9 ~ , 
G = In ~1 (O) -r T A. 1 In 8 , 

{ ( 28- Elc)3} 
}.,1 = A, 1 - 28 +Be (12) 

(the quantities G1•1 = G1·-1 are somewhat smaller 
than half of G10 ). 

If e > %en. then the momentum of the pair 
which corresponds to the greatest gap is P = p+ -p
+ ~Pp = Po It( e + 1f2 en), and G10 assumes the 
form 

(13) 

and ® signifies the greater of the quantities en 
or ec. 

As follows from (12) and (13), the quantity G10 in
creases with increasing e from [ln (2@ni~1 (0))]- 1 

when e = 0 to 

when e = eo. where 

80 === ~ 8o { 1 +0 ( 8t In ~D)}, 

On further increasing the Curie temperature, 
G10 starts to decrease. The value of the gap ~10 

behaves identically, according to (9), where the 
ratio of the maximum value of ~10 to the value of 
the gap when e = 0 is 

~ 10 { 8 D [ 28 [) J 2 ~ ~ } ~~~{) = exp -\;- In ~ 1 (O) 2 1n 80 . (14) 

6. If pairing occurs in a singlet state and e 
< 1fz en. the largest gap is attained for pair mo
menta P < p0lt(e- %ec) when repulsion be
tween electrons associated with spin-wave ex
change is completely absent. Here ~ 0 does not 
depend on the Curie temperature, ~0 (e) = ~0 ( 0 ). 

If e > 112 en, then pairing occurs with p 
= Po It( e + % en ) . Here the value of the gap 

L'l0 (8) = 28 0 exp {-1/0°}, 

[ 280 J-1 [ (28-80 )3] 8 \; 
ao = In ~"(U) 1- 28-+Elo, -TA.2ln-e 

diminishes with increasing Curie temperature. 
We note that the formulae of Sees. 5 and 6 were 

obtained under the assumption that e > % ec. If 

e < % ec the variation of L~ with e has the same 
character, but with certain quantitative differences. 
First, the multiplier .\1 in (12) (which we consid
ered somewhat smaller than A.) must be replaced 
by A.; secondly, the gap ~0 starts to diminish with 
increasing e, starting from e = 0 (and not from 
e =%en), and for e < %en takes the form 

7. The non-monotonic variation of ~10 with e 
which has been obtained has a simple physical ex
planation. It is due to the effect of two factors, 
which arise when there is a transition of spins into 
the ordered state. On the one hand, during such a 
transition an additional interaction mechanism be
tween the conduction electrons (exchange of spin 
waves ) occurs and leads to an additional attraction 
between electrons in the triplet state with Sz = 0, 
where this attraction increases with increasing e. 
On the other hand, commencing at e = e 0( e 0 ~ en), 
the basic mechanism of attraction between electrons 
-phonon exchange-starts to weaken; therefore the 
gap starts to diminish with further increase in the 
Curie temperature. In the final analysis this is 
connected with the second "negative" consequence 
of the ordering of atomic spins-the dependence of 
the conduction -electron energy on the spin orien
tation. 

The energy gap which occurs when electrons 
pair in the singlet state decreases, as we saw, with 
increasing Curie temperature. Such a variation of 
~ 0 with e is associated with the fact that both the 
factors mentioned (not only the dependence of elec
tron energy on its spin orientation, but also the in
teraction due to spin-wave exchange, which leads 
in the singlet state to repulsion) diminish the ef
fective attraction between electrons for S = 0. 

Finally, for pairing of electrons in a triplet 
state with spin projection ± 1, the gap does not de
pend on the temperature and is equal to ~ 1 ( 0), 
since the dependence of electron energy on its spin 
orientation is of no account in these states, and 
there is no interaction due to spin-wave exchange. 

8. If it is taken into account that the Curie tem
perature in solid solutions increases with increas
ing concentration of the ferromagnetic component 
x, while the Debye temperature is almost independ
ent of concentration, depending on the relation be
tween the symmetric and antisymmetric parts of 
the phonon potential U~ and Up, the following three 
possibilities can arise: 
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FIG. 2 

I. In the pure superconductor pairing occurs in 
a state 4> with S =I (U~ < 1/ 3 Up). Then the varia
tion of transition temperature T0 with x has a non
monotonic character (see Fig. 2a; the broken lines 
show schematically the variation of 0.57 ~::.lo with x, 
the continuous line, the variation of T0 with x). 

The highest transition temperature, which is de
fined by (14), is attained at the concentration x0 for 
which ®(xo) = ®o. 

2. In the pure superconductor, pairing occurs in 
the state with S = 0; however, the state with S = 1 
lies only a little above the ground state ( 0 < U~ 
- 1Js U~ « U~) so that even a small concentration 
of the ferromagnetic component makes pairing in 

4lincidentally, such a case is unlikely, since, in the ab
sence of any singular causes the state with S = 0 should lie 
below the state with S = 1 (i.e., U0 > '!,U'). 

a triplet state preferable. The variation of T0 with 
x is shown schematically for this case in Fig. 2b. 

3. In the pure superconductor, the state with 
S = I lies significantly above the ground state cor
responding to S = 0. In this case the temperature 
of transition into the superconducting state dimin
ishes with increasing x (see Fig. 2c ). 

In all cases the decrease of transition tempera
ture with increasing concentration proceeds as long 
as the gap does not become equal to t:.1( 0 ). Start
ing at this stage, pairing will occur in a triplet state 
with spin projection ± 1, and the transition temper
ature will cease. to depend on x (if the variation of 
the Debye temperature and the conducting electron 
density on concentration is ignored). 
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