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A new approach is described for the investigation of the statistical behavior of linear sys
terns. For the purpose of comparison with the kinetic equation method and the so-called 
"direct summation" method, some problems are considered which were not solved by 
these two methods. 

l. For simplicity, let us first consider a system 
whose state is described by the single parameter 
x, which satisfies the equation of motion 

dx I dt = V (x). (1) 

We shall also assume that the system experiences 
random bursts, distributed with respect to time by 
Poisson's law with intensity n. These bursts in
stantaneously change the parameter x by an 
amount ~. The differential distribution of bursts 
relative to ~ is characterized by the function 
cp(O normalized to unity; this function is as
sumed to be known. 

Owing to the action of the random bursts, the 
parameter x also becomes a random variable, 
described by the probability density f( x, t). As 
is well known, the function f( x, t) satisfies the 
Boltzmann equation 

lustration we apply it in the concrete case of an 
ionization chamber for which the collection time ~ 
is negligibly small in comparison with the charac
teristic time of the circuit of the chamber ( ~ « RC). 
The equation of motion in this case has the form 

dx I dt + kx = 0, (1') 

where k = 1/RC, and x has the meaning of the cur
rent which flows through the resistance R in the 
circuit of the chamber. The bursts are produced 
by the incidence of ionizing particles, and ~ =Q/RC, 
where Q is the charge released inside the cham
ber. The corresponding kinetic equation has the 
form 

at a (xf) 1 at- k ax + nf- n ~ f (x- ~. t) cp (~) d~ = 0 

and its properties are well known (see, for ex
ample, [i, 2J). 

(2') 

at a (Vf) 1 at+ ([X + nf- n ~ f (x- ~. t) cp (~) d~ = 0, (2) Let the variation x = 0 at the initial moment, 

for whose solution it is necessary to have the ini
tial distribution f( x, 0). 

Different interpretations and methods of deri
vation of the kinetic equation are possible; they 
are all based on a comparison of the state of the 
system at some current moment of time t and at 
a subsequent instant of time t +dt. Inasmuch as 
the phenomena which take place upon starting the 
system are not considered, Eq. (2) obtained in 
such a fashion describes the behavior of a system 
for arbitrary initial conditions; the concrete form 
of the initial conditions is introduced only in the 
final stage, after obtaining a general solution of 
the kinetic equation. 

In the case of linear systems for which the prin
ciple of superposition holds, a different considera
tion of the problem is possible. For purposes of il-

i.e., f(x, 0) = o(x). It can be shown that for such 
initial conditions the function f( x, t) satisfies not 
only Eq. (2'), but also a certain other auxiliary equa
tion. To obtain this equation, we shall be inter
ested, as usual, in the value of the current xt at a 
certain instant of time t. We shall consider an in
finitesimally small time interval dt, elapsing after 
turning on the chamber at the time t = 0. If there 
is not a single burst during this time interval (the 
probability of such an event is equal to 1 - n dt), 
then x = 0 as before at the end of the interval dt. 
The process in the chamber is homogeneous in 
time, i.e., it depends only on the time difference; 
therefore, the value of Xt will coincide with the 
quantity Xt-dt in the given case. 

We now assume that bursts take place in the 
interval dt (the probability of such a burst is 
equal to n dt). Then, the contribution to the vari-
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ation xt at the moment t is ~a, where ~ is the 
value of the given burst and the function a( t), 
which is important for the entire account follow
ing, has the meaning of the deviation of the system 
at the moment t, if x( 0) = 1 and random bursts 
are "turned off." It follows from (1 ') that, in the 
case of the ionization chamber, 

a (t) = e-'11 . (3) 

It follows from the linearity of the system that 
under the conditions considered 

Xt = ~a --t- Xt--dt · 

Thus the random quantity of interest to us Xt 
= Xt-dt with probability 1-ndt, and Xt = ~a(t) 

+ Xt-dt with probability n dt. Hence it directly 
follows that 

f (x, t) = (1 - ndt) f (x, i- dt) 

+ ndt ~ f (x- a~, t- dt) cp (~) d~, 
which is equivalent to the equation 

f (x, t + dt) = (1 - ndt) f (x, t) + ndt~ f (x- a~, t) cp m d~. 
For small dt, we have f( x, t +dt) = f( x, t) 

+ ( 8f/8t )dt, whence, after corresponding algebraic 
manipulations, the desired equation is found; 

r/t = - nf + n ~ f (x- a~, t) cp (~) d~. (4) 

Equation (4) naturally is of general value and re
fers to arbitrary linear systems; for the descrip
tion of any concrete system, it is also necessary 
to use the function a( t) corresponding to it and 
characterizing the properties of the system under 
study. 

It is again necessary to emphasize that in the 
derivation of Eq. (4) a zero initial condition was 
used in essential fashion. For another initial con
dition, the equation under consideration would have 
taken another form. 1l Thus one cannot speak of re
duction of Eq. (4) to Eq. (2'); these are completely 
different equations with different general solutions, 
having only a single common element-the partial 
solution corresponding to the zero initial condi
tions. 2l 

For illustration of this fact, we consider the 
quantity :X. Multiplying Eq. (2') by x as usual, 

!)Inasmuch as only linear systems are considered, use of 
zero initial conditions does not lead to any real limitation of 
generality. 

2)The equations coincide if a= 1. In this case Eq. (4) re
tains its form for any initial conditions, and the integral ap
pearing in it is identical with the similar integral in Eq. (2). 
Inasmuch as V - da/dt = 0, the corresponding term in Eq. (2) 
also falls out. 

and integrating over x, we easily obtain the equa
tion 

dx 1 dt + kx = n~ . 

Similarly, the following equation is derived from 
(4) in the case of the ionization chamber: 

(5) 

dx j dt = n~e-kt. (5') 

It is clear that Eqs. (5) and (5') cannot reduce 
one to the other. The general solution of (5) has 
the form 

x = n~ I I~+ c'e-k1, 

and that of Eq. (5') is 

i = -(n~/k)e-'d+ c". 

These are different sets of functions, but each con
tains the function 

(6) 

which is a solution of the problem of interest to us 
for the case x( 0) = 0. 

2. The existence of Eq. (4), along with the usual 
kinetic equations, makes it possible first of all to 
compare them, which materially simplifies the 
solution of the corresponding statistical problems. 
In the case of an ionization chamber for example, 
we can subtract Eq. (4) from (2') and obtain 

k 1-j~fl = n ~ f (x- a~) cp (~) d~ - n ~ f (x- ~) cp (~) d~. (7) 

It is evident that the partial derivative af/ at 
vanishes and all the dependence on time is associ
ated with the single parameter a ( t). This greatly 
simplifies the resultant considerations. In particu
lar, by multiplying (7) by xm and integrating with 
respect to x, we immediately obtain an algebraic 
equation connecting xm with the moments of lower 
order: 

n (x + a~)m- n (x + ~)m + kmxm = 0. (8) 

If we start out from only the. single equation (2'), 
then it is convenient to use for the determination 
of the moments the set of coupled differential 
equations 

dxm I dt = n (x + ~)m- nxm- kmxm. (8') 

Systematic solution of the system (8') is somewhat 
more complicated than solution of the set (8). A 
similar simplification takes place in the other 
cases. [3] 

In a number of cases, Eq. (4), considered by 
itself, is more convenient for use than the kinetic 
equation. Usually this is the case when at the ini
tial instant of time the behavior of the system is 
simpler than at an arbitrary instant. For example, 
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we assume that the state of the system is described 
by simple interrelated parameters; if at the initial 
instant of time they are all equal to zero, and if 
the random bursts affect only one of them, then Eq. 
(4) can be much simpler than the corresponding 
kinetic equation. 

By way of a first example, let us consider an 
ionization chamber with a finite collection time .6.. 
For a complete description of the state of the sys
tem, it is necessary to specify not only the current 
x but also the distribution of charges inside the 
working space of the chamber. In this connection, 
use of the kinetic equation encounters a number of 
technical difficulties, and, insofar as we know, the 
corresponding equations for the current have not 
yet been written out or solved. 

At the same time, from the point of view that 
we have considered, the statistical behavior of the 
system is described as before by Eq. (4) for some 
other form of the function a( t) which can easily 
be computed even in this case (see, for example, 
[ 2•4]). By multiplying (4) by x or by x2 and inte
grating over x, we get the equations 

dx 1 dt = n~. dX2 1 dt = nPa2 + 2n1"x. (9) 

the solution of which has the following form for 
zero initial conditions: 

I I 

x = n~ ~a (8) de, X2 = x2 + n~2 ~ a2 (e) de. 
0 

(9') 

We now return to the problem of the multiple 
Coulomb scattering in the passage of a fast charged 
particle through matter, assuming as usual that the 
scattering angles are sufficiently small. For sim
plicity, we shall consider the projection of the tra
jectory of the particle on some plane parallel to 
the initial direction of motion. The state of the 
system is characterized by two parameters-the 
angle e and the lateral deflection x, the value of 
the bursts ~ corresponds to a change in the angle 
during the elementary scattering act, the intensity 
of the bursts n is determined by the density of the 
medium and the effective scattering cross section. 
If the path followed by the particles is denoted by 
t, then the kinetic equation has the form 

e t + nf- n ~ f (x, e- ~. t) (jl (~) d~ = - ~. f = f (x, e, t). 
(10) 

In Eq. (10) the variables x and e are "inter
mixed," inasmuch as the rate of change of the 
parameter x depends upon the value of e. To ob
tain any characteristics of the distribution over x, 
it is necessary, as is known, to consider the dis
tribution over e. Thus, for example, in the calcu
lation of x2 it is necessary first to compute e2 and 

ex; only then can one obtain an expression for x2• 

Insofar as the approach presented here is con
cerned, it is easy to see that it leads to Eq. (4), in 
which a ( t) = t. It is essential that in the resultant 
equation the deflection x enters alone and can be 
considered as unrelated to the angle e, which is 
simply a certain parameter. The first two mo
ments are determined as before, by the relations 
(9'). From symmetry considerations it is clear 
that x = 0 and we quickly obtain the well-known ex
pression x2 = n~ 2t3/3 for the quantity x2• 

In the example under consideration, the random 
bursts affect the parameter e which, in its turn, 
determines the rate of change of the parameter x 
that is of interest to us. Many problems of this 
type can be pointed out (Brownian motion, ioniza
tion chamber in the circuit in which a self-induc
tance is included, etc.). In all these cases, the 
methodology that we have set forth makes it pos
sible to obtain the final results more rapidly. It 
should be noted that in the examples considered 
up to now, one could also use the methodology of 
"direct summation," which was proposed by 
Campbell [S] and exhaustively developed by 
Boonimovich. [S] It is also based on the introduc
tion of the function a( t) and in this connection it 
is close to the approach developed in the present 
work. Below we shall go to problems whose solu
tion would be made more difficult with the use of 
"direct summation." 

3. Let us consider a gas shower, the particles 
of which can diffuse in a transverse direction. We 
assume the progenitor of the shower to be one 
electron. The probability of multiplication in the 
distance ds is equal to ads, the number of elec
tons at the depth s we denote by Ns, the lateral 
deviation of the i-th electron from the initial di
rection by x~. We also assume that each electron 
undergoes jumps which change its lateral deflec
tion by an amount ~; the mean number of jumps 
per unit distance we denote by {3. 3> For simplicity, 
the values of a and {3, and also the laws of distri
bution of jumps ~, are assumed to be independent 
of s. 

We introduce the random variable 

(11) 

and attempt to analyze its properties at a point 
lying a distance s +ds from the point of appear
ance of the shower. If there is neither a multipli-

3)For simplicity we assume that the diffusion is brought 
about by jumps in the coordinates and not in the velocity. 
Such an assumption is valid if a sufficiently large number of 
jumps takes place in the time of interest to us. 
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cation nor a lateral jump in the initial interval ds, 
then the quantity Ys+ds will be equal to Ys· The 
probability of such an event is obviously 1 - ads 
- {3 ds. If a multiplication event takes place in the 
interval ds (probability ads), then two independ
ent showers will be developed in the subsequent 
path s; the progenitors of these did not have any 
lateral deviations. One can show that in this case 
Ys+ds = Ys + Ys• while the random variables Ys 
and Ys are independent and have identical distri
butions. Finally, it is possible that a jump takes 
place in the interval ds which shifts the primary 
electron to one side by an amount ~ (the probabil
ity of such an event is equal to {3ds ). We then have 
to deal with a shower which develops as usual but 
which is also shifted by the quantity ~. We shall 
denote the quantity y s that is of interest to us in 
this case by the symbol y~. 

Thus the behavior of the quantity Ys+ds is char
acterized by the following symbolic table: 

1
Ys with probability 1- a. ds - [3 ds 

Y = y + y' with probability a. ds s+ds 5 s y; with probability [3 ds 

(12) 

We assume that the distribution function of the 
jumps cp ( ~ ) is even, i.e., ~ = 0. In this case, dif
fusion takes place symmetrically and the equality 

(13) 

is satisfied. To compute y~, we turn to (12), from 
which it follows that 

y;+ds =(I -ads - ~ds) y; +ads (y5 + y:) + ~ds (y~)2 , 

dy2/ds =- ay2 - ~if+ a (y + y')2 + ~ (yE.)2 • (14) 

From the independence of y and y', we get the 
equality 

(y+ y')2 = y2 + 72 + 2yy' = 2!/ + 2!/ = 2!}. 

Insofar as y~ is concerned, we have 

y; = ~ (x~ + £) = Ys + £N8 , 

1 

(y~)2 = ~ + 21 YsNs + f2~· 
Inasmuch as it follows from the symmetry of the 
problem that 

YsNs = 0, 

we finally obtain for ( y~ ) 2 

(y;)z = Yf + -p~. 
By making use of the results that we have ob

tained, we can transform (14) to the form 

tiillds =ail+ ~~W2 , (14') 

whence it is easy to show (see, for example, [2]) 

that 

(15) 

With account of (15), the solution of Eq. (14') (for 
the zero initial condition) yields 

!} = (2~~/a) ea.s (ea.s - I) - ~1"2 sea.s. (16) 

We now introduce the distribution function of 
lateral deviations f(x, s ), which is identical for 
all electrons at the depth s. It follows immedi
ately from (11) that 

(17) 

Inasmuch as in the case of interest to us x = y = 0, 
Eq. (17) transforms to 

(17') 

Whence the quantity x2 can also be calculated. In 
this case, we get 

x2 = (2~~<X) (I- e-a.s- asj2) iJ. (18) 

If secondary ionization were important, then the 
mean square deviation of the primary particle 
after passage through a distance s would be 
i£2s, i.e., it would differ significantly from the 
value of x2• 

It is probable that the investigation of this 
problem by means of the ordinary kinetic equa
tions would be much more complicated. This 
evidently applies to all more or less complicated 
shower processes. 4> 

We shall consider one more example whose 
analysis by means of ordinary kinetic equations 
is at the least difficult. Some time back, appa
ratus was proposed and developed by Veksler and 
a number of other authors to measure the intensity 
of a radioactive source by the average current 
passing in the circuit of a proportional or Geiger 
counter (see, for example, [S-1i]). In its simplest 
form the apparatus consists of a RC circuit in 
which the capacitance is replaced by the counter. 
If the dead time of the counter is equal to zero, 
then the system under investigation does not differ 
(from the statistical viewpoint) from an ioniza
tion chamber. 

4>we found out that Gerasimova (see[7 l) independently ap
plied this method for calculation of the fluctuations of the 
number of particles in an electron-photon shower. The author 
thanks N. M. Gerasimova for reporting her calculations prior 
to publication. It should be noted that, on a purely mathemat
ical plane, a similar method has already been applied in prob
lems of such a type in the general study of so-called branch
ing processes [see, for example,[•]), 
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The situation is different if the dead time T ""' 0. 
In this case, the development of the system is de
termined not only by its state at a given moment, 
but also by its history, in particular its state dur
ing the previous interval T. By its nature, the or
dinary kinetic equation is a local equation. There
fore, it cannot even be set up in the present case 
without the introduction of some additional par am
eters. So far as Eq. (4) is concerned, it can easily 
be obtained with appropriate changes. The diffi
culties associated with the effect of the prior his
tory disappear here, because the prior history 
simply is absent after the system is turned on. 

We shall consider the dead time of the so
called no-persistance type, assuming that each 
incidence of a particle on the counter that brings 
about its operation leads to a rapid jump in the 
current x by an amount ~ (in connection with the 
terminology used, see, for example, [ 12 ]). We shall 
also assume that at the instant of turning on the 
system, the counter is prepared for operation and 
x( 0) = 0. Then arguing as before, we can write 
down the following for the case t > T: 

f xt with probability 1 - n dt 

Xt+dt = \x1_, + ~e-kt with probability n dt (19) 

If t < T, then 

f xt with probability 1 - n dt 
Xt+dt =) 

\ ~e-kt with probability n dt 
(19') 

On the basis of (19) and (19'), we can immedi
ately obtain the following generalization of Eq. (4). 
For purposes of economy of space, we limit our
selves to the results for x and x2• For t > T, we 
have 

Xt+dt = (1 -·· ndt) Xt + ndt (xt_, + ~e-kl), 
which gives 

d"x I dt = - nx + nx1_, + n~e-kt, t > -r. (20) 

Similarly, we immediately get 

dx I dt =- nx + n[e-kt, t < T. (20') 

For x2, we have, for t > T 

In a sufficiently long time after turning on the 
system, the stationary state is established in it, 
whose characteristics can be determined by a much 
simpler method. We begin with calculation of x, 
for which we integrate Eq. (20') from t = 0 to t 
= T, and Eq. (20) from T to the running time t. 

Collecting the results and taking it into account 
that x(O) = 0, we get 

t I t 

Xt = - n ~ xa de + n ~ xa_, dO + n~ ~e-ke de. 
0 0 

Making a change of variables in the second inte
gral and computing the third integral, we trans
form this equation to the form 

t -

Xt = - n ~ x9 dO + nk~ (1 -e-kt). 
t-, 

We can then write for the stationary state 

x = - n-rx + n£1k 

which yields 

x = n"tlk (1 + nT). (22) 

Similarly, integrating over the corresponding 
limits Eq. (21) and (21') and combining the results, 
we get the following equation for the stationary 
state: 

- 00 

x2 = - n-rx2 + ~ + 2n~e-h ~ xae-k9 dO. 
0 

For calculation of this integral, we multiply Eqs. 
(20) and (20') by e-kt, and integrate and combine 
the results. After integration by parts, the left 
hand side becomes 

t 

xe-kt + k ~ Xee-kO dB, 
0 

and the right side, after simple algebraic trans
formations, takes on the form 

t ~ -

- n ~ xae-ke de + ne-h ~ Xee-k9 dB + ~! (1 - e-2kl). 
0 0 

We then get the following equation for the stationary 
state: 

00 00 00 -

k ~ xae-ke dO = - n ~ Xee-k 9 dO + ne-k' ~ xae-k9 dO + ~! ' 
0 0 0 

~+dt = ( 1 - n dt) .q + n dt (x1_, + £e-kl)2 

dx2 I dt = - n? .i nx2 + 2n;: x e-kt + n t2e- 2kt 
I t--c ~ t--.: ':I ' t> T. 

(21) which gives 

Similarly, we get for t < T 

The quantities x and x2 can be found by direct 
solution of the resulting equations at the origin 
in the interval (O,T), thenfor (T,2T) etc. 

00 

(' xae-k9 dB ne 
.l =2k k+n(1-e h) · 
0 

Substituting this result in the expression for x 2, 

we get 

(23) 
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In the most interesting special case, in which the 
condition kT « 1 is satisfied, 

-z- n~' n2C --x2 -1-- n~ 
X - '2k (1 + nt) + k' (1 + nt) 2 - ' '2k (1 + nt) • 

In this case, the dispersion is 

(24) 

For very high intensities, we have 

- ~ -:; r' ez e-h 

X = kt ' X" = 2kt + kT 1 - e--k< • 

Thus, in contrast with the case in which the "dead 
time" is absent, the fluctuations remain finite. 

The authors are happy to thank I. M. Gramenit
skii, L. G. Zastavenko, G. I. Kopylov, V. I. Ogievet
skii, and 0. A. Khrustalev for valuable observa
tions. 
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