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The solution of the kinetic equation for molecules with rotational degrees of freedom (dia-
tomic or linear molecules) is considered. The problem of the thermal conductivity and of

the first and second viscosities is investigated.

1. INTRODUCTION

THE kinetic theory of gases with internal degrees
of freedom is still in a rudimentary stage of de-
velopment. The difficulties in setting up such a
theory are mainly the sharp increase in the num-
ber of parameters characterizing the collisions
between the molecules and the trouble in finding
the explicit form of the collision integral taking
into account inelastic processes. All these diffi-
culties show up particularly clearly in a compari-
son with the kinetic theory developed for the mon-
atomic gas.

The number of papers devoted to the study of
the kinetic equation for molecules with internal
degrees of freedom, in particular, rotational ones,
is very small. Besides the traditional references
to be found in the well known monographs, [1s2] the
papers of Curtiss and Muckenfuss [3 deserve
mention.

The papers in which the attempt is made to take
account of the rotational degrees of freedom, start
with assuming simple models of solid bodies for
the description of the collisions and proceed then
to translate the Chapman-Enskog-Barnett method,
developed for the monatomic gas, to this case.

To which difficulties and actual errors this can
give rise, may be seen by the example of the paper
of Curtiss and Muckenfuss. [3] Regarding the mole-
cule as a solid body with a center of symmetry,
these authors keep as independent variables in the
kinetic equation the phase angles, which vary
strongly during the free flight. This leads, obvi-
ously, to an extremely complicated problem. On
the other hand, when considering the problem of
thermal conductivity and viscosity, the above-
mentioned authors choose the solution in a form
which contains tensors that are constructed en-
tirely from components of the vector of the mo-
lecular velocity V. This is obviously wrong, since
now the problem deals with two independent vec-
tors, V and the angular momentum of the molecule

M (more precisely, a vector and a pseudovector ),
and the general solution should contain all tensors
of corresponding rank which can be formed from
the components of these vectors.

In the present paper we investigate the kinetic
theory of a diatomic gas in a region of tempera-
tures where the vibrational degrees of freedom
can be neglected. We make use of a kinetic equa-
tion which does not contain rapidly varying phases
and solve the problem of thermal conductivity and
of first and second viscosity.

2. KINETIC EQUATION

In the case of diatomic (linear) molecules the
rotational motion is described by four quantities:
two generalized momenta and the two correspond-
ing generalized coordinates. However, it is con-
venient to choose as independent variables the
three components of the angular momentum M;j
and the angle ¢ characterizing the position of the
axis of the molecule in the plane perpendicular to
M.

The classical kinetic equation in these variables
is written in the form

9 oF , wof , 0 0 F)
S AV + VS 5 )+ = (L) @D

It is easy to show that the phase volume corre-
sponding to these variables is equal to
MdMdQw dy = dT' dv.

The equilibrium distribution function is written as

2.2)

pve M"}, @.3)
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fo= n(Z_ukT) InlET e"p{ 2RT  20kT
where I is the moment of inertia (all the remain-
ing notations are standard).

The function (2.3) is normalized such that

(ravar =n. (2.4)

One estimates easily that 1/J is of the order of
the collision time. But in deriving the kinetic equa-
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tion for a monatomic function in the usual form one
assumes explicitly that the gas is sufficiently rare-
fied and that the collision time is small compared
with the time of free flight. Therefore, Eq. (2.1)
reduces in first approximation to

Vof/op = 0.

Thus the function f is practically independent of ¥,
and we find by integrating (2.1) over dy
+ V

L vk + o

= S(f’f’l — ff2) WdV,dV'dV;dT',dldT;. (2.5)

In writing down the righ-hand side of (2.5), we
assumed that the collision probability is an even
function of the angular momenta of the colliding
molecules. We note that, if the model of a solid
body is used in the description of the collisions of
the molecules, W involves an average over y and
¥, and a sum over 3’ and Pi.

Let us consider the case where there are no
external forces. Assuming a small deviation from
equilibrium, we shall seek the solution in the form

f=ra+5, (2.6)

where we choose for f a quasi-equilibrium local
distribution of the form (2.3) with V replaced by
U=V-V, (V, is the macroscopic velocity of the
gas at the given point). For each point in space
we assume that there is no rotation of the gas as
a whole.

The total distribution function is subject to the

conditions
Sdedl“ =n, gf(gju_g‘li)dwr =24,
SfUdV dr = 0, g fMdV dI' =0. @.7)

Let us substitute (2.6) in (2.5). Keeping, as
usual, only 0 on the left and linearizing the colli-
sion integral, we find with the help of the conser-
vation laws

ol PO (4%
L
=R (x) Wavaav’ av; drs dr ars,. @.8)
Here
u=Vp2kTU, m =M/ V2T, (2.9)
o) =% +x—%— Y (2.10)

3. THERMAL CONDUCTIVITY

Let us now consider the problem of thermal
conductivity. If the gradient of the macroscopic
velocity vanishes, Eq. (2.8) reduces to

P+ mz—-;-)‘l]'v InT = Jeour ()- (3.1)

We write the solution of this equation in the form

X =—AVInT. 3.2)
Substituting (3.2) in (3.1), we find
f (uz + m? __g_) U= —J..u(A). (3.3)

In the case of a monatomic gas only the vector
u is available for constructing the vector A, and
we therefore seek the solution in the form A = uS,
where S is a scalar function of u?. In the case of
a gas with rotational degrees of freedom we have
three independent vectors: u, m(m-u), and m x u.
Therefore A is in general written as

A =uS:1 (42, m?, 2) +m (mu) Sz (u?, m?, 2

+ [mu] Ss (u?, m?, £2), (3.4)*

where
2 = (mu)?/m*u®. (3.5)
The left-hand side of (3.1) and the kernel of the

collision integral are even functions of M. It is
easy to show that then

S3 = 0.

Thus the problem of the thermal conductivity is de-
termined by the two scalar functions S; and S,.
Let us expand these functions in terms of or-
thogona.l functions in the following way:
= >, a¥ ST*(u?) S§ (m?) PL(t?) = Dlal Rlu,

ikl ikl

= D ¥ S (u?) Sk (m?) P}H() = Dai Riu,

ikl ikl

(3.6)

3.7

where the Sf’ are Sonine polynomials with the cor-
responding indices and the PJ»! are polynomials
which are orthogonal in the interval (-1,1), with
weights 1 and t?, respectively:

1 re

\ Prey Po(erydt = bur, & £2P} (£%) P}(t?) dt =8y

-1 -1

If we consider only a finite number of terms in
(3.7), the best variational solution is found from a
system of algebraic equations which is obtained by
multiplying (3.1) successively by “R1kl and
m(m- u)lel and integrating over dVdrI'.

We note that the choice of polynomials for the
expansion of S; and S, is arbitrary and is dictated
only by numerical simplicity. This arbitrariness
stems from the fact that the variational principle
does not even presuppose orthogonal polynomials.

The conditions (2.7) imply that not all coeffi-
cients in the expansion (3.7) are independent. Us-

ing (3.2), (3.4), and (3.7), we find

*[mu] = m x u.
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a‘}°° + %ag"" = 0.
Let us now define the heat current:

q = {/ou (M5

(3.8)

+ 57 )dVdI‘:—— AVT.

Substituting in this the value of x, we obtain

A = ”3k 2’;7‘) [ al® + a010 + %o + a10° -+ a"l"]
' 3.9)

4. FIRST AND SECOND VISCOSITY

Assume now that VT = 0. The solution of the
general kinetic equation (2.8) will then be sought
in the form

W, Wy o, OV
¥ = — B ( o, ok __

where Bji is a symmetric tensor with vanishing
trace. Substituting (4.1) in (2.8), we find

°’)-c%, @.1)

-+ ok ox; 3 O ax, ax,

PO (witte — 5 8us?) = — J cous Bir),
P u (4.3)

In the most general case the tensor Bji can be
written as

Bik = B (u[ Up — ;— 6,‘1; u2) + B: (mimk— —;— 6ik m2)

+ Bs(Imul; [mul, — 26, [mul?) + Ba (mu) (m; u;

4.2)
— %‘m2) =—Jcon (C)-

+ u; mp —2 8 (mu)) + Bs (u; [mul, + w, [mul)

+ Be (mu) (m; Imul, + my, [mul). 4.4)

Here the Bj are scalar functions of u?, m?,

and t. Since the left-hand side of (4.2) is again
an even function of M, the evenness of the kernel

of the collision integral leads to the relations
B; =0, Bg==0. 4.5)

We expand the quantities B; in terms of orthogonal
polynomials:

B, = Zklbi“ Si* (u?) S (m?) P (22, 4.6)
B, = %b‘é"’ S¥ (u?) Sk (m2) P (), 4.7)
%b’k’ S7* (u?) Si (m2) PPV (1), (4.8)
B, = %bﬁ"’ S/ (u?) Sk (m2) P} (#2). (4.9)
The P;o’“ are orthogonal with weight 1 —t%. With

Bjk defined as in (4.4), the conditions (2.7) are sat-
isfied automatically.
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We write the scalar function C which solves
(4.3) in such a form that the conditions (2.7) are
automatically fulfilled:

C = co (£ u*— m?) + D% S (u?) S} (m?) P} (1),
ikl
000 — 100 — (010 — (), (4.10)

Let us now determine the expression for the
stress tensor:

Gir = — p%f%( U;UgdVdr.
Substituting (4.1) and taking account of (4.4) to
(4.10), we find

Wy Wy 2. OV,
O =T ( ax, T ax, 30y

") 4, (@11)

where the first viscosity coefficient n is given by
the expression

n = nkT (67 + (2)765" — L b3° +28),  (4.12)
and the coefficient of second viscosity ¢ by
T = 2kT c,/3. (4.13)

The coefficients entering in (4.12) and (4.12) are
determined approximately from a system of alge-
braic equations obtained from (4.2) and (4.3) by
making use, as in the case of the thermal conduc-
tivity, of the usual variation procedure.

5. ON THE COLLISION INTEGRAL FOR THE
MODEL OF SOLID BODIES

The results obtained in the preceding sections
are very general and can be used for any type of
interaction between the molecules.

In calculating the kinetic coefficients in the
present paper, we describe the collisions between
the molecules with the help of the model of elastic
cylinder-spheres (see the following section). How-
ever, the use of the model of solid bodies necessi-
tates a careful analysis of the collision integral.
This is the more imperative as the expression
for the collision integral given as exact in 03,41 jg
actually highly approximate and can in extreme
cases lead to absurd results (see below).

For a complete description of the collision be-
tween two molecules with definite velocities V, V,
and angular momenta M, M; we need only four
variables: X, Y, the coordinates of the center of
gravity of the incoming molecule in the plane per-
pendicular to the relative velocity g = V;-V, and
Yo Yo1» the values of the angles ¥, ¥; when the
centers of gravity of the molecules are located at



KINETIC THEORY OF GASES WITH ROTATIONAL DEGREES OF FREEDOM 1099

some fixed distance a from one another. Then
we have for the part of the collision integral cor-
responding to emission from a given element of
the phase volume

— S FVM)F(ViMy) gdX dy S @8 gy gr - (5.2)

The corresponding limits of integration are evi-
dently closely connected with the geometry of the
molecules. For molecules with a center of sym-
metry it is easy to obtain an expression for the
inverse transitions. For this purpose we must
use the connection between quantities before and
after the collision (see [3]):

Vi=V,—t(kGk, V' =V+E(kGKk,
M, = M; — & (kG) [6;K], M" =M + & (kG) [ak],
§ = [1 + (m/2]) {[ok]® + [o,K]?}]7".

Here k is a unit vector normal to the surface of
the molecules at the point of contact, ¢ and ¢, are
the vectors from the centers of the corresponding
molecules to the point of contact, and G is the
relative velocity of the colliding molecules at the
point of contact:

G=v1—v+["’)—lcl]—[i}"-c]. (5.3)

Let us now go over from the variables X, Y, ¥,
¥o1 to the variables k, ¥, ¥; (¢, ¥; are the angles
at the time of collision), using the relations

o =9 — Mty/I, (5.4)
Por = P — Mo/l (5.5)

R =Rk, ¥, b, M, My), (5.6)
to=(a—R)g/g? (5.7)

where R{X, Y, Z} is the radius vector connecting
the centers of the molecules at the moment of the
collision and a is an arbitrary vector. The form
of (5.6) can be established immediately for any
given geometry.

The Jacobian for making the transition from the
old to the new variables is equal to (see the Appen-
dix)

kG
6 (X, Y., %o, bo1)/0 (k, 9, P1) = ——g—S (K); (5.8)
S (k) dk is the surface element of the surface de-
fined by (5.6) with constant ¥, ¥;, M, and M;.

The expression for the collision integral in the

new variables is

(7 i — F) |KG| S (k) dk 5t G2 dVy dTy.  (5.9)

It is easily seen that the region of integration is
bounded by the condition

kG <0 (5.10)

(only those parts of the surface collide which move
toward one another). However, condition (5.10) is
not the only restriction on the region of possible
values of k, #, and ;. This has to do with the
fact that in general k, ¥, and 3; are multivalued
functions of X, Y, ¥y, and ¢y;. Of all the possible
values one must evidently choose only that which
corresponds to the smallest t;,. This implies a
further restriction on the region of possible values
of k, ¥, and ;.

It is easily seen that the formula (5.9) with only
the condition (5.10) is completely useless for zﬁ
> g/1, where I is a characteristic dimension of
the molecules. [ For g = 0 the molecules do not
collide at all, while there is a nonvanishing con-
tribution according to (5.9).] In the opposite limit-
ing case the multivaluedness does not play a role,
and we can use the formulas (5.9) and (5.10).

Thus it is clear that using a collision integral
of the form (5.9) with the restriction (5.10) is in
general only an approximate procedure. The de-
termination of the exact region of integration in
(5.9) for arbitrary ¢ is a complicated problem.

In view of the fact that in many actual cases z/?
< g/1, we have used (5.9) and (5.10) in all specific
calculations.

In this case the use of a more exact region of
integration should lead only to relatively small
corrections.

6. CALCULATION OF THE KINETIC COEFFI-
CIENTS. THE MODEL OF CYLINDER-SPHERES

Let us now go over to the direct determination of
the kinetic coefficients, using the results of Secs. 3
and 4 with a collision integral of the form (5.9) and
(5.10).

In calculating the coefficient of thermal conduc-
tivity, we restrict ourselves to the first three
terms in the expansion of S; and to the first term
in the expansion of S, [see (3.7)]:

000

000
= S2=a2 .

S,
(6.1)

+ a2 —3) +ap" (m* — 1),

Multiplying (3.1) by u(u®-%), u(m?-1), and
m (m-°u) and integrating over dVdI', we obtain a
system of equations for the determination of the

coefficients al%, al, and al:

C1 = n@}® + cp200° + a3, Cy = cnal® + sza'im

+ €250, Cs = 3,01 + 50" + 5503 (6.2)
The coefficient aj" is determined by condition
(3.8).
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The computation of the coefficients C; is ele-
mentary. The determination of the cjx involves
an integration over 16 variables. However, through
a series of linear substitutions we can carry out
the integration over 10 variables without reference
to a particular model. The expression for cji is
of the form

e = VB'ZT';’SQ‘; @° A, (As) | kw|S (k) dk dun du dF; dT,
kw < 0, (6.3)
where
Ai=(? —2)u, As=(m*—1)u, As =m (mu),
w= (2—:?)'/' G, dl' = mdm dQp, DO = q—*he—u—m?,

Let us first go over from the variables m, y,
m,, ¢, to the variables 1, mp, ms, 1y, mp, my,
where 1 and 1; are unit vectors defining the direc-
tion of the axes of the molecules in space, my and
mp, are the projections of the vectors m and m;
on the vector 1 x1;, m; is the projection of m on
the vector n x1, and mr, is the projection of my
on the vector n x 1,.

It is easy to show that

dl’ dy = dm, dm. dl. (6.4)
Then we make the following substitutions:
u=(Q—y/V2 w=@Q+7/V2 (6.5

m,=(nx+rm)/Vr2+r® m = (—rx+ fly)/Vm

vo=Ct—ViEtry/VT+trtre 68
x=(VrF+rt+VT+r+r (6.7
where
r= % [okl®, r2= % lon.kI%,  vs =ky.

The product %) can be written in terms of
the new variables:

D =ndexp{— QP —1I—1i—p2P— £

— 28— my— m}, 6.8)

where y; and vy, are the projections of the vector
y on two mutually orthogonal axes perpendicular
to the vector k.

Taking account of the fact that A;{Ax} can be
expressed as a sum of products of the type [we
use (6.5) to (6.7) and (5.2)]

F (k, 1) QT vsy” t* 2* mh i, (6.9)

and that the region of integration (5.10) goes over
into the region t > 0, we see easily that the inte-
gration over the variables

A. M. AFANAS’EV

T

e | —]

L/

dQdy, dy.dm,dm,, dy dt dz

is completely trivial, and the final result can be
expressed as a product of I' functions.

Only the integration over dkdldl; remains to
be done in (6.3). In order to carry out this inte-
gration, we must know the explicit form of S (k).

We shall use the model of cylinder-spheres.
In this model the collision of the molecules is
described by the collision of solid bodies of cy-
lindrical shape with hemispheres at each end
(see the figure). Our model has some peculiari-
ties which have to do with the fact that the vector
k cannot define a point on the cylindrical surface
uniquely. For collisions involving the cylindrical
surfaces it is therefore advantageous to define the
point of contact by two other parameters «; and
Q.

In collisions involving the cylindrical surfaces
we can take for these parameters o7 =0-1 and
07, = 94*1;, which define the point of contact for a
given position of the molecules (except for the
distinction between ‘‘from above’’ and ‘‘from be-
fow’’). In this case S (k)dk goes over into

S (01, 04,) do; doy, = 2 sin @ do; doy,, (6.10)

where
sin ® = [11,].

For collisions involving the spherical surfaces we
have

S (k) dk = 4a? dk. (6.11)

For mixed collisions we must write instead of
S(k)dk

S (2, 9) dz dp = 2adz dg,

where z and ¢ are the cylindrical coordinates of
the point of contact in a coordinate system with a
Z axis along the axis of the molecule which col-
lides at a point of its cylindrical surface.

The integral (6.3) thus separates into three in-

(6.12)

tegrals. All integrals are evaluated completely.*

*We note that some of the resulting integrals have been
computed in[*].
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We shall not quote here the resulting complicated
formulas for the cji. We give only the final ex-

pressions for the coefficients a}%, aj!®, and aJ®
obtained as a solution of the system (6.2):

~ 1
G034 < nzz GESER R (6.13)
~ 1
af° =~ 0.48 7 1’ FTEToIT (6.14)
ag°°~—0,l7mm, (6.15)

where B = 2a/l. These results refer to the case
BR1, a=4l/ul®= 1/2 This value of the coefficient
a corresponds to a diatomic molecule of the type
A—- A in which the atoms are located at a distance
1 from one another.

Information on the geometry of the molecules
can be obtained if the virial coefficients are
known. (2] It turns out that B >1 in most cases.

Expressions for the coefficients a}’, alll, and
ad® can be found for arbitrary values of o and g.
However, the general expressions are very com-
plicated, and we shall be content with quoting only
a particular example.

Substituting (6.13) to (6.15) in (3.9), we obtain
an expression for the coefficient of thermal con-
ductivity:

A=~ 16 k(%)”z ! !

R4 012
It is interesting to note that all coefficients (6.13)
to (6.15) are of the same order of magnitude, al-
though their contributions to the coefficient of
thermal conductivity are quite different [see for-
mula (3.9)].

Finally, we give the final expressions for the
first and second viscosity, obtained under the
simplest assumptions:

(6.16)

B, =b" B, =B, =B,=0, C=-(§u2_m2)a)

[see formulas (4.6) to (4.9) and (4.10)]. For «
=1/2 and 8 R 1 we have
ET N2 1 1
ET \%: 1 1
gzo,oem(m) = FroEEron:  (6-18)

APPENDIX

Here we determine the value of the Jacobian

Ja’: a (Xv Yv ‘va wol)/a (COS 9, CPy 'lP» wl)v (A°1)

where 6, ¢ are the angles which define the unit
vector k in some coordinate system.
Using (5.4) to (5.6), we find easily

=S [ k(M 4 8]

We have made use of the fact that

2 (XY)

S (k) = [(6 (cos 0, @) )2 + (6 (cos 0 cP)) + (5 (aﬂ():é'zc;) )2]1/2 ’
b, = 1 ay, 2)

S (k) 9 (cos B, @)

(A.2)

2

and analogously for the other projections.
Let us now determine (8R/9¥)y, k- We see
immediately that in general

G ho=lirel e (.-

where a and a; are vectors perpendicular to k
which depend on the type of surface. Substituting

(A.3) in (A.2), we find
J = S"‘){gk+ k([ ]—[# o])} -

Using (5.3), we obtain (5.8).

— [hl:f_ll 51] + a;, (A.3)
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