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The method previously developed for constructing the Hamiltonian in the effective-mass approxi-
mation is generalized for the cases when spin-orbit interaction must be taken into account.
This method is used to calculate the change of the energy spectrum when semiconductors with

wurtzite or germanium lattices are deformed.

1. INTRODUCTION

In the first part of the present work,[!] a gen-
eral method was developed for constructing the
Hamiltonian 9 in the effective mass approxi-
mation; the method was based directly on the
symmetry conditions and the invariance of the
Schrodinger equation to time inversion. We
shall consider how spin-orbit interaction can be
accurately included in the framework of this
method. We retain the notation of[ﬂ, and when
referring to formulae from it we use the prefix
I before the number of the formula.

To calculate & including spin-orbit interac-
tion two procedures are possible: in the Hamil-
tonian % the term describing the spin-orbit
interaction for V(r) = Vo (r)

Koo, =— (i/4m3c) (IVV,, V] 3),

can, on the one hand, be included in %,, i.e.,
considered as- a perturbation, since the interac-
tion is relatively small; on the other hand,
since #g . does not depend on  and has the
same symmetry as #,, this term can be imme-
diately included in :ft’o, and only those terms de-
scribing the spin-orbit interaction which included
% are retained in .

In the first case the spin functions will ap-
pear in the smooth functions Fj in (I.2), and
the basis functions @ik, will, as before, depend
only on the coordinates. In the second case,
however, @¢ji, will include functions of the
spin variables, and F; will not.

We shall consider both these methods.

2. g 0. INCLUDED IN #;

In this case the functions F;j depend both on
the coordinates and on the spin variable «, which

can take the two values *V, . Correspondingly,
depends both on the operators %, which act on
the coordinate functions, and on the operators G,
which act on the spin functions. The operator 2
can, as previously, be expressed in terms of
basis matrices and written in the form (I.9), but
now [ (o) will contain not only functions of the
quantities k;, H;, €;;, etc., gnd their products,
but also linear functions of 0;, which describe
the spin-orbit splitting at the point kg, and func-
tions of the products of G; and the remaining
variables. In accord with (I.11) all these func-
tions must be chosen so that they transform ac-
cording to the irreducible representations of the
point group G, corresponding to the wave vector
group G, . It is clear that the Gj themselves
transform as the components of an axial vector,
and 9 must be constructed so that the terms
entering in it satisfy condition (I1.10). The con-
stants Cgt for the terms containing &; are thea
small quantities relative to the other correspond-
ing constants —of the order B2, where 8 = v/c.
Since in[!] the form of the operators appearing in
9 was nowhere precisely specified, but was de-
noted by the general symbol Jf, it is clear that
all the results of (1] in particular the formula for
determining ng taking into account the invariance
to time inversion, and the methods for construct-
ing 9, remain valid in the present case also.
When determining ¥ in (1.18) it must be remem-
bered that G; are odd functions, since, when
changing t into -t in % it is necessary to
change Gi into —0;.[2]

To construct & it is convenient to choose at
once Fj(r, @; t) in the form of products of co-
ordinate functions Fj o(r, t) and spin functions
o . Then the system (1.3) takes the form

Dij (%) Fj,p-B = ihadF;, /0t.

1075

MAY, 1962



1076

Hence we obtain the system of equations deter-
mining the coordinate functions Fj :

Dia,ip (X') F;, g = ihOF,;, /08, (1)

where
Dia, 5 (K') = <a| Dij () | B-

In & in (1) the operators G are, of course, not
included.

If the matrices Asl are formed by one of the
methods given in o J, it is easy to set up & in (1).
The functions fu (%) in 9 are now products of
functions of all the operators &', including unity,
and the spin operators &r, which are linear com-
binations of the Pauli operators or the unit op-
erator, i.e.,

fa (3) = fa (") o (2)

Therefore, if

D)= 2 CrALfa(x),
t,r,s. 1
then

D)= D CYAUfa(x). (3)
t,r,s, {
Here D (') is expressed in terms of matrices
Agli of rank 2n - 2n, which are constructed in
the basis ‘piko - o, with the matrix elements

t o
AY e gp=Ast, i 8rpp. (4)

Knowing the matrices Al; it is possible to con-
struct at once these matrices also, since 0y is
either a unit matrix or a combination of Pauli
matrices determined from (2).

3. #5.o. INCLUDED IN %,

The functions @ja = @ik, @ which are the
basis of the matrices & (') in (3) transform ac-
cording to the double-valued representation T',
which is the direct product of the representation
To and the double-valued representation Ty,
according to which the spin functions a trans-
form: T’ =Ty X T}p. This representation T’
is in general reducible, and decomposes into the
irreducible representations T§ . If the spin-orbit
splitting is sufficiently large, it is often not nec-
essary to consider together all these represen-
tations, and it is sufficient to set up 2 only for
one of the irreducible double-valued representa-
tions T§ corresponding to the extremum point.
Of course, this matrix can also be obtained from
(3); however, in the present case it is simpler to
include at once g o in #y, and to choose as
basis the eigen functions <p'ik°( r, a) of the Ham-
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iltonian #§ =5+ H#g.0., Which trahsform ac-
cording to the representation Tg. As before 2
can be written in the form (1.9), where & does
not, of course, contain the operators G. Obviously,
it is also possible to proceed when the represen-
tatlon T’ = TyX T}p is irreducible. In this case
the n? linearly independent matrices Agy are the
basis for constructing 9, where n is the dimen-
sion of a representation T{. It is obvious here
that Eq. (I.8) remains in force, i.e., these ma-
trices transform according to the representations
Tg contained in the product T¢§X T¢* For Xo(G)
in (I.8) must now be understood the characters
of the double-valued representation Tg. If, as
usual,l¥ a new element Q = C, is introduced to
the group Gk,, in order to change it from a
double-valued representation to a single-valued,
the summation in (I.8 ) must be made over all the
elements of this new group Gj., and h is to be
understood as the number of elements in it. The
characters of the corresponding representation
of this group will be denoted below by x §(G).
The result of the calculations will, of course, be
the same as when the double-valued representa-
tions of the group Gk, are used. It is clear that
the matrices Agy; and fq () transform accord-
ing to single-valued representations, i.e., the
representations Tg of the point group G, for
which Q = E, while for the representations Tg
we have x’(Q) = -x'(E).

We now consider the additional conditions im-
posed on 9 in the present case by the time inver-
sion invariance conditions. In distinction from
(1.1 ), we now have 4} = #,, since 5%, now in-
cludes an imaginary term g .. In order to ob-
tain from #* a Hamiltonian coinciding with %,
it is now inadequate to replace H; by —H; and kj
by -k, and it is necessary to perform a umtary
tramsformatlon[z:I S/, so that S’ 9{ '=tg.0.0
or §'oy*s'™! = —7y; consequently §'= cry Here, as
in (1] the Hamiltonian S#'S 1 =5 Here S is
the ngner operator, §= s.,s where So is the
complex conjugate operator. Therefore, the func-
tions S§v’, as well as the functions ¥, are eigen
functions of #, corresponding to the same eigen
values E and k. The stroke denotes, as in (1.12)
the replacement of Hj by H1 and of kj by —Kk;j;
the change of sign for &j in * is now performed
by the unitary transformation S’.

From the conjugate equation we again obtain
the system (1.12), but now the functions
Soik, (1, @) = dyelk, (r, @) are the basis of 2
in-(I. 12), whilst the functmns <Pik°( r, o) are the
basis of & in (I1.3). For brevity in what follows,
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we shall not write out the arguments of these
functions.

If a linear relationship exists between the
functions S¢j and ¢4, then, as previously, ad-
ditional conditions are imposed on 9. According
to,':2j for double-valued representations such a
relationship occurs in case c; in cases a and
by, additional degeneracy occurs. If ko and —kj
belong to different stars (i.e., in case by), then,
as previously, no additional conditions, apart
from (I1.6), are imposed on &.

We now consider separately all the cases when
time inversion imposes new conditions on 2.

The methods of derivation are basically the
same as in Sec. 3[1J; without presenting details
we emphasize only the points where there are
differences.

Case c: the representations Ty and Tg*
complex and equivalent.

1) c¢y; ko equivalent to —Kj.

In this case, analogously to (I1.14), the func-
tions §<pi can be expressed linearly in terms of
@i

SfPt = cA’;/(P; =S/ iQu. (5)

However, in distinction from (I.15) we now have
SS = —-1; therefore,

S=—81=_238 (6)

Hence, it is apparent that in the present case 9
satisfies the relations (1.16) and (I1.17), and Al
the relation (1.19). However, since now, accord-
ing to (6), SG*S*= —SG*S™! = — G, then from (I.19),
instead of (I.20), we obtain

ne =gz 2 % (0 2 (G — 15, (@),
GeGk

(7

Consequently, for even functions (y = 1) the quan-
tity ng is equal to the number of representations
Tg contained in the antisymmetric product {2},
and for odd (y = —1) in the symmetric product
[rs2].

2) cy; ko not equivalent to —Kkg.

In this case, analogously to (I1.21a), the func-
tions RSfpl are linearly expressed.in terms of ¢’,

and since R commutes with S, and §%2= -1, then
RS¢j = Rj1 ¢ji’; but

RCP;' = — RZ’:’S(Pi'- (8)
Now, therefore, in distinction from (I1.23),
RYy =— R;j_l = —Rj.. 9)

Consequently, 2, as previously, satisfies (1.22),
and Aﬁz satisfies (1.24), but, since now (R?); ij =

RigRji = -Rin;‘i. the quantity ng, in distinction
from (1.25), is equal to
=25 204G (D F — 1% RyG) 1 (RGP (10)
GEG ko

Cases a and b: the representations Ty and
T¢* real or complex non-equivalent.

1) a; and by; kg equivalent to —ky _

In these cases the functions ¢; and S¢; are
linearly independent and are united in a single
representation. The matrix D is constructed
on the basis ¢j and ¢ =Sgj, but D’* is con-
structed on the basis @; = S<P1 and Py = SfPI =

Sch1 = - ¢; . Therefore, in distinction from
( I.26b), now
Dy = — Dij. (11)
Correspondingly, instead of (1.27)
Ay, 1j = — YAs, 1. (12)

Therefore, for the ‘“non-diagonal’’ terms ng is
now determined by (7), and for the diagonal ones, as
before, by (1.8).

2) ay and by; k not equivalent to —k;

Here the functions ¢i and ¢ = R¢S¢i are
united into a single representation. The matrix
9 is also written in this basis. Then 2'* is
written in the basis p; =S¢; and @1 =S¢y =
—Rygj; therefore, instead of (I 29), g1 =
(RR)i’i 9i’, and ¢j = —(RR™')j4 g1 Corre-
spondingly, instead of (I.30b) and (1.31), we
obtain

Dij (%) = — (RR)p; Drwr (Rot) (RoR) i (13)

and

A%, ;= — 1 RRTYw; RoR)y REZ AW, 1. (14)

Hence, it follows that for the ‘‘non-diagonal’’
elements ng is determined from (10), while for
diagonal elements (1.8) is retained.

From (I.8), (7), and (10) the formulae derived
previously by Sheka (4] are obtained for determining
the points of zero slope for the double-valued
representations.

We shall deal briefly with the methods of con-
structing the basis matrices As { and the matrix
Z for double-valued representatlons

These methods do not differ from those de-
scribed in [, Sec. 4. It is clear that each of the
terms in & must satisfy condition (1.10). If the
group Gk is equivalent to the point group G,
the basis for Asl can be chosen to be the eigen
functions of this group, which can con81st of the
eigen functions of the space group Dj with the
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Table I. The distribution of f (¢¢) and ¢(J) over
the representations I' and K (wurtzite)

Repre-
sentation F 1) ¢ (J)
I K Odd Even For equation (15) | For equation (20)
Iy K kz kz; ki_, 822: S.L; 6, k.‘ —G_ k+ I, Jz _
Ty ! — — — J3—Js3
¥ .
r, X S, ok, 0, k_+o_k, J, J2
2
Iy - - — i y?
KL ke, e s s e
Ts - S,k Gk Jod2 0210, 7%
Ks
G, G_ k ok, k_kyie, e, Jod_ 9 2
Ts ok | o ko ko ke, ke | WL T | Ur s B U
Note: &, =&, ik, J,=(,xd)yZ, e, =&, t2ig,, —E,

£,,=8, + wyz' B_L= Eyrt+ Eyy.

corresponding half-integral values of j, and the
matrices Ag] can be chosen to be the matrices
of the functions of the components of the axial
vector ‘Psl(31) » Which transform according to
the representation Tg, constructed in this basis as
was shown in Part 1, Sec. 3 of (1) The additional
conditions associated with time inversion must be
included separately. In case cy, (1.38) is now
satisfied, since here also S* = 1; consequently,
9 can contain only even products of f () and
(p(j ), which do not change sign when changing
the signs of ki, H;j and Jj. In the other cases it
is necessary to use the general formulae given
above.

If the representation T is two-dimensional,
% can be constructed by the method discussed in
Part 4, of Sec. 4 of 'd, When necessary, D can
also be constructed here for a combined represen-
tation which includes several irreducible represen-
tations. However, if all these representations
arise as a result of the spin-orbit splitting of
one representation T,, i.e., are contained in
T’ = Ty X Ty then the first method is more
convenient for their simultaneous consideration.
This method is especially convenient when the
double-valued representation—reducible or ir-
reducible—arises from a two-dimensional
single-valued representation, since then the
construction of the matrices Ag; is performed
in the simple way as described in Part 4 of
Sec. 4[1], The defect of the second method is
the difficulty in determining the order of the
coefficients CLf. Whereas in the first method
the coefficients of the first order of smallness

in B? are determined at once (the coefficients
in f (#¢) containing o), to do this by the second
method requires as a rule additional compari-
son. To do this, for example, one can compare
the general expressions for Z), obtained by both
methods, and consider how they turn into one an-
other for weak spin-orbit interaction, as is done,
for example, inBJ ( Appendix B). It is not, of
course, necessary to write out in explicit form
the matrices ¢gj(J) for both cases.

Below we consider a number of examples
where both methods are used.

4., THE EFFECT OF DEFORMATION ON THE
ENERGY SPECTRUM OF WURTZITE-TYPE
CRYSTALS

in['J we considered the effect of deformation
on the spectrum of wurtzite-type crystals ignoring
spin-orbit interaction. The formulae obtained are
valid when the splitting of the bands due to spin-
orbit interaction is small in comparison with both
kT and the splitting caused by the deformation.

Of the crystals in this group CdS has been
studied best. By analyzing experimental data on
the absorption and reflection of light in these crys-
tals, Birman(®J and Thomas and Hopfield("] con-

] .
G fi
G 45y~ Q06 s Y oosdv
[; 2 4 ’;r
ac ~goreV 2
: e 85| <pomev

G ) i
a b

Genesis of the bands: a — according to Biman[¢] , b—ac-
cording to Thomas and Hopfield. b
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cluded that the extremum of the valence band in
CdS lies on the A axis, apparently at the point T
(k= 0), where the wave functions at the extremum
point, ignoring spin-orbit interaction, transform
accordin]g to the representation I'g (in the nota-
tion of(8]),

However, the representation I'y also lies close
to the edge of the band at a distance A, from it.
Owing to spin-orbit interaction, the representation
I'g is split into two double-valued representations
Iy and Iy, where I'§ corresponds to the maximum
energy of the electrons, and T goes over to I'7.
According to[], the spin-orbit splitting Agy is
smaller than A, but comparable with it, whereas,
according tol"], Ago is greater than A.. The
geneses of the bands according to(® 71 are shown
schematically in the figure. We consider the ef-
fect of deformation on the spectrum of CdS for
both these models. Thus, we must construct 9
simultaneously for both the representations TI'y
and Tg. We first write down %), using the first
method. The characters of the single-valued
representations at the point I' calculated by
Rashbal® are given in Table I in(1d, Both the
representations T'y and Tg belong to case ay;
therefore, according to (1.20), there must appear
in 9 even functions of o which transform accord-
ing to the representations [( T+ re)ﬂ =27y +
I's + T'g, and odd functions which transform ac-
cording to {(Ty+ Tg)?} =T, + T

In addition to the functions given in Table III
of [1J, we now include in 9 terms with o; not
dependent on k and linear in k. All these func-
tions are given in Table I. Also given are nine

functions ¢ ( J) transforming according to the
representations quoted above. Using these func-
tions, we form_9 in accord with the require-
ments of Part 1 of Sec. 417;

D= AL+ A0, + Ay (6,0_ + J_G,) + Bil2 + Bok
+ Bs (J3RE + J2RY) 4 BJiE: + BoJ KL
+ Bek, (WoJ J b+ WJ_ 1 k) + By (kJ_— kJ,)
+ i (By + Bald) (0,6 — G k) + e T3k 0. — J2k0)
+ a0 ([Jd, ko — [T 1R) + isk, (IJJ,]0_
— WJ4_10,) + Ciezz + Coey + Collez:'+ Culie)
+ Cs (T2, + Jhe) + Co (Wod,) 61 + Wad ] ).

Here (15)

2 [JiJi] =J1J] + J]Jh

84z =&y + iEyz,

ey = &xy - 2iery, — &y, €] = Exx 1+ &y,
ky = ke + ik, ki_ =k + kf,.

We shall not write out ¥ in a general form, but
consider limiting cases.

1. A¢ > Agy- In this case it is possible to
ignore the representation I'y. Then 9 must con-
tain only matrices which transform according to
the representations I'gx I'y = I'y + 'y + T, i.e.,
1, 32, J% and J%. Since the representation I is
twofold degenerate, and the functions f () were
chosen in accordance with the requirements of
Part 4 of Sec. 4[13, the matrices of these opera-
tors, according to (1.46), can be put, respectively,
equal to I, 0z, o,, and o_. (In fact, this corre-
sponds to a choice of the basis functions in the
form us = (xx —iy)/V2.)

If we now write, in accordance with (1.4), the
matrix & in the basis u_a,, u, o, u,a, u_o,
we obtain

A— A: F G 1
‘F' x . A2 1‘ G‘
I G 0 A4 A2

where A = B,kE + szi + Cy€z7 + Cy€], F=—iBk,,
G=Bgk?+Cye,, I=iBk., A= Agy/2. Here the
constants B; are of the first order of smallness
with respect to B2, and the remaining constants of
zero order. If we omit the terms associated with
the deformation, this matrix coincides with that
obtained previously by Rashba and Sheka [?]
The secular equation |9 — E ]| = 0 according
to (16) has the form
MN—E2[M—E" —2A)*—|FP1 —2M—E") [M—E’
— 20 (I +|G|®) — I'FG* — IF*G]
+(GP—{I[)? =0. amn

Here E'=E -~ A,, i.e., the energy of the electrons
measured relative to the edge of the valence band.
If, in this equation, of the terms proportional
to B2, only those not dependent on k are retained,

its solution will be

E' =\ — A+ {A® 4 B4 + 2BCy [(K; — ) (Exx — £4y)
4 Segykeky] 4 BE [(xe — £4)° + 4€3,0. (18)

Close to the extremum, i.e., for E' < Agy

E =M+ 2B;C; [(K; — kj) (exx — &yy) + 4esghiky)/Aso. (19)

It follows from (18) that when Agp exceeds both
kT and the splitting of the bands due to the defor-
mation, the deformation causes only a change of
the effective masses. These changes are rela-
tively large—of the order Cs€/Agp; comparatively
large values of the piezo-resistance constants
Iyxxx, xxyy, and Ilxyxy, can therefore be ex-
pected here; however, in distinction from the case
considered in Sec. 5 of (1] these coefficients are
now proportional to Cs/Agg, i.e., they do not de-
pend on temperature.
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Table II. Characters of the double-valued
representations for the point A (wurtzite)

Numbe ’ ’ ,
of ele- Elements of the class Aq Ag Aq
ments
1 (el0) 2 2 2
1 (Eloy —2 —2 —2
03 — -

2 (a., =) Vime | —V3n, | O
2 540 ) 1 1 —2
2 ( 6‘, 8200 —1 —1 2

— |4 _ —
2 (5 . B 2—") —V3m, | V3n, 0

— It
2 (o &) 0 0
6 (01, 3 6310), (Gp (7% 53;‘0) 0 0
vt = = — |t
6 ( 51,52,°a§9> (5 ,92,93 20) 0 0
Note: n, = exp likzoto/2}; for the point I" the quantity 7, = 1.
2. Ago > Ac. In this case we can consider Here . .
. . . Jr=L1(s__ 2 J2_5_ J?
only the two split-off half-integral representations z =% K 3 2> ¢ z 2

'y and I'j. The corresponding expression for 9
can be obtained from (15); it is, however, more
convenient here to use the second method, and to
consider only these two representations. In
Table II are given the characters of the double-
valued representations at the point A, calculated
by Rashba and Sheka .[91*

The representations I'y and TI'} belong to
case c4, and therefore, according to (7), £ con-
tains even functions of % which transform ac-
cording to the representations {(T'}+ I'})?} =
2Ty + I's + I'g, and odd functions which transform
according to [(I‘1+ ry) ] 2Ty + Ty + Iy + T5 +
T's. These functions can be chosen from Table I.
In the same table are given sixteen corresponding
functions ¢ (J) that transform according to these
representations. Here, as shown above, can ap-
pear in 2 in case c; products only of even func-
tions of s and J, or only of odd.

We construct 9 following Part 1 of Sec. 4 of [11
D =2+ B + B + T2 (IR + ) + BJLAE
+ BJZK, +]/ Byl ke (VI ) k. + W2 _1k,)

+ i]/ 5BV e —J )+ i]/? B2V, 0 A (90
— WA_1k) + Ceoe + Coe) + —5Cs (2e_ + J%)
+ C4lezszz -+ C-SJ?E_L + V% Ce ([Jz‘,.,.] €z

- [JzJ_] Bz+)-

*Throughout the tables of the groups the following nota-
tion is used for the operators: § — rotation, p — reflection
rotation, o — reflection.

2 WUdel =Jddp + Jid;.
This choice of the numerical coefficients in (20)
is made with the aim of obtaining a matrix 2
closest to (16), to simplify the comparison of the
two cases. The constants Bj and Cj in (16) and
(20) are not, of course, identical. In the approxi-
mation of weak spin-orbit coupling, these con-
stants can be expressed in terms of one another
by the use, for example, of the method mentioned
above due to Luttinger.L5]

We shall not make such a comparison, but only
point out that from (15) and (20) it follows at once
that all the constants Bj and Cj in (20) are of
zero order in 8% Only the constant 8, for the
cubic term in Jj is of the first order of small-
ness in B2. Of course, the remaining constants
can also include contributions of the same order.
The complete set of functions Y;n with j = ¥, are
the basis for 2. Therefore the actual choice of
the representation for ¢(J) can be arbitrary
here. The oorrespondmg matrices are given, for
example mE 171 In the representation

.{}2, Y+1 /2 sz, _,/2 ,» the matrix 9 takes the

form
A+9 F G I+ H
.| F* A+0 I*—H* G*
D= G* I—H A 0 ’ (21)
I* 4+ H* G 0 A
where +

A= Blki + ngﬁ_ + Clazz + CzeJ‘_,
e = 61 + B4k2 + B5ki + 64812 + C53_L,
F=_—-2iB,+B)k, G=B +Csg,

V—
[ = iB7k_, H = Bsk_kz + Cse_z.
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The secular equation || 9 — E || = 0 has the
form

(A—ER[A+0—E)?—|FPl—2()—E)
X A+0—E)(IP+|HP+|GP)
— FG'I' — F*GI) + |G|t — 2|G (1P — |HP)
+ (2 — HY) (I"* — H®) =0. (22)

It is not difficult to verify that here, just as in
(17), kx and ky appear in the terms not containing
€ only in the combination ki = k¥ + k}. This means
that in the undeformed crystal the extremum in the
lowest band I'%, is in both cases a ring—with k; =
const. However, in distinction from (17), the term
in (20) linear in k is not small, since it arises,
not due to the spin-orbit interaction, but as a re-
sult of the interaction of the two bands I'; and TI§.
Therefore the extremum can be far from the point
k = 0, where terms of the fourth order in k, not
included in (20), play an important part.

In the uppermost band I'y, which corresponds
to the minimum energy of holes, the extremum is
at the point k = 0. Close to this point for
E(k, €) < 6, we have

B 4C
E=M+ T.I{kﬁ_ + Vg—; ((Bx — k3) (2xx— &y)

F thebyeal| 5 (BC B — B) (onx — e0)

+ Akukyer,] + BeCo (kxksess + ko). (23)

Here we neglect terms of the order B2, and also
ignore the splitting of the bands caused by the de-
formation and proportional to €k, since this
splitting leads to effects of higher order in €. It
can be expectad that the coefficient B2/3 in (23)
greatly exceeds B,. In this case the principal
contribution to m* =h%/2(B, + B}/d) is pro-
vided by the interaction of the bands Iy and T,
and the change of the corresponding effective
masses under deformation in the plane xy is
basically determined by the first term in (23)
proportional to B3C,/62.

We note that, in distinction from (19), a large
change of the effective mass and, consequently,
of the conductivity also, can occur-not only under
deformations €xy, €yy, and €xy, but, as seen
from (23), also under deformation €4, and €yz-

By the use of Table I it is also easy to con-
struct the operator 2 for an arbitrary point on
the A axis, where an extremum can also exist.
At these points time inversion imposes no ad-
ditional conditions on %, and in it there can ap-
pear products of any even and odd functions of
& and J which transform according to conjugate
(equivalent) representations.

We shall not linger on this, but consider the
spectrum at the point Hy, where there is also a
point of zero slope in wurtzite.

3. Spectrum for the representation Hg. To
construct 2 we use the first method. The char-
acters of the single-valued representations at
the point H are given in Table II of 'd. As shown
in 0], the representation H3 belongs to the case
ay, and, according to (I.25), there can appear in
% odd functions transforming according to the
representations I'y; and T';, and even functions
transforming according to I'y and T.

These functions are given in Table I. The ma-
trices Agy can be chosen according to (1.46).
The basis of these matrices will be denoted as
P10 P
D = A, [Bif2 + Bk, + iBy (0,k_ — 0_k,) + Ciezz

+ Coe ] + AA0: + Ay [Bskok, + Cse,,

+ o0k, + iBs0, k] + Asa [Bskk_ + Cse_,

— B0k — iByO k). (24)
In the basis (¢@,, 9,0 @@ _, @,0,) the matrix
P is

A4-A F G I+H
| P A4+A I*—H* G*
D=| 6+ I—H r—a o0 | (25)
I*+H* G 0 A—A
where

A= B1k§ + sz‘i + Cie.: + Cze_l_,
1 = B3kzk+ + C382+, H = isz+,
F = iBgk,, G =ipk..

When the terms proportional to € are ignored,

this matrix agrees with that obtained previously
in[?). I form (25) is similar to (21), and the sec-
ular equation | 2 — E | =0 is similar to (22).

Of course, the explicit form of the matrix elements
in (25) and (21) is different. If, of the terms pro-
portional to 82 in 9, we retain only those inde-
pendent of Kk, the solution of the secular equation
is of the form

E = A+ {A + B¥E + 2B;Cy (Bxckoks + €40k yks)

. 26
+ B} (e3: + £52)} ™ @6)
Close to the extremum point for E/ < A

E' = E—A =M1 (BsCs/ A) (kukssz + kokseys).  (27)

Thus, in distinction from (23) and (19), a sig-
nificant change of the effective masses occurs here
only for deformations €x; and €y, and large
values of the constants Iy,y, = Ilyzyz; can be
expected.

Consequently, the study of the effects of piezo-
resistance in these crystals can serve as one of
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Table III. Characters of the irreducible repre-
sentat_ions for the point I' (germanium)

Single-valued Double-valued

Number - - ”
:Ee:ltes- Elements of the class rlj.: I‘zi Pli; I‘ﬁ I‘zis I‘ei I‘.,i I‘gi
1 (el0 2 2 4
1 (30; Ploo] o] 2] 8] 3|5 ||
6 (830), (3o) 1 1 2 | —1 | = 0 0 0
6 (64|t )7 (“3 ZI‘L’ ) } 1| —1 0 1|1 V2 —V2| o
6 (84fv), (B3 —y2 |V 2| ©
12 (8] ), (87 ) 1] o=t | 1| of of 0
I N AP PR VR S IS I R

8 (8[0), (33)0) VR R

48 (i) X 2 % (2)

the methods for determining the positions of the
extremum points.

5. THE CHANGE OF THE ENERGY SPECTRUM
DUE TO DEFORMATION IN LATTICES OF
THE GERMANIUM TYPE

We shall not consider here the spectrum at all
the points of zero slope where there are degenerate
representations, but limit ourselves to two of them
only: the points T at the center of the Brillouin
zone, and X at its edge on the [001] axis.

1) The point I'. The characters of the single-
valued and double-valued representations of I'" are
given in Table 1) At this point there are three
pairs of degenerate single-valued representations.
Two of them, I'j; and I‘zis, are threefold degen-
erate (without spin); due to spin-orbit interaction,
these representations break up, respectively, into
Ts +Tj and T'f + Tf. To construct the spec-
trum for the fourfold degenerate representations
I‘Qh, derived from Ff:: or I‘fs, it is more con-

venient to use the second method. The functions
f() and ¢ (J) transforming according to the
corresponding representations I' are given in
Table IV. Since the representations I'f belong
to case cy, then there appear in %, according
to Sec. 3, only products of even functions which
transform according to the representations
{r§?}=r} + T} + T3, and odd functions which
transform according to [Ty 2] = I'y + 2T'js + I'ss.
Therefore ¢ will have the form

D = Bik? + By (I 1ky + Joky) + By ([J,] kok,
+ [JxJz] kxkz + [Jsz]kykz)+ CIB + Cz (J182 + J281)
+ C; ([Jx-,y] Exy + [JuJ2l & + [Jsz] Eyz)y (28)

where Ry = R} + wR} + w’R}, Ry =Ry (R} — 3%, K}
or €j; and w = e2Mi/3),

As is well known, the wave functions in ger-
manium and silicon at the extremum point of the
valence band transform according to the repre-
sentation I'y;, where the upper of the split-off
representations is —I'y. Thus (28) describes the

Table IV. The distribution of f () and ¢(J) over
the representations I' (germanium)

J
sgil:ﬁ;n f (k) f(e) f (o) f (o k) — ®'(J) —

I, # e - _ _ 1
Ty — — - kG + ks, + kS, — N
r, - - — — NP SR _
T, - _ _ _ + -
'r:z ky, ky €1, €3 — — . I I,
e - - —~ (k)1 (ko)y _ -
rrs - - Gy» Gy, S, - Jx’ Jy» Jz, J;’:' "Z’ Jﬁ -
Ty by ky, — — (ks,)r (k,5;), (£,5,) T B
Tos kokys kol Ry, | €y B €y - - Vo Vy, Ve (005 N 000 g Y
Fas - = = legs, ) 1oyl [k, . i

Note: R;=R,+oR,+ R, Ry=RpandR;,—#, ¢, ks, J%

0= V= [J (2 —J2)] etc.
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Table V. Characters of the representations
for the point X (germanium)

Number Number
Elements of Elements of

c;:;‘ltes- the class Hrz | Xaa -‘;f;lltes' the class T2 | Ko
1 (€]0) 2| 2 2 (Gryr Sag |0 w2 | o
1 (] —2 | —2 2 (17 T4 o] o
1 (6,,10) 2| —2 2 (6,17 v+ 0 0
1 (80 11) —2| 2 b @ dinT+n| 0| 0
4 (pgr ,210,0) 0 4 (65,6, 1% T+1) 0 0
4 (8300 05, 10,1) 0 2 Byl DBy 1T+ O | %2
2 (Syyr 0557 10) +2 0 2 | @ug Qg lt+0] 0 | F2

spectrum obtaining in these crystals. Ignoring
terms proportional to €, for germanium P in
operator form has been given in [5], where all

the coefficients B; are of zero order in B it is
not difficult to show that this is also true for the
coefficients Cj. The change of the energy spec-
trum of p germanium under deformation has been
considered in detail inT1?), where the matrix @
was obtained with the aid of perturbation theory
(equation (13)). The same results are, of course,
obtained from (28). We shall not, therefore, con-
sider this question in detail here. We merely
establish the correspondence between the coef-
ficients in (28) and in[12]

BI = 1/4 (4A _— QB), 82 "—"B,
Bs=2/V3D, Ci—=Yi(da—o), (29
C, =b, Cs—=2/V3d

We now consider the spectrum for the twofold
degenerate representation I'j;. Taking into ac-
count spin-orbit interaction, this representation
goes over to I‘,’,E , i.e., in principle & is also
given here by expression (28). But now some of
the coefficients are of order B2. It is better,
therefore, to use the first method: % will contain
even functions of J¢ transforming according to
[ri2)=r{ + Ty and odd ones transforming ac-
cording to {T'{;’} = T3 .

It is apparent that £ contains no terms of
order B2 which do not depend on k or are linear
in k. Quadratic terms of this order we shall ig-
nore. Then ¥ is

D =Bk + By (Jiky + Joky) + Cre+ Co (182 + Jzel).(3

Since this representation is two-dimensional, the
matrices J; and J, in accordance with (I.46) can
be chosen to be equal to o, and 0_.. Hence,

E =B+ Cee i—{Bz (k=33 k?k,?)

i>j
+ 8L (3 Z ki — kﬁe) +1/2C, 2 (es — sii)z}""’
i

>

(31)

This differs from Eqs. (14)—(17) ofl12] only in the
absence of terms containing the constants D and
d. Therefore, according to [13), in this case the
piezo-resistance coefficients Il;y;; and II;y, will
be large, but the coefficient Il;5;, will be small.
It is interesting that for the representation 1‘1*2
in the undeformed crystal the degeneracy is not
lifted along the [111] axes, where the term in B,
in (31) goes to zero.

2) The point X. In conclusion, in order to il-
lustrate the ways of constructing £ in cases when
the wave vector group is not equivalent to the point
group, we consider the point X. The characters of
the representations in this group are given in

Table VI. Characters of the representations

of the groups Djygl and Dyg

+ -
Nmweot | et | a4 ||| 8| E
1 € 1 1 1 1 2
1 LI 1 1 1 1 —2
2 Par Pit 1 1 | —1 | — 0
2 By By 1 | — 1| — 0
2 Syy Sry 1 | —1 |- 1 0
8 iXz
(only for D,y I) 1% ()




1084

G. E. PIKUS

Table VII. The distribution of F(%) and ¢(J)
over the representations Dpgl and Dyg

tation
:efreslen :) : f (R, &, 0) A0}
2d' 2
|
L
A A & J" fz TL I
A7 ! ok, ook, Aok,
+
A; A Oz I,
A7 “xky"'“,,kx
BY B, k=R 2y —J3
By ok, —a ky
B | s by ey (1,0
B, ky ok, + ok,
Ex | E kiky Rykzi €320 €420 000 Oy
E- \ ky Ry ok ok ok, ok, -

Table V.t‘ﬂ The point X is the point of zero
slope for the representations Xg,. These repre-
sentations belong to the case a;, and for them
there appear in 2 even functions which transform
according to the representations X, coinciding
with the representations of the corresponding point
group X = Dyjl, appearing in [X%,] = A} + B[ +
B;, and odd functions transforming according to
{x3.)=a;.

The characters of the representations of the
group D,dl are given in Table VI, and the distri-
bution of f () over these representations in
Table VII.

Then

D = Ah + iAsBy (Ocke — Oyky) + Ag (Bsksky + Cseyy), (32)

where A = B1k§ + szﬁ_ + Cy€,, + CoE].

In the case considered, since the representa-
tions Xy, are two-dimensional, according to
(I.43) the matrix Ay =1, and Ay and A; can be
chosen to be, respectively, 0, and ©

For comparison, we write down @y using the
general method given in Part 3 of Sec. 4 of [1J,

By excluding the element (i/7T) we obtain, in
place of the group X, the point group D4, of
which the characters of the representations are
given in Table VI. The representations X3,4

go over into E; therefore 9 contains f (%) and
#(J), transforming according to EX E = A; +
Az + Bi + BZ'

We take these functions from Table VII, where
the correspondence of the representations of the
point group Dyjl and the group D,y is shown. We
at once include in 9 only those f(s) which appear
in (28), and then obtain

@ =M+ B, (-7,2\; — -7:) (axkx — avkll)

+ 2[J 5/ ] (Bskeky + Cstyy). (32a)

The matrices Ji — J} and ZIJny
JyJdy in the representation uy = (1/
are once again equal to 0x and Oy.

The solution of the equation || Z-E || =0
has the form

E (k, &) = A + {(Bskeky + Csery)? + BIRL}" (33)

i.e., the twofold degeneracy is retained. Close to
the extremum in the undeformed crystal the sur-
faces of constant energy have the form of a torus:

E (k) =Bk + B, (b, +£))2, (34)

where k| =8,/2B,. As Rashbal*] showed, semi-
conductors with bands of this type have a number
of interesting peculiarities. For large k terms
with B} can be neglected. Then

E (k, & = + (Bsksk, + Cies,).

Here the surfaces of constant energy are ellip-
soids, where deformation causes splitting of the
band at k =0, i.e., the relative displacement of
these ellipsoids. Large changes of resistance
under shear deformations can, therefore, be ex-
pected. In addition, due to the relative displace-
ment of the extrema situated at non-equivalent
points of the star kg, i.e., on the axes x, y, and
z, there will be large effects also for the defor-
mations €yy, €, and €,,.

As is well known, the extrema in n-Si are
disposed along the [100] axes, but in the interior
of the zone. Thus, there should be observed only
effects associated with the displacement of the
extrema, and shears €xy, €xz, and €yz should
not cause resistance changes. Experimentally
the value of the constant ¥,(Iyyyy — Hp,,) in n-Si
is, in é?ct, approximately eight times larger than
D12

=Jny+
2 )(¥x ~iy)

(35)
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