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The transverse diffusion coefficient for particles in a fully ionized plasma in a magnetic
field is calculated by a graphical method. The Born parameter ez/ﬁvT is assumed small.
The magnetic field is considered to be strong, the electron Larmor frequency being con-
siderably larger than the collision frequency. Account is taken of the role of electrons and
ions in screening the electron-ion interaction, of the deformation of the interacting-particle
Debye clouds, and of the inelastic nature of electron-ion scattering. The numerical factor
in the Coulomb logarithm is estimated in the case when the electron Larmor radius is much
greater than the Debye radius. Corrections to the diffusion coefficient due to the effect of
the magnetic field on electron-ion collisions are estimated. The case when the Debye radius
is smaller than the Larmor radius of the electron but larger than that of the ion and when
the magnetic field exerts a significant influence on the collision act is also considered.

].. A characteristic feature of the kinetic proper-
ties of a system of particles interacting in accord-
ance with Coulomb’s law is the divergence of the
Coulomb scattering cross section at small momen-
tum transfers. In a neutral system, the interaction
between charged particles, which leads to screen-
ing, cuts off the interaction potential at distances
on the order of the Debye radius 1/x = (4me2/kT)~1/2
(n —plasma electron concentration, e — electron
charge, T —temperature). The cross section for
the scattering on a screened potential is always
finite, and the principal role is played by collisions
with small momentum transfers, on the order of
hk. Starting from these considerations, Landaul!]
derived a kinetic equation for a system of charged
particles.

These qualitative considerations, however, still
leave a few points not completely clear. Thus, the
Debye clouds of the particles colliding in the plas-
ma can become noticeably deformed, and it would
be interesting to ascertain the influence of this ef-
fect on the kinetic phenomena. Further, the screen-
ing of the interaction in an electron-ion plasma
should be not only by the electrons but also by the
ions, and it would be necessary to ascertain the
extent of the ion contribution. Finally, we wish to
know whether low inelasticity of the collisions be-
tween the electrons and ions of the plasma is es-
sential; such inelasticity would cause, for example,
the interaction between the electrons and ions to
proceed via exchange of collective excitations of
the plasmon type.

These questions are answered to some extent
by Konstantinov and Perel’, (2] whose proposed
diagram technique [3] yielded a kinetic equation
for the plasma electrons in a weak electric field.
The Born parameter e?/fivy was assumed small
(vp = v 2kT/m, where m is the electron mass).

In the present paper we investigate, also in
the Born approximation, the transverse diffusion
of particles of a completely ionized plasma in a
magnetic field H. We consider the case Q7 > 1
(2 = eH/mc is the Larmor frequency and 7 is
the electron relaxation time). In this case both
the screening by the ions (see C2]) and the defor-
mation of their Debye clouds proved to be signifi-
cant. However, exchange processes between the
electron and the ion via plasmon-like oscillations,
although theoretically possible, always make a
negligibly small contribution.

When kR »>1 (R=vp/Q), the coefficient of
transverse diffusion is proportional to In (q7/«),
[4,5] where qr =mvy/h. An account of the fore-
going factors enables us to find the coefficient
under the sign of this logarithm. The corrections
for the diffusion due to the effect of the magnetic
field on the electric scattering are small when
kR >» 1. We also investigated the case kR « 1,
when the effect of the magnetic field on the elec-
tron scattering cannot be neglected, and the solu-
tion cannot be obtained by iterating the equation
of [2], the left half of which contains the Lorentz
force. In this case the Coulomb logarithm is a
function of H.
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2. Let the magnetic field H be directed along
the z axis and let the electron and ion concentra-
tion gradients and the electric field E be directed
along the x axis. Then we have for the electron
and ion current densities (the ions are assumed
to be singly charged) in the linear approximation
(E=-Vop):

i = _‘Df:vvxne "‘Dﬁtvxni + UixinP/e, (1)
lfc = ie;rvxne _Di"xvxni - O{sz,z(P/eo 2)

The first term in (1) is the diffusion electron
current, while the second is the electron current
proportional to the gradient of the ion concentra-
tion, brought about by the action of the non-equi-
librium ion distribution on the equilibrium electron
distribution, i.e., the ‘‘dragging’’ of the electrons
by the ions. The expression for ¢§x has the fol-
lowing form (2,6]
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Here B = 1/kT, V, is the normalization volume,
s is the adiabatic parameter (s >0, s —0),
(oo =Sp(...)/Sp exp(—PpHo)

H = Ho—LNe — LN, + U = %, + U, (8)
3¢, is the Hamiltonian of the free electrons and ions,
Ng (Nj) is the operator of the number of electrons
(ions), &g (&) is the chemical potential of the
electrons (ions), and T is the symbol of order-

ing along the contour C, shown in the figures as a
dash-dot line. Furthermore,

U (2) = exp (Ho2/ik) U exp (— Hy2/ih);

U = Uge + Ugj *+ Ujj is the interaction operator,
with

U=+ Sug<r|e| 'y (8| e~ar| 8" atavafay, (7)

Yy’ 8% q
Uu=—3) 3 D g <1]€% |75 (8| e~|8"> afayAT Ay, (8)
Yy 8% q
Uu =13 33 ugr| e |’y <dle=ar 8"y ATA AT Ay.(9)
Yy 8% q

Here a-;, and a,( A;, and Ay) are the operators of
creation and annihilation of the electron (ion) in
the state y; when the vector-potential has a gauge
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A = (0, Hx, 0) this state is determined by the
quantum numbers n, p; (momentum projection on
the z axis), and X (coordinate of the center of
the Landau oscillator); €y (Ey) is the energy of
the electron (ion) in this state

Uy = gd3ru (r) efar/Vy= 4ne*/V,g?;

Vi (VXy/) are the matrix elements of the oper-
ator of the x component of the electron (ion)
velocity.

From the meaning of the formula (3) 2] it is
clear that 0$§ determines the electric current
due to the action of the external electric field on
the electrons only, while a%{ is the electron cur-
rent due to action of the electric field on the ions
only, which then drag the ‘‘equilibrium’’ electrons.
The possibility of representing 0§y in the form of
a difference of these two quantities stems from the
fact that the current is calculated in an approxima-
tion which is linear in the field. But such a repre-
sentation enables us to relate ¢ and D with the
aid of the Einstein equations

DY = o%i/ne®p, D3 = Si/ne’p (10)
(analogously for Dig and DIl ).

On the other hand, it is clear from general con-
sideration that 0§, = ok, = 0. This can be verified
by writing out the equations of motion for the sys-
tem of interacting electrons and ions and going
over to a new system of coordinates with the aid
of the transformation r =r’ + ct [E x H]/H? (see

[4,51), But then

O = 0% O = 0% (11)
Finally, it is easy to show that ag,i( = a,i&. Of the

equal quantities given in (11), we deemed it most
expedient to calculate 0$§.

The general formula (4) can be expanded in
powers of the small parameter 1/Q7. We note
that the first term to be calculated in this expan-
sion contains the electron-electron interaction
only to the extent that it determines the screening
of the electron-ion potential, while the direct
electron-electron scattering produces a zero
contribution.

3. To calculate 0§§ we apply to Eq. (4) the
Konstantinov and Perel’ diagram technique. (3,21
We calculate the term of lowest (namely second)
order in the particle concentration n in 0%%. For
this purpose it is necessary to take into account
graphs with not more than two irregular lines,
and the factor 1 —n, corresponding to the regular
lines must be replaced by unity.

If the electron-ion potential were to fall off



FIG. 1
with distance more rapidly than the Coulomb po-
tential, then the conductivity would be determined
in the Born approximation by the sum of the graph
la and the other graphs of the like type with ver-
tices 1 and 2 occupying all possible positions on
the contour C. In order to eliminate the Coulomb
divergence at small q, it is necessary to add here
the sum of other graphs of higher order in the con-
centration, but containing on the other hand higher
powers of 1/q. These renormalizing graphs are
chains which can end only in ion loops and have in
the middle either ion or electron loops, since both
particles participate in the screening, of the elec-
tron-ion interaction. It can be shown that if we
sum over all the electron (or ion) indices on
which such a loop depends, then the incoming and
outgoing momenta are equal, and therefore such
chains actually produce an accumulation of diverg-
ences in 1/q.

As noted earlier, direct electron-electron in-
teraction does not contribute to 0£%. But we cannot
draw such a conclusion beforehand when this inter-
action is renormalized via the ions. Consequently
we must consider along with the chain-like graphs
of type la also graphs of types 1b, c, and d.

To calculate the sums of these graphs we em-
ploy the procedure proposed in (2], we consider
the expression

lq (zlv 22) = <e—pW)TC [(Bq)z, (B—q)22]>, (12)
which we call the plasmon line. Here
By =2\ <v|ew |y’ (ayay — AV Ay). (13)
¥y’

The plasmon line is the sum of all the graphs at-
tached by means of the two interaction lines to the
point z; and z,, and consequently is the renormal-
ized interaction line.

If the plasmon line is regular (z, ahead of z;
on the contour), then
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oo
I (21, 22) = lq (2 — 2) = g do®q (0) e @), (14a)
On the other hand if the plasmon line is irregular,

then -

(o]
la (21, 22) = Ig (2, — 2,) = S do®, (o) "*Peiv @z,
(14b)

—00
Here

Dq (0) = Z72 D& "R (k| By | B 2 & (0rw — ©)
kR’

=P (— o), (15)

k and k’ label the states of the entire interacting
electron-ion system; Z = Sp e~P%’; 5ef = (k|3 |k).
We put furthermore

1 o--ico _ q c—}—too—
WO =5 | Lamyetdn, Gn=5r | L) evdn,

0—L00 3—100 (16)

[ee] [ee) 1
L (n)zge—mzq (t) dt = S do®q (0):=70,  (17a)

0 —00
L) =\ el () dt = S do®, () e’iwﬁniim; (17b)
0 —00

Lq(n) and fq( 1) are functions analytic in the right
half of the complex 7 plane.

In the calculations it was found convenient to
leave the integrals with respect to A, but carry
out the integration with respect to t. If we con-
sider each graph as a result of such an integration,
then the rules for setting up the analytic expressions
in correspondence with the diagrams are as follows:
1) to each regular fermion line corresponds a fac-
tor 1-n,, and to each irregular line—a factor ny;
2) to each vertex on the upper (lower) time axis
corresponds a factor ug /ih (—uq/iﬂ); 3) to each
point on the ‘‘temperature’’ axis corresponds a
factor (—uy) and one integration with respect to
dA; 4) to each regular plasmon line corresponds
a factor Lq(n ); 5) to each interval between points
on the horizontal portion of the contour corresponds
a factor [s +1i(wj—wg)]™! where hw; is the total
energy of the lines entering from the left into this
interval and hwg the total energy of the lines leav-
ing to the right; the plasmon line is assigned a di-
rection from left to right and an ‘‘energy’’ ihn;
6) the graph is multiplied by (—1)Pi*Pe, where
Pj ¢ is the number of intersections of the fermion
lines of one type with each other; 7) in the final
expression the summation is over all the electrons
and ion indices and over all q, and the integration
is over A and 7. The integration over 1 can be
carried out by closing the contour in the right half-
plane.



THEORY OF PLASMA DIFFUSION IN A MAGNETIC FIELD

2

H

FIG. 2

4. Our problem is to express the sought sum of
graphs in terms of known functions <1>q( w) and
Kq(w) (see below).

The sum of the graphs la and b assumes after
renormalization the form of a graph with a single
plasmon line (Fig. 2). There are six graphs of
this type with different placements of the vertices
on the contour C (see Fig. 3). Graphs with points
on the ‘‘temperature’’ axis only are pure imaginary
and therefore not considered here. For the case
when one end of the plasmon line is on the ‘‘tem-
perature’’ axis, the integral with respect to A is
calculated in Appendix 1.

The sum of graphs of the type of Fig. 2, with
the points placed as in Figs. 3a, b, and c, is

_%ZU:RQZYL;\L(; (s + i(Dp)\) M (x — X)) ez’quM>
q Ap

X p | (x — X,) e A).
We made use here of the identity

U/ (s 4+ ioa) = (A | x — X ] A (s -0. @8)

The sum of the graphs of the type of Fig. 2, with
points situated as in Figs. 3d, e, and {, is
2 Sl Re Y\l (s 4 i) M| (x — X,) e [p)

q Ap

x'{p | (x — X)) e~ | A).

Consequently the sum of all the graphs of the type
shown in Fig. 2 is

2 SUBIRe S (X — X,) mlq (s + i) <M el ] )
q e

x| (x —X,) e—ar| Ay, (19)
.t z__
z __ S _
r"—‘—‘ [ 1
l a i b I c
.z —
1 2 2
——— — = —_ 71._ ......
| d ‘ e I f
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We interchange the dummy indices A and p in (19)
and take half the sum of the resultant expressions.
We also take account of the fact that

(X — X,)? = (c/leH)® (pyr — py)? = (chleH)? gy,
and that the difference

Lq (s — iw) — e"™PLy (s + iw)

(20)

is, on the basis of (17) pure imaginary when s — 0.
Then we obtain ultimately
5 \2 .
(LY@ Sml e py @y n). @D
q Ap.
We consider now non-renormalized electron-

electron interaction graphs such as Figs. 1lc and
d. Their sum is

— () D Y mnd @
q

povy’

+ 0yy) [ (M e[y 2 ufefar |y |2 (22).

There can be four types of electron-electron
scattering graphs with a single plasmon line, each
type including 14 graphs. Figure 4 shows the prin-
cipal graphs of the first type. The remainder are
obtained by transferring the non-renormalized
vertex from the upper segment of the time axis
to the lower one (or vice versa). Figure 5 shows
the characteristic graphs of the three remaining
types. For the cases when both ends of the plas-
mon line (or one end and one simple vertex) are
on the temperature axis, the integrals with respect
to A are calculated by a method similar to that
developed in Appendix 1.

The sum of graphs with one plasmon line is

<—2h£> (%)22 Y% SIS <y [efar|Ay|2
q Ap vy’
X |y (9| p) [* nanyd (@2 + 0yy) Re Kq (045 — is).
(23)

We have introduced here the notation

Ly (s 4+ i) —Lq (s + iw) = iKq (0 — is), (24)

the meaning of which will become clear below (see
Sec. 5).

There are four types of graphs with two plasmon
lines (see Fig. 6). Each corresponds to 30 graphs.
Their sum is

fad c \2 By '8
— 5 () D DR crlea F ey

q Apovy’

X ity d (@ + Oyy) | Kq (0 — is) |2 25)

The total contribution to the conductivity from the
renormalized electron-electron interaction is the
sum of the expressions (22), (23), and (25):
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o
Pg (0) = nigg dt e—it sin (z—t -+ qu'Q sin Qt)
0

q2 ok hQ?) Q1
X exp< 2sz £ nglz cth =2 sin2 5 ) (28)*

i | b where ql =q% + qy and Pq(w) is obtained by re-
placing the electron mass m in (28) by the ion
mass M.

In analogy with (2] we obtain relations (24) and
Lq (s +i0) +Lg (s + iv) = 2ndq (0)

=Im Kq (0 — is)/(1 — e™?). (29)

The first of these was already used.
We note that in the absence of interaction

@Y (0) = nVoe P2 [F§ (0) + Fq ()], (30)
- (écﬁ )2 2 94 2 2 , 8 (O o+ @) where
_ , Im P ()
><1<Mequ|7>|2;<p\emr|7>12il Fa(o) = 1 5 (0B 2)
— (g/ 1) Kq (@ — is) . (26) = e 2 e[ 12 md (0— o) @1
5. Generalizing the methods of [%.7] to the case and similarly for the ion function
1/3 :
H = 0, we obtain for e’n /KT « 1 the following We represent the 6 function in (26) in the form
expression -
Kq (0) = BhnVy [P (0) + Pg (0)] {1 + (¢ @) [P§ (v) S dwd (0 4+ oy) 8 (— o +oyy) 32)
+ Py (@), @7) fo

[8,9] and transform this expression using (31). We in-
The function Pg q(w) has been calculated in -*°7 and  ¢rodyce into (21) an additional integration with re-
is equal to *cth = coth,
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spect to dw, with a factor 6 (w—-w Wt)’ and again
use (31). Adding the two resultant expressions we
obtain ultimately

e n fce hnet\e Fi (@) F&(0)
Dlex = gz (eTf) Sd3q Ty <?—> & do A% (0, q) + B? (0, q)

—00

= [ne*/n V 2m™ (kT)" Q21 %, (33)
A (0, q) =1 +%%q% [Re P (0) +Re Py (0)], (34)
B (0, q) = x%¢2 [Im P§ (0) + Im P (w)]. 35)

The products of the electron functions in the nu-
merator of the sum of (21) and (26) cancel each
other, i.e., the electron-electron scattering, even
when renormalized with the ions, makes no contri-
bution to ¢§§ or Dg§.

The final expression is an integral over all the
momentum transfers fiq and the energy transfer
Aw due to the product of the electron and ion func-
tions, divided by the renormalizing denominator.
If the interaction potential were to decrease with
distance more rapidly than the Coulomb potential,
simple considerations following Titeica [1%] would
yield for Dﬁg the formula (33), but without the re-
normalizing denominator. In the case of Coulomb
interaction, this denominator takes into account
both the screening of the electron-ion potential
and non-static effects connected with the inelas-
ticity of the electron-ion collisions. In particular,
the quantity A can vanish for certain connections
between w and q. If B is also small, then this
connection between w and ¢ yields the dispersion
of the collective excitations in the plasma. An in-
tegrand with a sharp maximum in (33) corresponds
in this case to a process in which the electron and
ion exchange one of these excitations with each
other.

Let us make one fundamental remark. The
functions F§(w) and Fg(w) tend to infinity as
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d; — 0 and w — 0. By virtue of this fact, Eq. (33)
diverges logarithmically at small q, when inte-
grated with respect to w. This divergence is con-
nected with the specific properties of scattering
in a magnetic field, discussed, for example, by
Adams and Holstein[11J and by Skobov.[12] It is
eliminated in fact by taking some cutoff mechan-
ism into account. This gives rise in the expres-
sion for D§§ to a term containing In qdcR, where
qc is the characteristic cutoff momentum (which
can be estimated [11:12]), 1n many interesting cases,
however, the coefficient of this logarithm is so
small that the entire term can be discarded com-
pared with the others. Then the final expression
does not contain q, at all. This is precisely the
case, for example, when kR > (m/M )2,

FIG. 8

6. Let us ascertain on what basis we can dis-
card other graphs with four (or less) points.

The contribution from graphs such as shown in
Fig. 7, being pure imaginary, is zero. The graphs
consisting of two parts connected by a single inter-
action line or by a single plasmon line (Figs. 8a
and b) are proportional to ug Iq=0 and are conse-
quently equal to zero. The graphs on Fig. 9 rep-
resent corrections to the electron-ion scattering
in an approximation higher than that of Born, and
are therefore disregarded. The graphs on Fig. 10
are corrections to o§§ of next higher order in

= S A j—'—'}_—_':_':}—'——
/

N F 1 / /
‘\ / /4 4
/ /

l- N4 . —f_ .—._Q_b—
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1/Q7, and should therefore yield zero when
summed. Graphs with overlapping or superim-
posed plasmon lines were estimated in C2] for
the case H = 0. They are in any case small if
e?/hvyp « 1.

7. Let us start with an investigation of the case
kR > 1. Expression (28) is no longer dependent on
H and is noticeably simplified when q; > 1/R. In
fact, the terms significant in the integral of (28)
are those with t% < mB/q%. But for these values

of t we have Qt < (mp)i/2 Q/qy = 1/qzR « 1, and
we must therefore expand the sinusoidal terms in
(28) in powers of the small parameter Qt, retain-
ing the first term. Then for hQ/kT « 1 (this is

the case of interest to us) we obtain

fee]

Py ()= 77 \ dte—t sin <§7:t) exp <— %) (36)
Hence ("] v ,
Re i) =T [w (2 ) —w(e— )],
, (372)
Im Pg (0) = —Vﬂ—sh—ﬂi§ exp [— (qiur) o K—zqq—rj ]’

(38)*
and Pl g(w) is obtamed from Pe(w) by replacing

q w1th q/y, where y* = M/m. Here

12x for x> 1,

x for x L 1. (39)

W (x) =e=* Sey’dy = {
0

Obviously, the values q R k play a role in (33).
But if kR » 1 and q is significant, we can use (37)
and (38) for P§(w), and consequently also for
Pq(w) The entire dependence of Dyxyx on the mag-
netic field is determined by the factor 1/ Q% in (33).
Therefore, to calculate Dxx in this case it is nat-
ural to replace Pe(w) and PL(w) by their limit-
ing values (37) and (38) with ?-I = 0 over the en-
tire region of q, and then verify that the contri-
bution from q; £ 1/R is small where such a sub-
stitution cannot be made.

Let us substitute (37) and (38) in (33) and take
(32) into account. It is easiest to integrate over
the angles, and the matter reduces to calculating
the expression
9@ =5 L exp [ 2]

—00

exp [— x2 (1

(40)
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where the dimensionless variables are z = q/qT,
x =hwpy/2z;

48 = w2gp << 1. (41)

If A = 0, then the exponential term in the numera-
tor of the integrand of (40) makes x< 1, z< 1
the significant region of the variables. In this re-
gion A and B are given by the following expres-
sions (we neglect quantities of order 1/v):

A=148(/2?al(x), B =8 (8/2)? b (x),
a(x)=1—x W), b (x) = (xV 7/2) e—*. (42)

We show later that only this region plays any role,
since the contribution from the region where A =0,
i.e., from the collective effects, is negligibly small.
Then the expression for Dxx can be represented
for £ <« 1 in the form

b

D, = %(2%">/2(_e017>2 net {ln SeCiE S e~ Inla? (x)
0

+0? (x)] dx— ‘VZR § [Z((i)) arctg z((z —1 ]e—X’dx},

(43)*

where C =1n C; = 0.577 is Euler’s constant.

The quantity x = hwpyqT/2q serves as a meas-
ure of the screening role of the ions. When x « 1
the screening can be regarded as static. If we re-
place a(x) and b (x) in (43) by a(0) and b (0),
then the second and third terms vanish, corre-
sponding to inclusion of the static effects only. To
the contrary, when x > 1, the ions practically do
not participate in the screening. If we replace
a(x) and b(x) in (43) by a(») and b («), then
the expression in the curly brackets becomes equal
to In (1/e01§2), i.e., the factor under the logarithm
sign is twice as large as in the first case, corre-
sponding to complete neglect of the ion screening.

Actually, however, the sum of the second and
third terms in the curly brackets of (43) is 1In 1.34
= 0.296 and is different from the two limiting val-
ues because of the non-static ion screening. Finally

D =2 (280)" (Y et 1n (0.55q3/%2),

kT eH (44)

This result differs from the expressions obtained
earlier with logarithmic accuracy (see (5], where
references can be found to earlier papers) in that
the factor under the logarithm sign is exact.

We note that the same methods can be used to

calculate the transverse conductivity oxx of a
semiconductor with quadratic carrier dispersion
law, if e?/elivy < 1 (€ is the dielectric constant
of the semiconductor). The ions must be regarded
here as stationary, and the scattering of the elec-
trons by the ions must be assumed elastic. When

*arctg = tan™.
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kR > 1 we obtain for oxx the following formula,

with an exact coefficient under the logarithm sign

(compare with the result of Brooks [13]).,

o _ _3_:3(2‘n> __nf_(_ei)?ln;
* mQir T 3\m') (kT)” \ & ) eCy?

(n; is the concentration of the ions and m* the

effective mass).

8. We show now that the contribution to (33)
from regions where the collective effects are sig-

" nificant, i.e., where A (w,q) =0, is negligibly
small. First we determine when the second or
third term of (34) can actually be negative, which
is the necessary condition for A (w,q) to vanish.
The second term can be negative when w/qvm > 1.
The third term is small in this case, and A (w,q)
is in the first approximation independent of q and
has a value A =1-4me?/mw?=1 - wh/w?. When
w = wp we have A =0 (plasma ‘‘pole’’).

But if w/qvp > 1, then Im P§(w) is exponen-
tially small [essentially like exp (- wz/qzv2 )] and
Im P1 (w) is small [like exp (-7 cuz/qsz)] In-
asmuch as when A = 0 the denominator of (33) is
proportional to the square of the sum of these func-
tions, i.e., in fact to the square of the greater of
the two [Im Pg(w )], and the numerator is propor-
tional to their product, the contribution to (33)
from the plasma poles is exponentially small, es-
sentially like e~V

If yw/qu >»>1>» w/qu, the second term in
(34) is positive and the third is negative, so that
with account of the inequality q/yq <« 1 the func-
tion A assumes the form A =1 + 2 (k%/q%) x
[1-xW (x)]. Since xW (x) <1, A does not van-
ish in this region. This is demonstrated by the
known fact[14] that sound cannot propagate in a
fully ionized Boltzmann gas.

9. We proceed to investigate the region q
< 1/R. We separate in this region two intervals
of the variation of q,. In the first region, where

VR 2= q. == 1/R; 45)

(Rj = YR is the ionic Larmor radius) we must use
for P?l(w) the exact expression (28) and for P(ll( w)

the approximate formulas (37) and (38). In the sec-
ond interval, where
1/R; 2= 9. == q., (46)*

we must use the exact expressions for both quan-
tities. In (46) g, is the characteristic value of the
wave vector introduced above, which cuts off the
divergence at small q,.

*cth = coth.
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For what follows we must use the series expan-
sion obtained in [%] for the integral in (28)

e - 1 [ u? au
Fq(w) = ValaTor exp {—7 actha }n§w1 ( — )
_ (=0 2_( 9 ﬂ @
XexP[ ( 9,01 ) 2qr )

By the methods of (% we obtain a similar expansion
for Re P&(w):

e _ 4r n au?
Re Pg(w) = T exp{ actha} ,lgwe I, <m)
XIW () + W () 48)
Here
10) . K@ 2m 4+ 0+nQ
u=4q,R, &= 5 Z,'f:"—lqz‘i‘a‘rl—-ﬁg)

It is further essential to verify that the contribution
to (33) from the region of values of q and w where
A =0, and from its vicinity, is negligibly small.
Since the plasma and sound zeros of A (w,q) are
different when qzR < 1, the corresponding analy-
sis is much more complicated than when q,R > 1.
Its principal features are outlined in Appendix 2.
But once this is proved, it is easy to show that we
can replace the sum in (33), with sufficient degree
of accuracy, by

1 4+ %/ (50)

We can thus get rid of the series in the denominator
of (33). By the same token, the role of the Coulomb
interaction reduces in the first approximation to
pure screening. The non-static nature of the
screening, when kR > 1 can affect only the nu-
merical factor in the small corrections, is neg-
lected in such estimates.

The next stage consists of estimating the inte-
gral of and expression with the denominator of (33)
and with a numerator containing the double series.
When o « 1 and q < q, the sum of the series
(47) is represented by the following integral (see
[9] for derivation), where w = lag | R:

[oe]

:—QS exp{ L 2;;(’) A

- )}} dh.

v2u?
— =5 [1 — cos( o
The denominator of (50) is independent of w, and
the following integral enters into (33):

| doF @) Fy () — e N, (”Z)S

oo n=—oo

Fo (o)

(51)

2nv

S22

X exp l—imﬂp —H— — 727u (1 — cos {.L)] . (52)
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When viw? « 1, the difference 1—cos u can be ex-
panded in powers of u and the first term retained;
then

S dwF? (0) Fi (0) =

—00

X exp (—

1

VaQ

io L.(%)

n=-—00

e—u%2 _1—_

Vi tw®

n? .
e )" (53)
Thus, we actually obtain instead of intervals (45)
and (46) the two following regions of variation of
Qqz:

1> ¢.R > 1/x* and 1/x* == ¢:R == qcR. (54)

The contribution to J from the first of these re-
gions is, on the basis of (53)

© o 1 3 2 —u?/2
., dw Wl (ut)2) e
AY = 4 X S du S Vo Lae (@ Fwl+ @R
n=-—o0 § 1/v? !
g n?
X exp (— ) - 3

The second region may not exist at all if qcR R 1/v?
[the lower limit of the integral with respect to w

in (55) is then not 1/¥% but goR]. If this region
does exist, we have in it

1/¥* )

e —uY2
A =~ 4n’: 2 R 'Z:ﬂ X du (usl,, (u?/2) €

. W0t %R,
n,N gq.R 0

X In(v2u?/2) e=?4*2 exp [— (Ny7* — n)*/w?]. (56)

Only “‘resonant’’ terms, for which N =~ y?n, can
play a role in the series (56) (the others are ex-
ponentially small), and consequently the double
series is replaced by a single one, in which the
zeroth term is the principal one. When kKRR 1
its order of magnitude is

— (I/7%*R?) In (qRY*).

We note that when 1 > kR > 1/v, the value of this
term is

—(1/y%R) 1n (q.R7?).

In the series (55) the sum of all but the zeroth
term is of the same order as the smaller of the
two quantities 1/y or 1/kR. In the calculation of
the zeroth term we can replace the lower limit in
the integral with respect to w by zero (the error
due to such a replacement is small if ykR > 1).
When kR > 1 this term is of order («kR) ¢ 1n 7.
We note that when 1/y < kR < 1, its value, ac-
curate to the numbers under the logarithm sign is

2n*: In [1/(xR)?] Iny. (57

To obtain the final estimates of the corrections
AJ to the value J from the region q;R < 1, we
must subtract from the sum of the correct expres-
sions (55) and (56) the contribution from the inte-

V. L. GUREVICH and Yu.

A. FIRSOV

gral containing for Pg’i(w) expressions (37) and
(38) which do not hold in this region. When kR
> 1 this contribution is

1 /2%R, (58)

and when kR < 1

4l 1

1
3 (59

(xR)"

Thus, the correction to 7, due to the dependence
of the collision operator on the magnetic field, is
m/2/2kR when kR > v and is of order 1/y when
y > kR > 1. When 1> kR > 1/y, if 1/v?* 2 q.R,
we have accurate to factors under the logarithm
sign

J = 8’77/’ In (grR) <+ 4n”: In (;%\ In 7.

/

(60)

The dependence of this expression on the magnetic
field reflects the effect of the magnetic field on
collisions with small momentum transfers. Obvi-
ously the result (60) could not be obtained from a
kinetic equation of the type given in (2], with a col-
lision operator independent of the magnetic field.
From the nature of the derivation it might appear
that this result has limited applicability, deter-
mined by the condition e?/fiv, « 1 for all the sig-
nificant values of the z component of the electron
velocity v,. This result, however differs from
the formula obtained by Belyaev [15] by classical
analysis only in that the first term in (60) contains
q rather than kT/e?. This suggests that the
smallness of the Born parameter manifests itself
only in collisions with large momentum transfers,
and the contribution from collisions with small
momentum transfers is independent of whether
the Born approximation is valid for their descrip-
tion or not. If this is so, our result (60) is valid
under the less stringent condition ez/ﬁvT < 1.

The authors are grateful to V. I. Perel’ for a
discussion of the work and for many valuable re-
marks.

APPENDIX 1

Let us calculate the Laplace transform of a
plasmon line with one end on the ‘‘temperature’’
axis. Let zy =ty, z, =t —ihA, and let ha be the
difference of the electron energies entering and
leaving the point z,. Then the sought quantity is

: 8
T (t, — 1) = “& dh exp (hah) Tgltn — (¢ — ifid)].
1]
Calculating the integral with respect to A with
the aid of (16) and (17b) we get
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mg (b —1) = e w(ti—t) [ @ (@) chat_ chon
Mo (b —1) = — g | et § SR oS
6—ico —o0

Expanding the denominator in partial fractions and
using (17), we obtain finally

Mo ()= g (ML () — L ()]
— [eraBL (s + ia) — L (s + ia)l}.
APPENDIX 2

Let us verify that the contribution to (33) from
the region where A (w,q) = 0 and from its vicinity
is small. We consider the interval (45), where ex-
pressions such as (37) and (38) hold for Pl (w) £
the series (48) contains a large number of signifi-
cant terms, it can be summed in the case of inter-
esttous (¢ <1, hwp <1, q <qr). As a re-
sult of rather cumbersome transformations we ob-
tain for q,R < 1

Re Pg(w) =1 — % ctg (nd) g exp [”Tz (cosPp — 1)]
X €os (%w)dlp——fzuli exp [ﬁj— (cosPp — 1)]

e, (”_2>

X sm( 1p>d1p+ 3

‘ e—u‘/2 {]0

+1ﬂ,( )eanoW(z—) e—“"oW(zjm)]}.

W (7)) + W ()]

(A.1)*

Here 6 = w/Q — ny, where n, is the integer clos-
est to w/Q. (When q,R ~ 1, Eq. (A.1) yields an
estimate of the order of magnitude.)

When 6 > q,R this yields the known expression

2,2
qzT
2

. g%
Re P (0) = — =0 — (A.2)
It is negative, and therefore A (w,q) can vanish.
However, in this case Im Pg(w) and Im P%l(w)
are exponentially small. Therefore, by virtue of
considerations similar to those advanced in Sec. 8,
the contribution from this region and from its vi-
cinity turns out to be small.

An investigation shows that when u? > 1, Eq.
(A.1) can be negative only near ‘‘gyroresonances,’’
when 6 < qzR. A(w,q) can then vanish only if
ny/qzR R u R ng. When w < 1 and uR ny, only
the ny-th term plays any role in the series for
Im P§(w) (we shall denote it By,) and all others
are exponentlally small. For Bp, we have

= 6/w)

*ctg = cot.
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Bn, (5)= VX (ury {V—+— exp [— %]
+ o In(g) e} (u0), (4.3)
Bo () =Y (uRp s ot exp [ ]

+ I (?) e—“’/'2—$2} .

The entire region of integration with respect to w
can be subdivided into the intervals

(ne —2) Qo << (o +2) Q

i.e., —w/2 =s <w/2, and with the accuracy em-
ployed here the contribution to  in region (45)
can be represented in the form

1

AT =~ 8ny 2 S dw

n=—0 y/x

(A.4)

12w

« §° duudl |, (u?/2) exp [— u?/2 — y?n?/ (12 + w?)] S eSds
p (4wt J AL+ B
1 o
18 udly (u?/2) 6472
L 8ny 1; de du @ ey
Ve ds &P [— s? — s*y%w?/ (1 + ©?)] d
X (S S A2 T BZ S. (A-5)
Here
u? 2 qT
Z \e—u¥2 L [pan, —
e 2+w2 {1 + I () e ooy W ()
1 e—an, + : 1 — i) S ( Mo )]}
e W(Z—no)]‘*’[ ViE + vt v 2V r) )’

and A, can be readily obtained from (A.1) by ex-

. pansion in powers of w/Q.

When s $ 1, the width of the interval As, de-

fined by the condition
A, (sn+ As) =B, (Sn), An (s)) =0, (A.6)

is proportional to By(sp) and is consequently ex-
ponentially small [we recall that when w < 1,
A (s) can have zeros only if u < yn]. Thus, the
contribution from the plasma ‘‘poles’’ is propor-
tional in this region to

exp [_ S — Tﬁ%r%z_] / [exp (—s)+ exp<.~ ug'lj_—n;z)]
(A.7)

and is consequently exponentially small.

If sy & 1, then B is essentially independent
of s and A is linear in s, so that it is easy to
integrate with respect to s. We can thus readily
verify that the contribution from the ‘‘poles’’ is
negligibly small in this region. In similar fashion
we can verify the smallness of the contribution
from the poles in region (46).
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