SOVIET PHYSICS JETP

VOLUME 13, NUMBER 3

SEPTEMBER, 1961

METHOD OF SUCCESSIVE EXTENSION OF THE SPECTRAL FUNCTIONS IN THE

MANDELSTAM REPRESENTATION

F. M. KUNI and I. A. TERENT’EV
Leningrad State University

Submitted to JETP editor September 20, 1960

J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 866-878 (March, 1961)

A method is developed which makes it possible to extend the range of knowledge of the spec-
tral functions and absorption parts, by a series of successive steps, from a knowledge of the
absorption part of the scattering amplitudes specified in the physical region. By means of
this method, the NN scattering amplitude can be expressed in terms of the 77 and 7N scat-
tering amplitudes, specified only in the physical regions.

ALTHOUGH representations of the Mandelstam
type for the scattering amplitude have not been
proved, it is quite probable that they exist. These
representations, together with the conditions of
unitarity in the two-particle representation, are
employed by us in the present work as the basis
for an approximate calculation of the amplitude
of nucleon-nucleon scattering.

In the two-particle approximation to the unitar-
ity condition, the amplitude of NN scattering is
connected with the amplitudes of 77 and 7N scat-
tering. The purpose of our research is the devel-
opment of a semiphenomenological method of con-
structing the NN scattering amplitude from the
values of the 77 and 7N amplitudes in the phys-
ical regions.

The work consists of two parts. In PartI a
summary is given of Mandelstam’s equations?s?
for all possible channels of wm, 7N and NN scat-
tering. For simplicity, the spin-charge variables
are neglected and subtraction is not considered.

In Part II it is shown how one can systematically
find the spectral functions of the Mandelstam rep-
resentation in ever wider regions according to the
absorption parts of the amplitude given in the phys-
ical regions. It is very important that these re-
gions grow quickly and that the spectral functions
can be computed exactly in that part of them in
which it is not necessary to take into account the
graphs of perturbation theory corresponding to
inelastic processes over two channels.

It is further shown how one can express the ampli-
tude of NN scattering in terms of the absorption
parts of the mm and 7N scattering amplitudes in
the physical regions, and in terms of the absorp-
tion part of the amplitude of nucleon-antinucleon

annihilation into two ™ mesons. The latter can
be expressed in terms of the first two absorption
parts.34

I. THE MANDELSTAM EQUATIONS FOR THE
SPECTRAL FUNCTIONS
1. Scattering of Pions on Pions

Let us consider the reactions

7 (q2) + 7(q) — g -+ 7 (90, (A.D
7 (qy) + 7 (— qo) —7(gs) + 7 (— ¢qo), (A.IT)
7 (q) + 7 (— gs) =7 (— g2) + 7 (qa) (A.111)

[7(q) denotes a m meson with four-dimensional
momentum ¢] and introduce the relativistically
invariant quantities [the squares of the energies
in the center of mass system (c.m.s.) for these
three reactions ]

o, = (q1 + g2)% 0y = (1 — 4% 03 = (21— g3 (1)

which obviously satisfies the relation
01 + 0y + 03 = 4p?, (2)

where yu —rest mass of the 7 meson.

We write down the double spectral representa-
tion for the amplitude A of the reactions consid-
ered here:

0o [o.0]

3 P
1 1 X P ’ Ay (54 o)
A= 3 \do) § dg =

1<i<h 4p? ap? i i (ck Sk

@)

where the real spectral functions Ajk (x,y) (1 =i
< k = 3) satisfy the relations*

ﬂm"‘-‘xgtually, and this will be proved in Sec. 4, the functions.

Ajx (%,y) are equal to zero in a much broader region than
shown in the limits of integration of (3).
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A (x, y) = A (x, y) = Ao (x, y); 4)
Am(x, y) = An(y, x) (I<i<k<3). (5)

Furthermore, let us introduce the absorption parts
of the amplitude

Ay (o1, 5;) 1 ¢, ., Ao G;)
Anon 8 4 1 {4y Al )

93—63

Ay, o) == do, (6)

7
Gz — G2

¢ , A ” 2 C ,A 29 ’
A; (0, 03):%Sd61“1f'(ii)+ixd°3 23'(6‘1'), (7)

S, —061 i Gy — O3
1 ¢, A, o) 1 , Ass (55, S5)

A3(0'3» 0'1) = Txdcl ,—1+ e Sdﬁz —,L—a'—, (8)
5, —01 G, =6,

where the integration in the expressions for
Aj(x,y) (i=1,2,3) is carried out for fixed x
over all real values of the variable of integration,
at which the corresponding spectral function dif-
fers from zero.

It is clear that

Ai(x,y) = 0, if x<4p2 (9)
Ai(x,y) =A; (x, y) = A3 (1, y),
Ai(x, y) = Ai (x, 4p* — x—y).

(10)
(11

For derivation of the set of Mandelstam equa-
tions, let us write the unitarity condition in the
approximation of elastic scattering, for example,
for the reaction (A.III):*

@ ggy A0 AG D
A13 (Ev Tl) 4312"!/: ("]/4“‘}1-2) /2 . S<;) [(E — &) (E — E&3)] /2!
1<5 (12)
£,—E x ) — x4y 2xy 2
1z =Er2a(M; X, y) = ¥y ”r]—/!pf‘:t n— 4pe
X [+ (m— 403 21" (12 + (n—4p?) y1”, (13)

and integration is carried out over all real x and
y for which the absorption parts differ from zero.

The amplitude A{} (oy, 03) represents the part
of Ay3(0y, 03) in which the perturbation-theory
graphs corresponding to elastic scattering with
energy o3 and inelastic scattering with energy oy
make a contribution, so that we have

Aoy, 05) =0, if 0, < 16p2 or o, < 4p2. (14)
Introducing the notation
Ag)(oh 03) = ¥ (01, 03), (15)

we have, successively,

Ajs (01, 03) = % (01, 03) + % (03, 01) + X (01, 03), (16)

where x (o3, 0y) is the part of Ay3(0y, 03) in which
the perturbation-theory graphs corresponding to

*In view of the symmetry of the reactions of (A.I), (A.I),
and (A.III) one need not consider the unitarity conditions for
the first two reactions.
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elastic scattering with energy oy, and inelastic
scattering with energy o3 make a contribution,
while XA (04, 03) [XA (04, 03) = XA (03, 0)] is
that part of Ay3(0y, 03) in which the perturbation-
theory graphs make a contribution, corresponding
to inelastic scattering both with energy oy and
with energy o3, so that, finally,

o, < 16p2 or o; < 16p2,  (17)

Then substituting (16) in (6) and taking (4) into
account, we get

XA (01, 0’3) = 0, if

Ay oy, o) = £-{de [y (x, o)

1
X — G2

+% (00 D (=5 + 5==) + A O 0), (18)

X —03

where

AY* (o1, 03) = nigdx Xa (04, X) (

X —GCg

fitg)- 6o

Equations (12), (15), (18), and (19) represent the
desired set of Maxwell’s equations in the case of
the scattering of 7 mesons on m mesons.

2. Scattering of Pions on Nucleons

Now consider the reactions

®(q) +N (p) —» 7 (g2) + N (pa). (B.D
n(—¢q) +N(p) > (—q) +N(p), (B.ID
N(p) +N(—p) >n(—gq) +=n (92 (B.IID)

[N(p) and N(p’) denote respectively a nucleon
with four-dimensional momentum p and an anti-
nucleon with four-dimensional momentum p’] and
introduce the relativistically invariant quantities
(the squares of the energies in the c.m.s. for these
three reactions)

s = (q1 +p)*
s=(p—q)% u=(p1— ps) (20)
which obviously satisfy the relation
s +5 + u=2m? +p?, (21)

where m —rest mass of the nucleon.

We write down the double spectral representa-
tion for the amplitude B of the reactions consid-
ered here:*

*Actually, as will be proved in Sec. 5, the functions Bjy
(x,y) are equal to zero over a much wider region.
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oo

2 2 1 , = Bup(s,s)
B = g <+ £ = — ds ds ———n——_—"_—‘
CET (mSl—p)' (mpy (=)
/ Bls )
<m+u)' i =)
1 T Bas (57, 4)
+ = ds’ \ du’ —==2"—2 | (22)
e (,,,L,. 4é, (" — )’ — u)

where g is the interaction constant of m mesons
with nucleons, and the real spectral functions
Bik (x,¥) (1 =i< k = 3) satisfy the relations

By (x,4) = B1s (¥, %), Bz (x,y) = Bas (%, ).

We further introduce the absorption parts of the
amplitude

(23)

B, (s, u) = T}Sds"Bl—;(s_'—ss_'—HL %Sdu' Bulet), (24)
By (s) = 3 {ds B2l Z{gy Bulet) - (25)
By (a, 9 = 2 {ds 22t 4 L Qg5 Bl g

where integration in the expressions for Bj (x,y)

(i=1,2,3) is carried out for fixed x over all real

values of the variable of integration for which the

corresponding spectral function differs from zero.
It is clear that

B: (x,y) = 0 for x < (m+w)? (i =1, 2);

By (x, y)=0, for x<4n?; 27
Bl (xv y) = BZ (x’ y)’
Bs (x,y) = Bs (x,2 (m* +p*)—x—y). (28)

For derivation of the set of Mandelstam equa-
tions, we write the condition for unitarity in the
approximation of elastic scattering first for the
reaction (B.I):

By (x, 5) By (4, 5)

BY — 1 { 8
¢ = Ve 0 P T = ana — a
+S M@%Muwmmm{wm}’ (29)
(us< u) [(u — ug)(u —ug)]"
&y e 1
Big (s, 8) = T (sés)dxd y
E; (x, u (s, x)) Bg_(y, s—)—}-_Bg*(x, ?/'(s,x)) B; (Y, s) , 30)
[(s —s1)(s —s2) ]
where
upe= e (S % Y) =% +y +55
o (58 4R 4 4R, (31)
Usa = Usa (S, X,Y) = X + 1+ 5 Zkz [xy —(m* —p?)*
+(x4y — 2a)(s—4k>—2a) £ A (s, x) A (s, Y)], (32)
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S12 = Si2 (S;X4,y) = x +y + %ﬁ [xy + y (s — 4k* — 2a)

+ (4 +4k%)"2A(s, X)1, (33)
A(s, x)=I(@ — x)2—2 (s — 2k2—2a)(z — )

+ dak?® - AmPp2ls, @ =m? b pl, (34)
B, (s, u) = ng® (s — m?) + By (s, u),
w(s,s) =2 (m +ud) —s—s (35)

k is connected with s by the relation s

= [(k% + m?)Y% + (k% + u®)Y2 ]2, and the integration

is carried out over all real x and y for which the

corresponding absorption parts are different from

Zero. '
B{}’(s,u) is the part of By3(s,u) in which the

graphs of perturbation theory corresponding to

elastic scattering with energy s and inelastic

scattering with energy u make a contribution,

so that we have

BY (s,u) =0, if s< (m+p)? or u< 16p2.  (36)

B{}(s,s) is the part of By, (s,s) in which the
graphs of perturbation theory corresponding to
elastic scattering with energy s and inelastic
scattering with energy s make a contribution,
so that we have

Bi(s, s) =0, if s < (m +p)2or s< (m + 2p)2.

We now write down the unitarity condition in the
approximation of elastic scattering for the reaction
(B.IID):*

37

(3) _—!_—__
o (5, 4) = 4otu'le (ujh — p2)te
Bylrw) Ay, ). 58
X(sli s) [(s — s1)(s — 52)]‘/: ' (38)
where

Spe = S2 (U5 X, ) = x +y+u_4u2{y(x—m2 + u?)
£ (6 — mP - 224 (4 — 4p?) 2] [y2 - (u — 4p?) Y1)
(39)

By (x, u) = ng® (x — m?) + By (x, u), (40)
and the integration is carried out over all real x
and y for which the absorption parts differ from
zero.

The amplitude of B{3’(s,u) is that part of
Byz(s,u) in which the graphs of perturbation
theory corresponding to elastic scattering with
energy u and inelastic scattering with energy s
make a contribution such that

*In view of the symmetry of the reactions (B.I) and (B.II),
we need not consider the unitarity condition for the reaction
(B.II). We shall assume that the unitarity condition for the reac-
tion (B.III) is valid also in the non-physical region of energy
4p* <u < 4m’.
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B¥(s,u) =0, if s < (m +2u)? or u < 4n2.  (41)
Introducing the notation
BE (s, 0) =i (s, ), BY(s,9 =% (59,
BE(s, 1) = s (s, ), (42)
we obtain
Bis (s, ) =91 (s, ) +5 (s, w) + XB(s, u), (43)
Bis(s,8) =2(5,8) +%: (5,9 +Vs(s,5).  (44)

Here 9, (s,s) is the part of By, (s,s) in which
the graphs of perturbation theory corresponding
to elastic scattering with energy s and inelastic
scattering with energy s make a contribution;
XB (s, u) is the part of By3(s,u) in which the
graphs of perturbation theory corresponding to
inelastic scattering with energy s and with en-
ergy u make a contribution; Yg(s,s) [Yg (s, )
=Yg (s, s)] is the part of Byy(s,s) in which the
graphs of perturbation theory corresponding to
inelastic scattering with energy s and with en-
ergy S make a contribution, so that certainly

Xp(s,u) =0, if s<(m 4 2p)* or u < 16p? (45)
Yp(s,€) =0, if or s < (m + 2p)2. (46)

Finally, substituting (43), (44) in (24), (26) and
taking (23) into account, we obtain

By (s, 1) = — Sdgf P2 (5, 5) + 2 (5, 5)

S—S

s < (m +21)*

l*‘ﬁ"gd ’ 1[’1(8 llu)j—‘:f.'f(s lt) —I‘ Bim (S, u), (47)
1
st = £ 0 e ()
‘:*‘ B;‘” (lt, S), (48)
where

uu =Yg (s Xp (s,
B (s, u) = nigds 865 +igdu -—57(1—5—). (49)

s’ —s B

B3* (u, s) = ;:—S dxXg(x, u)(xis - xi§>. (50

Equations (29), (30), (38), and (47) — (50) are the
desired set of Mandelstam equations in the case of
the scattering of 7 mesons on nucleons.

3. Scattering of Nucleons on Nucleons

Finally, we shall consider the reactions

N (n)) + N (p)) = N (ng) +N (p2), (C.D
N (n) +N (—ps) = N (— py) +N (ny), (C.ID
N(m)+ N(—n) —N(—p)+N(p) (C.II

and introduce the relativistically invariant quanti-
ties (the squares of the energy in the c.m.s. for
the three reactions)
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W= (ny + 1)}, L= (1 —pa)t, = (m— ny? (51)

which obviously satisfy the relation
W -t A f = dmP (52)

We now write down the double spectral repre-
sentation for the amplitude C of the reactions con-
sidered here:*

o] (e}
r_ g g { _ Cu(w,
- p,2—t_+l*2“ w i } (@ —w)(t ~t)
L0 € Ca@, )
SR e
am' qp.2
R ¢ Cos (F
o ’ 23 (8, )
o\ ar § ar 20 (53)

B oae E—=DHE =D

where the real spectral functions Cijk (x,y) (1 =i
< k = 3) satisfy the relations

Ciz (x,y) = Ci3(x,9), Cos(x,y) = Cos(y, x).

We introduce the absorption parts of the ampli-

(54)

tude
| L¢ 0 Cuslw, 1)
¢ @. l)-;Sdf ; —|—?Sdt s ), (85)
Co(t,w) = 1\ dw C‘;“”_; +A{ar =l (s6)
1 , C t 1 7 Cog (', ¢
St ©) = ;Sd ;j‘iw)+n§dt—-—~‘”( ), 67)

where the integration in the expression for Cj (x,y)
(i=1,2,3) is carried out for fixed x over all real
values of the variable of integration for which the
corresponding spectral function is different from
Zero.

It is clear that

Ci(x,y) =0, if x<4m* Ci(v,y) =0,
or x < 4p? (i = 2,3); (58)
Ci(x,y) =Ci(x,4m* — x —y);  Co(x,y) = Cs(x, y).
(59)

For derivation of the set of Mandelstam equa-
tions, we write down the unitarity condition initially
for the reaction (C.I) in the elastic scattering ap-
proximation:

CH(w, ) = —

x

1
4n2w'/: ((D/4 — mz)‘/z

T, (x, ) Cs (y, w)

17, 60
(t:<t) [t — t)(t — ta)]'2 (60)
o=t x, y) =x +y

+ 7:247 {xy + [ + x (w — 4m?)]*:

X y? + y (w — 4m?)]7}, (61)

*In reality, as will be shown in Sec. 6, the functions
Cik (x,¥) (1 £i <k £3) are equal to zero in a wider region
than shown in (53).
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Cs (t, w) = ng? (t —p?) +Cs (1, @), (62)

and the integration is carried out over all real x
and y for which the absorption parts are different
from zero.

C{%’( w,t) consists of two components:

ClH @, 1) =A (@, f) + D (v, 1) (63)

The first component corresponds to the case in
which both variables of integration are equal to u?.
It is clear that

Aw,t) =—(g¥/d)w"(w/d — m?>)—"r[t — ¢, (w; v2, p2)]—"
X[t — ty (w; p?, p?) - (64)

for those w and t for which A(w,t) = 0.* This
component of A(w,t) is the part of Cy3(w,t) in
which the graphs of perturbation theory corre-
sponding to elastic scattering with energy w and
with energy t make a contribution.

The second component &, (w,t) is the part of
Cy3(w,t) in which the graphs of perturbation the-
ory corresponding to elastic scattering with energy
w and inelastic scattering with energy t make a
contribution, so that we have

D, (w,t) =0, if w<4m?® or t <9l (65)

We write the unitarity condition now for the re-
action (C.III) in the approximation of elastic scat-
tering:t

(3) , _ 1 E; (X. t) El (y' t)
a0 8) = = = pz)”«w,&w)dx AT —r
Cs (& m) =Cid (), (66)
where

W =Wt X, 9) = x 4y
+ T—Z_W {(x —m?* +p3)(y —m*+-p?)
+((x —m® +p2)? 4 x (t— 4|y — m? 4-p?)?

+ y (t — 4p?)]7, (67)
and the integration is carried out over all real x
and y for which the absorption parts differ from
zero.

The amplitude C{%’( w,t) consists of two com-
ponents:

S @ ) =A (1) + 0 @ 0. (68)

*The boundary of the region where A (w, t) = 0 will be
established in Sec. 6, but naturally we have A (w,t) = 0 if

w<4m? or t < 4u.

TIn view of the symmetry of the reactions (C.II) and (C.II),
we need not consider the unitarity condition for the reaction
(C.II). We shall assume that the unitarity condition for the reac-
tion (C.III) is also valid even in the non-physical energy re-
gion 4p° <t < 4m?
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The first component corresponds to the case in
which both variables of integration are equal to m?2.
It is obvious that
N (w,t)= — (g% t—"(t/14 — p?)~"rlw — w,(¢; m?, m?) ]~

X [w—ws(t;m?,m¥) |~ (69)

for those w and t for which A’ (w,t) = 0. It is
easy to show, therefore, that

A @, 1) =A (@, ). (70)

The second component in (68) is the part of
Cy3(w,t) in which the graphs of perturbation the-
ory corresponding to elastic scattering with en-
ergy t and inelastic scattering with energy w
make a contribution, such that we have

Dy, ) =0, if w< @m +p)? or £ < 4p2.  (71)

Taking into account Egs. (54), (63), (66), (68),
and (70) we have, consequently,
Cs(@ ) =A@ 1) +P (@ 1) + Py 1) + Xc(w, t(),
72)
Cos (L, ) =A (4, 0) +A(L D) + Qe (1, 1)
+ @2 (6, D) +Yc (0,
where Xc (w,t) is the part of Cy3(w,t) in which
the graphs of perturbation theory corresponding
to inelastic scattering with energy w _and with en-
ergy t make a contribution, and Y (t,t)
[Yc (E,t) = Yo (t,t)] is the part of Cyg(%,t) in
which the graphs of perturbation theory corre-
sponding to inelastic scattering with energy T and
with energy t make a contribution, so that we cer-
tainly have

Xcw, ) =0, if w < (2m 41)? or ¢t < 9p2,
Ye(t, )y =0, if * t < 9p? or t < 9p2.

Finally, substituting (72) and (73) in (57), we
obtain

(73)

(74)
(75)

Cs (Lw) = Ci(t, @) + Cilt, @) +Ci%t,w),  (76)
where
C(tw) = 7 (dx @ (v, 0 +A (5, 0] (25 +——=).
(7)
" 1 @1 (x, 1) . Dy (t, x) + A (£, x)
G (o) =g | [FEP+ REN2EA ] ay)
Xe (x,0) Yeo(x,0)
c tw) = ¢ (ax [Sm + 22— 9)

Equations (60), (66) and (76) — (79) are the desired
set of Mandelstam equations in the case of scatter-
ing of nucleons on nucleons.
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II. METHOD OF SUCCESSIVE EXTENSION OF
THE RANGE OF KNOWLEDGE OF SPECTRAL
FUNCTIONS

4. Scattering of Pions on Pions

We assume that the partial amplitudes hy(v?)
are given us for the reactions A.I), so that in its
physical part

Ay (01, 05) = D) Im hy(v?) P, (cos X), (80)
l

where 1 is the angular momentum, and »? and x
are the square of the momentum and the scatter-
ing angle for this reaction in the c.m.s., connected
with the variables oy, 0y, 03 by the relations

Oy =4p? L4V, 0y = — 2v? (1 4 cosy).

05 = — 2v* (1 — cos ¥). (81)

We continue analytically the expression on the
right side of (80) in cos x for »% = const, finding
A, (04, 03) in the entire region where

Al3 (01’ 03) = Oy Alg (G], 0'2) = 0. (82)

We shall call this region the region of zero approx-
imation of the absorption part.

It is easy to find where the equations of (82) are
satisfied. In view of (4), it is sufficient for us to
establish where Ay3(0y, 03) = 0 or where y (o3, 07)
+ x (04, 03 ) = 0. But on the basis of (9), (12) and
(13) it can be established that x (o3, 0y) = 0 if o3
=< & (0y; 4%, 4u?). Therefore, Ay3(0y, 03) =0 in
the region where

03 << &1 (01; 402, 403, o <& (05 4r?, 4p?).

We shall denote the boundary of this region by oy
=0{"(g3) or a3 =0{"(ay).

Knowing the absorption part A, (oy, o3) in the
region of its zero approximation, we can find
x (03, ;) by Eq. (12) in the region where o3 < &,
(045 0{9(0y), 4u?). Consequently, we can find the
spectral function x (o3, 0y) + x(0y, 03) in the re-
gion where '

03 < & (o4 o (oy), 407, 01 < & (03; o (a3), 4p?).
We shall call this region the region of zero approx-
imation of the spectral function A3 (o0y, 03), and
shall denote its boundary by oy = o{!’(g3) or o3

= o{(0y).

On the basis of (4), we can now find the spectral
function A,, (04, 03) in the region of its zero ap-
proximation. The region of zero approximation of
the spectral functions Aj3(oy, 03) and Ay, (04, 03)
of course includes within itself the region of zero
approximation of the absorption part A, (oy, 03).

F. M. KUNI and I.
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We shall show how we can now find A (oy, 03)
in the entire region of zero approximation of the
spectral functions Ay3(oy, 03) and Ay, (04, 0y).
The latter we shall therefore call the region of
first approximation of the absorption part A;(oy, 03).

With this purpose, we introduce the auxiliary
function Af(oy, 03), which will appear on the right
side of Eq. (6) if we set Ay3(0y, 03) = 0 and
Ay (04, 09) = 0 outside the regions of zero approx-
imation of the spectral functions Ay3(0y, 03) and
Ay, (04, 09), respectively. We shall consider the
function A{(oy, 03) to be known. Further, we shall
consider the function A, (oy, 03) — A{(0y, 03). For
0y = const, this function is already analytic in o3
in the region of zero approximation of the spectral
functions Ay (0y, 03) and Ay, (0y, 03). Therefore,
it can be obtained there by means of analytic con-
tinuation in cos x for v? = const from the region
of zero approximation of the absorption part
A4 (0y, 03). It can then be obtained in the region
of zero approximation of the spectral functions
Ay3(0y, 03), and Ay, (0y, 0;) and the absorption
part Ay (oy, 03).

By extending the region in which the absorption
part A;(oy, o3) is known, we can by Eq. (12) ex-
tend the region in which the spectral functions
A13 (0'1, 0'3) and Aiz (0'1, 0'2) are known WhiCh,. in
turn, makes it possible again to extend the region
in which the absorption part A (oy, o3) is known.

It is clear that the spectral function Ay (oy, 03)
can be found exactly by such a successive exten-
sion of the region of its knowledge only when
XA(O’i, 0'3) = 0.

5. Scattering of Pions on Nucleons

We shall first assume that the partial ampli-
tudes fy(k?) are known to us for the reaction (B.I),
so that in its physical region

B (s, u) = 2 Im f, (k) P, (cos ¢), (83)
!

where [ is the angular momentum, and k? and ¢

are the squares of the momentum and scattering

angles for this reaction in the c.m.s., connected

with the variables s and u by the relations

s = [k 4+ m?)"™ + (& + )",
u = — 2k (1 — cos @). (84)
Second, we shall assume that the analytic con-
tinuations of the partial amplitudes gj(q?) are
given to us for the reaction (B.III) when q¢* > 0,
so that we have for g2 > 0 and cos ¢ ~ 0,*

*[t will be established below for what values of cos ¢ is (85)

valid.
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B; (u, s) = E Im g, (g% P, (cos ), (85)
!

where [ is the angular momentum and q? and ¢

are the squares of the momentum of the meson

and the scattering angle for this reaction in the

c.m.s., connected with the variables s and u by

the relations

s=m?—p? —2¢* 429 (¢¢ +p2 — m?) " *cos ¥,
(86)

By continuing the expression on the right side
of Eq. (83) analytically in cos ¢ for k2 = const,
and the expression on the right side of Eq. (85) in
cos ¢ for g = const, we find By (s,u) over the
entire region where

u = 4¢* + 4p.

Bys (5, u) = 0, Bia(s,s) =0* (87
and Bj(u,s) over the entire region where
Bys (s, u) = 0, By (s, u) = 0. (88)

We shall call these regions respectively the re-
gions of zero approximation of the absorption part
B, (s,u) and of the absorption part B3 (u,s).

It is easy to find where Egs. (87) and (88) are
satisfied. On the basis of (27), (29) — (35), and
(38) — (40) it can be proved that ; (s,u) =0 if
u =uy(s; 442, 4u2) [here, as is easy to show,

u <ug(s; m? m?)] y,(s,s) =0 if § <&, (s; m?,
4u2); P3(s,u) =0 if s = sy (u; m?2, 4u%). There-
fore, By3(s,u) = 0 in the region where

uCuy (s 4pt, 4n?), S < sy (u; m?, 49,

and By, (s,u) = 0 in the region where

s < sy (s; m?, 4py), s <s; (s; m?, 4u?).

The boundaries of these regions will be denoted
by s =s(u) or u=u'®(s) and by 5 =5"(s)
or s =s'9(s).

Knowing the absorption parts By (s,u), Bs(u,s),
B, (s,u) [the latter by virtue of (28)] in the region
of their zero approximation, and the absorption part
A (y,u) in the region of its n-th approximation
(n = 0), we can by Egs. (29), (30) and (38) find
P31 (s,u) in the region where u =<uy(s; u®(s), 4u?)
[here, as is easy to show, u = ug(s; m?, m?) all
the same]; ¢, (s,s) —in the region where s <5,
(s; 8'9(s), 44?) and 5 =5y (s; m?, u¥(s)), and
¥3(s,u) —in the region where s =<'s; (u; s‘(u),
44%), and s = sy (u; m?2, agn)(u)). Consequently,
we can find the spectral functions @ (s,u) + §3 (s, u)
in the region where

*And only in the part of this region which is symmetric in
cos ¢, if B,(s, u) is analytically continued in the form of an ex-
pansion in Legendre polynomials.
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O (s), 4p?), s< 5 (u; sO (w), 49,
s< 8 (w; mE, o™ (w),

U u (s

and the spectral function ¥, (s,s) + ¥, (s, s) in
the region where

s< 51 (55 5 (s), 4p?),
4p?),

s << s (s; m2, wl® (s)),

s < s (s; s (s), s < st (s; m?, u® (s)).

We shall call these regions respectively the regions
of zero approximation of the spectral function

B3 (s,u) and the spectral function By, (s,s), and
the boundaries of them we shall denote by s
=sW(u) or u=u?(s) and by §=85"(s) or

s = s'1(5).

On the basis of (23), we can now find the spectral
function Byg (s, u) in the region of its zero approxi-
mation. The region of zero approximation of the
spectral functions By;(s,u) and By, (s,S) naturally
contain within themselves the region of the zero ap-
proximation of the absorption part B (s,u), while
the region of zero approximation of the spectral
functions By3(s,u) and B,y (s,u) contain within
themselves the region of zero approximation of the
absorption part B3(u,s).

Continuing in the same fashion as in the case of
the scattering of m mesons on m mesons, we can
now find By(s,u) throughout the entire region of
zero approximation of the spectral functions
Bys(s,u) and Byy(s,s), and also By(u,s) through-
out the entire region of the zero approximation of
the spectral functions Bys(s,u) and By(s,u). We
shall therefore call these latter the regions of first
approximation of the absorption part By(s,u) and
the absorption part Bs(u,s), respectively.

Extending the region in which the absorption
parts By(s,u) and Bs(u,s) are known, we can,
by Egs. (29), (30), and (38), extend the region in
which the spectral functions Byz(s,u), By,(s,s)
and Bys(s,u) are known; in turn this makes it
possible again to extend the region in which the
absorption parts B;(s,u) and Bz(u,s) are known.

It is clear that the spectral functions Bys(s,u)
and Byy(s,s) can be found exactly in such a step-
wise extension of the region of their knowledge
only when Xg(s,u) =0 and Yg(s,s) = 0.

6. Scattering of Nucleons on Nucleons

Making use of the unitarity condition for the
reaction (C.III), we shall have for 4u®<t< 9u2*
and cos ¥ ~ 0:1

*We again assume the validity of the unitarity condition
for the reaction (C.III) in the non-physical region.

11t will be established below for what values of cos ¢ is

(89) valid.
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yall _ q .
Cs(t,w) =Cs(t,w) = W;]gl(qﬁ]zpl (cos ), (89)

where g and ¢ are the squares of the momentum
of the meson and the angle of scattering for this
reaction in the c.m.s., which are connected with
the variables w and t by the relations

w=—2(¢ +p*—m) (1 +cosy), t=4g" + 4p’
(90)

Analytically continuing the expression on the
right hand side of Eq. (89) in cos ¥ for g% = const,
we find Cs(t,w) = C§(t,w) over the entire region
where 4u%< t < 9u® and where

C13 (w, t) = 0, C23 (t_, t) = U. (91)

We shall call this region the region of zero approx-
imation for the absorption part Cz(t,w).

It is easy to establish where the equations of
(91) are satisfied. On the basis of (58) and (60) —
(63) it can be established that A(w,t) =0 if t
= ty(w; p?, p?). Therefore, Cy(w,t) = 0 in the
region where t = ty(w; u?, u?), while Cy(T,t) =0
in the region in which t = t,(t; u%, u?) and t <t,

(t; u?, u?).

Knowing the absorption parts By(s,t) in the re-
gion of its n-th approximation (n = 0), we can find
®,(w,t) from the first of Eqs. (66) in the region in
which w < w;(t; sM(t), m?). The functions &,(w,t)
can thus be assumed to be given in the case of scat-
tering of nucleons on nucleons. But then we can
find the spectral function Cy3(w,t) in the region
where 4% < t< 9u? and w = wy(t; s(@(t), m?),
and the spectral function Cy4(t,t) in the region
where 4u? < t< 9u? and T = wy(t; s(™(t), m?).
These regions, which are identical for sufficiently
high n with the region 4u% < t < 9u2, we shall call
the regions of zero approximation of the spectral
function C,3(w,t) and the spectral function C,3(T,t),
respectively. These regions of course include the
region of zero approximation of the absorption
part Cs(t,w).

Proceeding as above, we can now find Cs(t,w)
throughout the entire region of the zero approxi-
mation of the spectral functions Cy3(w,t) and
Cy3(t,t). We shall also call the latter the region
of first approximation of the absorption part
Cs( t, w ).

Knowing the absorption part C3(t,w) for suf-
ficiently large n in the region of its first approx-
imation, we can, by Eq. (60), find &;(w,t) through-
out the entire region where 9u% <t < 16u%. We
shall call this region the region of first approxi-
mation of the spectral functions C,3(w,t) and
Cys(t,t).
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Making use of Egs. (77) and (78), we can now
find C§(t,w) and C}(t,w) in the region of first
approximation of spectral functions Cy3(w,t) and
Cy3(t,t). We shall also call the latter the region
of second approximation of the absorption part
Cs(t, w ).

Extending the region in which the absorption
part Cj(t,w) is known, we can by Eq. (60) extend
the region in which the spectral functions Cys(w,t)
and Cyg(t,t) are known; in turn, this again enables
us to extend the region in which the absorption part
Cs(t,w) is known.

It is clear that the spectral functions Cy3(w,t)
and ng(f, t) can be found exactly in such a step-
wise extension of the region of their knowledge only
when Xc(W,t) =0 and Yc(Et) =0,

7. Discussion

By slightly altering the method set forth in
Sec. 4, we can proceed to construct integral equa-
tions for the amplitudes of the reactions A, B,
and C in their physical regions.

Assuming also that the absorption part Cy(w,t)
is known in the physical region of the reaction (C.I),
and proceeding just as in the case of 77 and 7N
scattering, we could have successively found the
values for the absorption parts of the reactions A,
B, and C over wider and wider regions by means
of a knowledge of them in the physical regions. In
this case, we could have completely discarded the
unknown parts of the spectral functions X and Y,
restricting ourselves to the problem of determin-
ing that part of the amplitude which does not con-
tain graphs which are inelastic in both channels.
Then expressing the amplitude in terms of the ab-
sorption part, we could have obtained the integral
equations for the amplitudes in the physical regions.

Such equations require simplification for prac-
tical use. In particular, rewriting the equations of
Mandelstam for a fixed angle of scattering for any
reaction, and then transforming to the partial am-
plitudes, we can easily obtain an equation similar
to that given by Cini and Fubini.® The series of
additional terms appearing in this case both on
the right and the left of the cut make the approxi-
mation of Cini and Fubini doubtful. The obtaining
of more convincing estimates appears possible to
us in our approach to the construction of integral
equations; these estimates are connected with the
neglect of isolated components. These problems,
however, go beyond the framework of the present
paper.

Keeping in mind the calculation which is now
under way of a real case in which spin and charge
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variables are present, we shall make a concluding
remark relative to the capability of inclusion of
the phases of nucleon-antinucleon annihilation into
two 7 mesons. It appears most advantageous to
us to connect them with the phases of 7nm and 7N
scattering by means of a solution by the method of
Muskhelishvili® of an integral equation for the am-
plitude of 7N scattering for a fixed angle of scat-
tering of the reaction (B.III). Thus one can choose
the phases of the nucleon-antinucleon annihilation
into two T mesons from the phase of mm scatter-
ing and from the absorption part By(s,u). The
latter can be expressed through the pole term* and
through the phase shifts of 77 and 7N scattering.

The authors express their gratitude to Yu. N.
Novozhilov for valuable discussions and interest
in the work.

*Only this pole term was considered by Mandelstam.*
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