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The temperature Green's function for electrons in a superconductor are computed by the 
diagram technique for T ~ 0. An estimate is made of the region near the critical tempera
ture for which the usual analysis, which makes use of a temperature-dependent gap in the 
excitation spectrum, is no longer valid. The magnitude of this temperature range is of the 
orderof (2~(0)/w0 ) 4 Tc. 

A characteristic of the electron excitation spec
trum in superconductors is the appearance of an 
energy gap. Strictly speaking, the gap exists only 
at zero temperature. However, if we neglect scat
tering, then we can determine the temperature
dependent gap ~ ( T) for T > 0.1 Scattering leads 
to the appearance of finite damping in the excita
tions, which vanishes at T = 0 for minimum en
ergy ~ ( 0 ).2•3 For T > 0, even the excitations 
with energy ~ ( T) have a finite lifetime. The 
very concept of the gap loses its meaning when 
the damping becomes comparable with ~ ( T). 
Further, it will be shown that the temperature 
range in which it is not possible to use the gap 
concept is very small. 

The most convenient way for studying this 
problem is the calculation of the Green's function. 
Without taking damping into account, Gor'kov4 de
termined the damping at T > 0 for a superconduc
tor with four-fermion interaction. For the prob
lem under consideration, a model with electron
phonon interaction would be more suitable. 

In a paper by the author3 equations were ob
tained for the functions G ( E, p) and F ( E, p) for 
T = 0. (Similar equations are contained in the 
work of Bu1kov. 2 The notation used henceforth is 
that introduced in reference 3.) Using the dia
gram technique5•6 for T ~ 0, we can immediately 
write down the corresponding equations for T > 0: 

G ( ) - en+~ (p) + ~1 (-en, p) 
en, p - n (e,., p) 

~2 (en, p) 
F (en, p) = n (e,., p) • 

(1) 
.Q (en, p)=[en- ~ (p)- ~1 (ell, p)] [en+~ (p) 

+~1 (-en, p)]- [l:2(en,p)F; (2) 

l:1 (en, p) =- (2:)3 ~ dp' G (en•, p') D (en- en•; P- p'), 
n 

1":2 (en, p) = (2~)3 ~ ~dp' F (e11•, p') D (en-en'; P- p'). (3) 

Here 
en = i (2n + 1) :rtT, 6 (p) = Vo (p- Po), 

D(wn, q) = a~2wqj(w~- w~), Wn = i2n:rtT. 

For q « ~ax· the value a~ = A.01r2sq/-../ 1 - A.0 Po. 
wq = -../ 1 - A.0 sq, s is the velocity of sound (ti = m 
= 1 ). 7 

The function G (En, p) coincides with the ana
lytic continuation of the retardation function 
GR(E,p)(n > 0) and the advance function GA(E,p) 
( n < 0). 5 The same applies to the functions 
F (En, p ), l: 1 (En, p) and !: 2 (En, p ). Making use 
of these properties, we can go from Eqs. (1)- (3) 
to integral equations. For this purpose, we note 
that when n > 0 we have the equality 

~ dzGR (z, p') D (en- z, q) tanh 2~ 
c, 

00 

= 4:rtiT ~ G (en•, p') D (en- en•; q) 
n'=O 

• 2 [ , en+ roq 
+ 2:rtt1Xq GR (en+ Wq; p) tanh 2r 

~ dzGA (z, p') D (ell - z, q) tanh 2~ 
c, 

-oo 

= 4:rtiT ~ G (en•; p') D (en - En•; q). 
n'=-1 

The contours C1 and C2 encompass the upper and 
lower halfplanes, respectively, while integration 
over both contours is carried out in a counter
clockwise direction. The real axis is a cut. 

Since the integrals over the large semicircles 
are equal to zero, and since we have GA( E') 
= Gn( E') for real z = E', we can then write 
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co 

~den,P)= 2 (~n:)4 ~ de'tanh2e~dp'[GR(e',p') 
-co 

-GR* (e', p')] D (en-e', p- p') 

+ 2 (~n:)s ~ dp' <X~-p' [GR (en -j- ffip-p'; p') 

(f)p p' + GR (en- ffip-p', p')] coth 2Y, 

in place of (2). The first component contains only 
Im GR. Making use of the well-known relation 

-co 

we can also express the second component in 
terms of Im GR. Continuing both sides of the 
equation analytically from the upper halfplane to 
the real axis, we get 

co 

l;rR (e, p) =- (2!)4 ~ de'~ dp' Im GR (e', p') 
-co 

2 tanh(e' /2T) --coth(ffi p-p·/2T) 
X <Xp-p' ' ·• e -e-ffip-p'-lu 

_ tanh(e' (2T) +coth(ffip-p'/2T) J 
e' - e + ffip-p'- i6 • 

(4) 

In the isotropic case under consideration, !: 1 

and !: 2 are practically independent of p for p ..... p0• 

We divide !: 1R( E) into an odd f0 (E) and even 111 

+ if1 ( E ) . Since the imaginary part of !: 1R is an 
even function of E, f0( E) is real. Let us consider 
Im GR( E, p ). Bearing in mind that !: 1 (-En) goes 
over into !: i'R ( - E ) upon analytic continuation from 
the upper half-plane, we can write 

G (e p) = e-:- fo (e)- ift (e) + £ (p) +/-II 
R ' Q (e, p) Q (e, p) 

Upon substitution of the second component in 
(4), we obtain an expression in which the impor
tant region of integration is far from the Fermi 
surface. This gives for the chemical potential Jl 
a correction that is practically independent of T. 
The contribution of the first component comes 
from the region close to p0. Therefore, we can 
go from integration over p' to integration over 
q =I P -p' I. ~ = vo(P' -p0 ), and the angle cp. As 
a result, we obtain the following after integration 
over ~: 

f ( ) f ( ) f ( ) 1 r d I D { e' - f (e')} . I 0 ( ') ( I ) · e = 0 e + i 1 e = Sn:•vo J e ""e ~h (e') stgn m ••1 e t:p1 e , e ; 
-oo 

q~, ~h(e'/2T) -coth(ffiq/2T) _ tanh(e'/2T) +coth(ffiq/2T) J . 
4111 (e', e)= . dq qal , .6 , + .6 , .,. e -e-ffiq-t e -e ffiq-t 

Q~ (e)= [e - f (e))2 - !~(e), 

We can establish the fact that sign Im Q1 ( E' ) 
= sign E'. If we neglect the imaginary parts of 
the functions f and !: 2 in Q1 under the integral 
sign, then it is evident that Re Q1 ( E ) = 0 for I E I 
~ ~. where :1: ~ are the roots of the equation 
[E-f0(€)]2 - [Re !: 2(€)]2 = o. 

Therefore, in the same approximation, 

R.e {e- f (e)}= {(e- f0 (e))jQ1 (e), 
Qr(e) 0 , 

and hence 
co 

1 ~ e'- f (e') f (e) = -- de' 0 9 (e' 2 - ~2) m (e' e) sign e' 8n:2 v0 Q1 (e') -rl • ' 
-co 

Qr (e)= [[e- fo (e)j2- [R.e 1;2 (e)J2]'1•. (5) 

An estimate will be given below of the imaginary 
parts, from which the limits of applicability of the 
approximations will be clear. 

We note that only the possibility of discarding 
the imaginary parts for E ~ ~ is of importance 
for us. As will be seen, this possibility vanishes 

only in the immediate vicinity of the transition 
point. As in reference 3, we define the function 
Q (E) = !: 2 (E)( 1- f ( € )/E) - 1. From the definition 
of ~ as a root of the equation Qi( E) = 0, it fol
lows that ~ = Q ( ~). Replacing Q ( E ) under the 
radical in the expression for Q 1 by the constant 
~. we rewrite (5) in the following form: 

( e' ffiq) ( 1 + tanh 2T - coth 2T -e..,.' ---e--_(J)_q __ ___..,.,i6,-

(6) 

The real part of this expression f0( E) does not 
differ appreciably from its value for T = 0. We 
consider the imaginary part f1 (E) in more detail: 
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+ coth ;;. ) (6 (e' + e + wq) + {) (e'- e +wq)) 

(7) 

The first component vanishes for I E I s .6.. The 
second component is different from zero for all E 

but vanishes for T = 0. The greatest interest for 
us lies in fi2>(E), since it determines the magni
tude of the damping of excitations with minimum 
energy .6.. Moreover, the imaginary part of 
GR( E, p) is connected with fi2>( E) for E s .6.. 

Since the small wq ,..., T « ® ( ® is the Debye 
temperature) make a contribution to fi2>, we can 
write 

co 

f( 2J( ) _ nf.o 1 \ d , e' 
1 8 - -(1-J.0)~roo~J e fe'•-h~ 

"' 
{ e'~ + e2 (e'- e)2 (e' + e) 2 } 

X e•'IT + 1 + e<•'-<)JT -1 + e(•'+<)/T- 1 ' 
(8) 

where w0 = 2sp0• 

Let us consider some limiting cases. 
1. T « .6., (.6.- E )IT» 1. In this case, the 

imaginary part is an exponentially small quantity: 

(2) n'/, ~ ( T )''• 1 · 
f1(e)=-(1-;:)~ 2h ro~[e2+f'l.2 

(9) 

2. T « .6., (.6.- E )IT« 1. For E sufficiently 
close to .6., the dependence of fi2> on T become 
a power dependence: 

f(2) ( ) = _ n'l• Ao ( I_)• (I_)''• D. 
1 e (1 - Ao)• \roo 2h . 

(10) 

3. T » .6., E ~ .6.. In this case the expression 
does not contain .6. and therefore coincides with 
that part of the damping of the excitations in the 
normal metal which is connected with the absorp
tion of phonons: 

co 

fi2J (e)=-~ (I_)2 T \ dx~ 
(1 -A0) 2 ro0 ~ e2x- 1 

0 

~ 8,2 nJ.o ( T )2 
~ - (1 - f.o) 2 roo T. 

The equation for ~ 2 ( E) can be obtained by 
starting out from the same considerations as in 
the derivation of (6). We write out the result: 

(11) 

co 

Q (e) 
~2 (e) ___ 1_ 1 \de' C(e') 

1- f (e)/e - 8n2v0 1 - f (e)je j y e'• _ h• 

"' 
q, 

X ~ dqqa~ [ ( 
, (I) \ ( 1 

tanh2~ + coth 2;) e' + e + roq + i& 
0 

1 ) ( roq e' ) + -e--,,-_-e-,+_:._ro_q __ --:-i&;;- + coth 2T -tanh 2T 

X ( e'- e - 1 
roq- i& + e' + e - 1roq + i& ) ] • (12) 

Here C (E) = Re Q (E). It is not difficult to 
prove that the equation can be written in the fol
lowing form, with accuracy up to quantities of the 
order of ( T c I wo )2: 

1 1 r c (e') 
C(e)= 4n2 v0 1-f0 (e)je jd81Ve'2 -h2 

1!. 

tanh 2~ ~dqqa~(e• +: + roq + e' _ 1e + roJ. (13) 

This equation differs from Eq. (37) of reference 3 
only in the presence of tanh ( E' I2T). Thanks to 
this, the usual relation between Tc and .6. ( 0) is 
preserved. The imaginary part of ~ 2 ( E), together 
with .6., vanishes for T = Tc and therefore is of 
no interest to us. 

In conclusion, let us consider the problem of at 
what temperatures f1 ( E ) becomes comparable with 
.6. and when the concept of shell loses its meaning. 
It follows from (11) that I f1 1/ .6. ,..., 1 for .6./Tc 

(87TA.0/(1-A.0)2)(Tclw0)2, i.e., 

T _ T ~ 641.~ (Tc )4 = 0.4J.~ ( 2h (0) \4. 
c (1- Ao)4 roo (1- Ao)4 roo l 

Since Tc « w0 for all known superconductors, the 
interval of temperatures close to Tc in which the 
usual approach becomes unsuitable is very small. 
Even for lead, for which Tc I w0 is comparatively 
large (,..., 0.1 ), the value ( Tc- T)ITc ~ 0.01. 

The author is very grateful to L. E. Gurevich 
for his constant attention to the research. 
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