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The quantum oscillations of the thermal conductivity coefficient of conduction electrons in a
strong magnetic field H(wT > 1, w = eH/ me, T is the relaxation time) are computed at low
temperatures (kT « &, ¢ being the chemical potential of the electron gas) when scattering of
the electrons on impurities is of decisive importance. It is shown that the oscillating part of
the thermal conductivity coefficient can be expressed in a simple manner in terms of the os-

cillations of the specific electric conductivity.

].. The thermal conductivity of metals u. « mag-
netic field at low temperatures exhibits a singu-
larity similar to the Shubnikov—De Haas phenom-
enon: the thermal conductivity coefficient depends
on the magnetic field in a non-monotonic, oscilla-
ting manner.! Since the presence of oscillations in
a magnetic field is a common quantum property of
the thermodynamic and kinetic characteristics of a
degenerate electron gas, one can assume that the
electronic part of the thermal conductivity of the
metal is responsible for the observed effect.
Therefore, theoretical consideration of the quantum
oscillations of the electronic contribution to the
thermal conductivity coefficient of metal is of
interest.

In the present work, quantum corrections to the
classical (smoothly dependent on the magnetic
field) coefficient of thermal conductivity of a
metal? are investigated within the framework of a
free gis of conduction electrons. We consider the
electron gas in a metal whose temperature T has a
small constant gradient grad T perpendicular to
an external homogeneous magnetic field H. The
density of the electrons is assumed to be suffi-
ciently great that the temperature and the magnetic
field satisfy the conditions ® = kT « ¢ and hw
«< &, where ¢ is the chemical potential of the elec-
tron gas and w = eH/! me. These conditions make it
possible to use a quasi-classical approximation for
the investigation of the behavior of an electron gas
in a magnetic field.

In the calculation of kinetic coefficients, only
the scattering of electrons on impurities present
in metals at low temperatures is taken into account.
It is assumed that the concentration of the impuri-
ties is small and the stationary state of the electron

in the given magnetic field can be established in
the time interval between collisions with impuri-
ties, i.e., it is assumed that if 7 is the character-
istic relaxation time, then w7 > 1. The inequali-
ties Aw « ¢ and wT > 1 can easily be satisfied
simultaneously in metals at low temperatures.
1/wt and Hw/¢ are small parameters, in powers
of which the expansions will later be carried out.

The state of the electron gas with account of
scattering of electrons on impurities is described
by the single-particle statistical operator p, which
is found from the quantum kinetic equation obtained
in our previous work.> The “‘collision integral’’ of
this equation was calculated by perturbation theory
for the interaction potential of an electron with the
impurity. Such an approximation suffices if we are
interested only in the principal term of the expan-
sion in powers of 1/wt and hw/¢. Actually, com-
parison of the results of our work® with the calcu-
lation of Skobov,4 carried out without perturbation
theory in the case wt > 1 for point impurities,
shows that the principal terms in the parameter
hw/¢ in the expansion of the smooth and oscillating
parts of the conductivity of the electron gas, meas-
ured in terms of the classical characteristics of
the conductivity, are correctly described by the
solution of the given kinetic equation. The latter
verifies the possibility of use of the quantum
kinetic equation of reference 3 to find the chief
terms of the expansion of other kinetic coefficients
in powers of 1/wT and hw/¢.

The method used in the present work makes it
possible to study the thermal conductivity of an
electron gas with an arbitrary dispersion law;
however, for simplicity, the case of an isotropic
quadratic dispersion law is considered.
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2. The Hamiltonian # of an individual electron
in an external field has the form

e(H) =5 (p— S A,

where € (H) is the Hamiltonian of the electron in
a homogeneous magnetic field H, which is consid-
ered to be parallel to the z axis; E (E, E,y, 0) is
the electric field derived from grad T. The re-
maining notation is standard.

If grad T is directed along the y axis, then the
vector potential of the magnetic field A is conve-
niently chosen such (Ax = —Hy, Ay = Az =0) that
the operator y, = —cpx / eH, which plays the role
of the y coordinate of the center of the electronic
charge in a stationary orbit in a magnetic field,
commutes with the Hamiltonian € (H).

In the stationary case, the single-particle
statistical operator p, which describes the elec-
tron gas, is determined from the following equation
(8p/8t = 0):

H =¢e(H)—ekEr,

(i/m) 1, p] + D {p} =0, (1)

where [, p1=5%p — p¥#, and D{p} is the quantum
analog of the ‘‘collision integral,’’ depending ex-
clusively on the electric field.?> In the case of
elastic scattering by large impurities, D{p} is a
linear transformation of p.

If we limit ourselves to the quasi-classical ap-
proximation, it is natural to seek p (by analogy
with the solution of the classical kinetic equation)
in the form

_ & — (4o)
P—fol: 9 (4o) }+Fo+91- (2)

Here f; is the Fermi distribution function, while
¢Z(y) and T (y) are the chemical potential and the
temperature, which depend on the coordinate y in
classical fashion, in particular, T (y) = T,

+ (8T/8y)y (T, is a certain mean temperature
for the entire gas). By F, is meant a definite
matrix (obtained in reference 3) which takes into
account the shift in the energy levels of the elec-
tron in the field of the impurities and which leads
to a small shift in the chemical potential, while p;
is the small change that is sought, and is linear in
9T/dy and E.

Since the operator y, commutes with € (H),
the choice of the solution of (1) in the form (2)
makes it possible to carry out a simplification of
Eq. (1), linearizing it in the small quantities 9T/dy
and E.

If we are not interested in the shift of the elec-
tron levels in the field of the impurities and if
from the very beginning we take into account the
small shift in the chemical potential, then we can
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neglect in (2) the matrix F;, which makes no con-
tribution to the current and the heat flow. Then
the quantum kinetic equation, linearized in 8T/dy
and E, takes the form?

% (& p1) 4 Do {01} = ih (eEr, po]
oT , 0 fe—¢(
— WTDO {yOPOET(T>O} —eEDy{rg},

po(e) = fo (" 52). ®

where &, is the chemical potential corresponding
to the temperature T,. The matrix g in the repre-
sentation of the Hamiltonian € (H), the eigenvalues
of which €, = €, (pz), (1 =n, px, p;), are de-
termined by the formula

g = —ph(e,— ) Pp=py (e,

and the product rg can be understood as the direct
product of the operators:

(r g)uﬂ' = ruu'gl’-ll-"

The linear transformation D, appearing in (3)
no longer contains the electric field and can be ex-
pressed in terms of the classical collision integral.?

The meaning of the first two terms on the right
hand side of (3) is evident, while the third compo-
nent describes the effect of the electric field on the
“‘collision integral.’’ Writing down of the last com-
ponent is somewhat different from the correspond-
ing expression in reference 3, since in the given
case the field is not directed along the y axis but
is located at a certain angle with respect to the y
axis in the xy plane.

In the classical limiting case, in which the scat-
tering of the electron on a short-range center takes
place with the conservation of the coordinate r at
the scattering point, Dy { rg} — Dg1{rpj(€)} =0,
and Eq. (3) transforms into the classical kinetic
equation for the correction to the distribution func-
tion of an electron gas.

3. The solution of Eq. (3) is found in the form of
an expansion in powers of 1/wt, where use is made
of the fact that D, is proportional to 1/7. In the
expansion of p;, just as in reference 3, the terms
of zero and first approximation in 1/wT remain.
With the help of the matrix p; determined in such
fashion, and also with the help of the expression
for the density of the electric current j and the
energy flux q '

i=eSp{pv}, q=3Sp{p(ev+ve),
we establish a linear connection relating j and q
with E and grad T:

ja = caa’Ea’ + S« (aT/ay)’ qy = n“Ea + B(aT/ay)
(o, 0" =1, 2).



OSCILLATIONS OF THE THERMAL CONDUCTIVITY COEFFICIENT

In the approximation under consideration,

Sxx = Oyy = (eme/H) Sp {Dg (YoPy) Us}s Gy = — 5y = ecny/H,
) 0 e

Sy = O, Sy = (QmC/H) Sp {Do l:yopoa—é (%)0] Ux} ,

N = — ~ &cno/H,

My = (mc/2H) Sp {D; (yopy) (ev: + v &)},
*8 = (Bme/2eH) Sp (D [ie) 55 (S5°) ], (e0s + 0a)} . (4)

where n, is the electron number density corre-
sponding to the chemical potential &;, while € is
the average energy of the electron.

Expressions of the type (4) for the tensors of
the thermoelectric coefficients in a magnetic field
are obtained in completely analogous fashion in the
case of an arbitrary dispersion law. Similar to
what was done for ¢, one can easily study its os-
cillating parts, expressing the latter in terms of
the oscillation of the magnetic moment. However,
calculation of the oscillating part of the thermal
conductivity coefficient in the general case entails
very great computational difficulties; therefore,
the simplest case of a quadratic isotropic disper-
sion law is considered.

Any of the thermoelectric coefficients (4) is ex-
pressed by a formula of the type .

5= Sp{Do(R) ¢},

in which R is the diagonal matrix of the form R
=ph¥ (yp, €), while ¢ is a matrix which is diagonal
in y, and py.

The linear transformation D, (R) is written in
matrix form in the following way:

Dy (R)"™ = 2} Dims (Yo» P2 Yos Pz) R™™ (4o, p:)
= R Wik (B> Yo P33 € Yo P2 RS (80 4 )

(summation is carried out over all primed indices).
Here K=n — m, K =n’ — m’, and for the matrix
element Wgk, we substitute the Fourier component
of the kernel of the corresponding classical colli-
sion integral (this substitution of matrix elements
is discussed in the work of I. M. Lifshitz® and is
used in reference 3).

If we make use of the form of R given above
and the Hermitian character of the operator ¢,
then we get the following expression for the coeffi-
cient o:

6= 210, (€,) DRW 0o (5)

in which summation is carried out over all indices,
and which can be represented in a form similar to
Eq. (19) of reference 3:

c=—2§18

dfo

de,

xmAe, dp,. (6)
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The definition of the quantity x entering into o is
evident from (5).

Writing down of an arbitrary thermoelectric
coefficient in the form (6) makes it possible, di-
rectly or with a little alteration (brought about by
an account of the higher powers of the expansion in
®/¢) to make use of Egs. (20) — (24) of reference
3. These formulas make it possible to separate the
basic classical parts of coefficients of the type o
and the corresponding oscillatory quantum contri-
butions, and it is found that the essential dependence
on H and ® of the oscillating parts of the thermo-
electric coefficients (4) is the same as for the os-
cillating magnetic moment, and is always taken into
account either by a factor F* (see reference 6) of
the form

P S =05 K om0
Kgl ho (

os(zniiff" —-%‘), A=

’

/s i C
K2 sinh(K}4) 7)

or by its derivatives with respect to H and ®.

4. The coefficient of thermal conductivity k is
usually identified with the coefficient of proportion-
ality (taken with reverse sign) between the com-
ponent q along grad T and the gradient of the tem-
perature at j = 0. In the case under consideration,
it is composed of the coefficients (4) in the follow-
ing fashion:

x=S8y (nydxx —"N,5x) /| A —B, (8)

Having the expressions given above for the
smooth and oscillating portions of the coefficients
(4) in the coefficient of thermal conductivity de-
fined by Eq. (8), we can also separate the classical
part kg, which is smoothly varying with the mag-
netic field, and a small oscillating quantum correc-
tion Ak. The classical part k; is connected in ob-
vious fashion with the classical electrical conduc-
tivity in a magnetic field oy:

%o = (%/3) (k/e)* To,,

] 2
A=¢c + 62,

where k is the Boltzmann constant and the oscilla-
ting part Ax is expressed in terms of the oscillating
part of the electrical conductivity Ao, determined in
references 3, 4, and 7.

It is convenient to write the connection of the
principal term (for small parameters hw/¢ and
®/¢) in Ak with Ag following from (8) and (4) in
compact form, after a long series of calculations
and estimates:

Ac
(%)

where &,(0) is the classical chemical potential at
T = 0°K, and the differentiation takes into account

92
0H?

g 0

2 2
wH 367

(9)

(£2) =3L,(0)
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only the very strong and important dependence on
H and ©®, determined by the factor F*.

The quantity Ao entering into (9), as was em-
phasized above, can in turn be expressed through
the oscillating part of the magnetic moment of the
electron gas.® The latter indicates that the periods
of oscillation of the thermal conductivity coefficient
coincide with the periods of oscillation in the
DeHaas—Van Alphen effect ( this result naturally
remains true even in the case of an arbitrary dis-
persion law). It is well known that experimental
measurements of the period of oscillation of «
lead to the same conclusion.!

If we take into account only the fundamental de-
pendence of Ak and Ac on H and O, given by a
factor of the type (7), then we have a quantity of
order of magnitude

¢}

H i

Au~%— Ax, CO%AG ~—%As,
and therefore it follows from (9) that
A% [ %y~ Ao [Gye
For not very low temperatures, when hw < 0,
we have the equality

Ax /%y = 3(As /6).
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