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The effect of impact ionization processes on the distribution function for electrons and holes
in a strong electric field is studied. It is shown that the energy dependence of the impact
ionization probability near the threshold is essentially different for crystals with small and
high dielectric constants; the solution of the kinetic equation is considered in both these
cases. Expressions are obtained for the equilibrium number of carriers in a strong field,
the impact-ionization coefficient, the critical field, etc. The dependence of the breakdown
field on temperature, on specimen thickness, and on the electron-lattice interaction law is
found. The connection of the expressions obtained with the known breakdown criteria of
Frohlich and Hippel is established. It is shown that increasing the electric field causes a
decrease in the recombination speed, as a result of which the equilibrium number of car-
riers starts growing as the field increases long before the appearance of impact ionization.
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n{wi (Ey T)'_wr (no E’T)} 'i‘ nO(E, T)‘__‘O’ (1) -

+Fo(0) — e e = 0, @)
where wj(E, T) and wyp(n, E, T) are the impact
ionization and recombination probabilities averaged 1‘/ de(x) — (@ (%) - @, (X)) fo (x) 4 (x, E, T)
over the distribution function, ny(E, T) is the Nyt ax

number of carriers of a given type created in unit
volume of the semiconductor in unit time by ther-
mal ionization and direct field extraction of valence
electrons into the conduction band, E is the field
strength and T the temperature.

With increasing field, as will be shown below,
wr decreases but wj grows rapidly and, conse-
quently, n increases. In the field E; for which
wi = wp the carrier concentration tends to infinity,
which is the breakdown criterion for the case given.
Thus, quantitative consideration of the behavior of
a semiconductor in the pre-breakdown region, as
well as a study of the mechanism of breakdown
itself, requires the solution of the kinetic equation
taking into account the processes of impact ioni-
zation and recombination. This is the aim of the
present work.

Following the usual method,? it is not difficult
to obtain the following system of equations for de-
termining the symmetric fj(e) and antisymmetric
fi(e) parts of the distribution function, f(P)
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where x =¢€/¢j; € =P%*/2m is the energy; P is
the momentum; ¢€j is the threshold ionization en-
ergy; 7! is the frequency of collision with pho-
nons; wi(x) and wy(x) are the total probabilities
of impact ionization and recombination; wj(x, X")
is the probability of the creation by ionization of a
carrier with energy x by a carrier with initial
energy x’, A(x)=10(x)/1(1); 1(x)=P7(x)/m

is the mean free path; S (x) is the carrier cur-
rent through the surface € (P) = xej, caused by
the field and phonon interactions; 3/2 N;j is the total
number of states with energy € < €j;
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Here, q, wq and Ny are the momentum, fre-
quency, and number of phonons; Bqy is the square
of the matrix element of the interaction of an elec-
tron with a phonon; V is the normalization volume;
Ej is the field in which the mean energy of the car-
riers becomes of the order €j; 6 =6 (1). The
small value of 0, the average fraction of the en-
ergy lost by an electron in one collision with the
lattice, is a condition for the applicability of the
approximation considered. For the parameter
values of interest to us, & ~ 1072, The small
quantity 7 (x) we will neglect henceforth. For
those valence crystals in which the electrons in-
teract mainly with acoustic phonons Bgc(q) ~ q
and hwj® =cq, where c is the velocity of sound.
When the interaction is with optical phonons
Bop(q) = const. and ﬁw&p = hw, = const.

From (5) and (6) it follows that
g (x) = 4mc? / kT, ko (x) =1,
E¥ =V 12mc*/ kT </ el,
=hoy/e(Np +1/5),

Bop (%) Nop (x) =1,

EY =V 3hog: [ (N + V) @ED° . ™

Before proceeding to the solution of Egs. (2) —
(4), we make some remarks on the choice of the
probabilities wy(x), wij(x) and wj(x, x’). The
effect of recombination on the form of the distri-
bution function is insignificant in view of the in-
equality wyT < 1, which is well fulfilled. There-
fore, the corresponding term in (4) can be consid-
ered as a small contribution and the fact that it is
in general nonlinear has no effect. In the majority
of cases, however, an important part is played by
the so-called “radiationless” recombination asso-
ciated with carrier capture into local states. Its
probability for a sufficiently large number of car-
riers can be considered as independent of concen-
tration. Such a process can only take place for
very slow carriers (e < hwy,, where wp, is the
maximum lattice vibration frequency), which in
fact are not included in the conditions considered,
since for them 6 (x) is not small. Therefore, it
is most natural to include radiationless recombina-
tion, not in (4), but in the boundary condition for
S(x) at x=0. The last two terms in (4) can be
taken into account in a similar way. In fact, the
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probability of creation of a carrier with energy

€ by thermal ionization and by the field decreases
exponentially with increase of €. Likewise, the
number of carriers with energies essentially ex-
ceeding the ionization threshold is exponentially
small. Therefore, both nyg(E, T) and wi(x, X’)
cause the creation of only very slow carriers

X < 1, and we include them only in the boundary
condition

S(O) — 0, (0) 4 B D) ﬂo(E T)
e 0] (o o]
4+ > N; S xhdx g w? (x, ') fo (x') x"2dx’ = 0,
e.h 0 1
w? = S w, (x) x' dx, (8)
0

where the summation takes into account the pres-
ence of two carrier types and the indices 1 and 2
refer to the creation probability of carriers of the
same or opposite charge.

The quantity wj(x), as shown in Appendix 1,
can increase near the threshold either linearly or
quadratically, depending upon whether the value
of the dielectric constant of the crystal is small
or large, i.e.,

wi(x) =p(x—1Vki(x)/(x), j=12

k() =14 2 kin(x— 1) ©)
n=1
The dimensionless quantity p thus defined is
rather large (p ~ 10%).

Equations (3) and (4) take an essentially differ-
ent form in the regions x<1 and x >1. Itis
natural, therefore, to solve them in each of these
regions separately and then match the solutions
obtained at x = 1. Below the ionization potential
wi(x) =0, wp(x) is a small correction, and all
the remaining terms in the right half of (4) do not
depend on the value of fj(x) in this region. Equa-
tions (3) and (4) are consequently integrated in the
general form. However, on the basis of the re-
marks made above, we will use a simplified form
of the solution in which the value 7 (x) is neg-
lected, and wyp(x), wi(x, x’), and ng(x, E, T)
are taken into account only in the boundary con-
dition (8).
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The constants of integration f,(1) and o (E)
must be determined from the boundary conditions.
The value of ¢(E) =— S(1)7(1)/Njéfy(1), giv-
ing the mean probability of impact ionization, is
simply determined, as will be shown below, by
solving the equation in the region x > 1. Knowing
this value is sufficient to determine all the char-
acteristics of the semiconductor in the strong
electric field. In fact, we show below that in the
region x > 1 the distribution function falls prac-
tically to zero for x—1 & (6/p)Y/4 V E/E; = a.
Consequently, the contribution of this region to all
the observed quantities (number of carriers, con-
ductivity, mean energy) is of the order a «< 1. In
other words, all these quantities can be evaluated
using the function (10) by averaging over the region
x < 1. The single quantity completely determined
by the distribution of carriers over the ionization
potential is the mean probability of impact ioniza-
tion. But it is equal at the same time to —S (1)
= Njéo (E)£fy(1)/7 (1), which is easy to see by
integrating (4) from 1 to «, and omitting the last
three terms, which are insignificantly small in
this region. Thus, all the information which we
must obtain from the solution of the kinetic equa-
tion in the region x > 1 is included in the function
o (E), proportional to the ratio S (x)/fj(x) at
x=1.

The total number of carriers n and the mean
impact ionization and recombination probabilities
are determined from the following relationships

v = o [ (5T (£

+ (%)20(5) exp [—— (%F‘)ZJ o4 (EE—)} (11)

x exp [— (uE; | E)?]
9U) (E | Ey) + (E; | EY*o (E) exp [— (uE; | EX) &P (E [ Ep)
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o (2) = S%g exp [ — z‘ﬂx i—;}%dx" ] xkdx'. (15)
0 0 x

The integral ¢ (z) in general diverges at the
lower limit. This is associated with the fact that
we have considered in (8) the number of recombi-
nations as proportional to f3(0). In fact, as fol~
lows from the reasons given, this number is de-
termined by the mean value of f;(E) in the region
of very small energies (€ & Awypy, ). Consideration
of this fact should lead to the exclusion of the in-
tegral for x ~ Hwp, /€j. The exact value of this
limit for calculating ¢ (z) has no significance,
since the divergence of the integral is logarithmic.

Using the expressions (11) — (13) and the evident
relationships
—S()=N; g w; (%) o (x) $dx,

1

N; S 0 (x,x) x" dx

0

% o® (x, x') £ dx = 2w; ('), (16)
0

the boundary condition (8) can be rewritten in a
form completely analogous to relation (1) (index

e refers to electrons and h to holes),

[Wre (E) — Wie (E)] e (E) — win (E) iy (E) — ng. (E.T) =0,

= 2N;

(Wi (E) — Win (E)] na (E) — wse ('E) ne (Ey — now (E, T) = 0.

an
If wk can be taken as independent of n, then
(see reference 4)

Noe (E,T) 1+ (ngy, (E.T) | gy (E, T) — 1) 1 (E)

N (E) = w__r_e B 1 —y B—= Th 03] )
where
w; (E)
rE) = — (18)

We study the behavior of this expression on in-
creasing the field. In the region E « Ej, we have
r(E) « 1 and (18) takes the usual form r (E)
=ny/wp(E). Thus, the growth of n is determined
mainly by the function qol(};(E/ Ei) [we notice that
o (E) becomes of the order of unity only when E
is comparable with Ej]. In particular, for the
cases mentioned above, involving acoustical and
optical phonons in valence crystals, n is propor-
tional to E¥2 and E® respectively. This behavior
is occasioned by the fact that when the field becomes
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sufficiently large (E R 10% v/cm), the mean elec-
tron energy starts to increase, the relative number
of slower electrons decreases, and there is an as-
sociated decrease in the recombination velocity.
When the field approximates to Ej ~ 10° v/cm,
wi(E) begins to increase rapidly and at a field
Ec, determined by the condition

re(Ee) +ru(Ec) =1 (19)

breakdown occurs. As a rule, the values of Ej
are different for electrons and holes, therefore
one of the quantities r (E) is much greater than
the other and the condition of breakdown takes the
form r (Eg) = 1. The carrier type for which the
value E;j is smaller is taken here. A direct com-
parison of (12) and (13) shows that r (Ej)

~ 6/wg.'r > 1 and, consequently, Eg; < Ej. But
the field dependence of all the quantities entering
into these formulae is small compared with the
exponential, and in the zero-order approximation
we have

s (E,)d
E.—uE; In—‘/z{w o)

E; \2 uE;\ 2

e [1+ (T)  (Ee)exp [“(ﬁ) ]
B\ -1 R

XC(;j)] }zuEiln—‘/:—wr.

The value of wd is of the order (fiwp,/€;)¥?/T,
where Ty is the recombination lifetime of carri-
ers when the field is absent. Taking this lifetime
as of the order of a microsecond, and T ~ 107!2
sec, we obtain the following estimate of the criti-
cal field E; = Eju/5 (see reference 5).

If the region in which the field acts is sufficiently
small (< 1 cm), then the lifetime of carriers is
determined not by recombination but by their de-
parture from this region. The carrier concentra-
tion depends in this case on the distance t from
the boundary of the specimen and the number of
carriers ny flowing through this boundary in unit
time! (noh =0):

(20)

n, (E, 1‘)—

2 (E) 1]

xe(E)exp[—x,,(E)L—xh(E)Z]—xh(E)exp [, (E)L—x, (E) {]
%, (E) exp [—x%, (E) L]— %, (E) exp |—x, (E) L]

@1)
Here vqy is the drift velocity of the carriers in

the field E, L is the dimension of the region, and
k (E) is the so-called impact-ionization coefficient.

_ % (F) v :
» (L) = o, =,(—1)TS(E)
% exp [— (uE; / E)?]
QM(E | E)+ (E/E)*e(E)expl—(uE,/E?| e (E/E),  (22)
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For the particular cases corresponding to (7)
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=V Pop (2) =22 (1 —exp [— 27%]),
cp,,p (2) =22{Ei(z®) +2Inz—C}, (24)
where & (z) is the error integral, Ei(z) is the

exponential integral function, and C is Euler’s
constant (C = 0.577).
The breakdown field for the limited region is
determined according to (21) by the condition
[Kb‘ (EC) — %p (EC)] L = hl ["‘h(Ec)/xe(Ec)] (25)
and is thus a function of the ratio V36 L/I (1). As
long as this ratio is small we have

V3L E; o (E)
L1 Ec In luh (EL‘)//K!(EC)]

[e(z)+ () Eaee [ () ](E)] )

V&L
Ty (26)

E.(L) = uE; ln'"'{

~uE;In—":

The temperature dependence of Eg is deter-
mined mainly by the quantity Ej ~ V6 /1(1). For
acoustical phonons Eg ~ VT, for optical Eg
~ coth"/? (Aw, /KT).

In conclusion, we make a series of remarks on
the connection of the parameter we have introduced,
u, with the known breakdown criteria of Frohlich
and Hippel. Since A (1) =1 the integrand of u?
in (14) can be either of the order of unity if A (x)
does not increase with increasing energy, or in-
creases sufficiently slowly, or much greater than
unity, if the mean free path increases rapidly with
growth of x. In the first case, which apparently,
obtains always in valence crystals, breakdown
occurs in fields of the order Ej, i.e., when the
mean carrier energy becomes of the order ej.

In form this condition agrees with Frohlich’s cri-
terion,® although the primary idea of this criterion
was somewhat different. In the second case, which
has been well studied and of which ionic crystals
are an example, the integrand of u? in (14) attains
a maximum for small energies and, therefore,
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E; ~ uE; > Ei. In ionic crystals, for energies
€Rhwj), the mean free path A (x) is proportional
to x, and consequently u ~ [Ei/ﬁwo]‘/z. The
breakdown field is determined by the relationship

b fiwy In—" B

Ec~uE:;In"" —— ~ %
wlz(1) el (o) wls

(27)
In other words, breakdown occurs in fields for
which eEgl ~ hw, for carriers with energy ¢

~ hwy, which agrees qualitatively with Hippel’s
criterion.’

Starting from (5) and (6), it is not difficult to
verify that Frohlich’s criterion is applicable to
crystals in which B (q) for q — 0 increases
less rapidly than [q (1+2Ng)]™, and Hippel’s
criterion applies in the opposite case.

We proceed now to the solution of our basic
problem — finding the distribution function in the
region x >1 where the process of impact ioniza-
tion is important. It will be convenient here to
introduce new units of energy and current

x—1

T

s(9) =S ()N, (28)

o= (BEYpEN'*D |y =(Ei/E)0y, By =paj. (29)

The system (3) and (4), expressed in these vari-
ables, takes the following form:

d Xk (x .

——Z;y )5 ((x)) Y'fo(y) =0,
d 2 .

f‘,’,;y) + x,’{ ?x‘;‘g foly) —s(y) = 0.

(30a)
XN (x) (30b)

L+ Bk ()

An essential fact, on which all further discussion
is based, is the smallness of «, evident directly
from (29). In the most interesting region of the
field @ < 0.1. The functions f;(x) and S(x)
are essentially different from zero only in the
narrow region x—1 S «, outside which they fall
off exponentially. In this region the coefficients
of (30), in the arguments of which the substitution
of y for x has not been made, are very slowly
changing functions of y and with great accuracy
can be taken as the first terms of corresponding
series of degree x-1 = ay. In the zero order
approximation in «, which we mainly use, all
these are unity. Further, in this approximation,
(30) can be solved exactly only in particular —
although perhaps the most interesting — cases.
We therefore now describe a general method al-
lowing us to determine with adequate accuracy
the quantity o (E) of direct interest to us.

Equations (30) for any values of the parameters
have two linearly independent solutions; one ex-
ponentially decreasing at infinity, the other in-
creasing. Apparently, only the first of these is
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physically permissible. It is determined to within
an arbitrary multiplier, but the ratio of s(y) to
fy(y) at any point, including at y = 0, is strictly
defined. Therefore, the requirement of a solution
decreasing at infinity is equivalent to the problem
of determining the value of ¢ (E). We eliminate
from (30) the function f;(y). Then for the current
s(y) we obtain a second-order equation

d A (x) Yj F(y) ds (y)

'cTy“{ xk; (x)y! © dy

1Bk ()Y v Fw) _
————T’)\@—)——-e S(y) 0;
Y
F ) =\ ok 1+ Biks () /T dy

0

B1)

The quantity o (E) which is sought is derived
from its solution in the following manner:

@(B) = — - lim { %) y

32
T g~ol A(x) ©2)

5 (y) }
ds(y)/dy

and is a function of the parameters Bj and Yj-
Instead, to find this function, we invert the prob-
lem, take fixed values of o, and seek the inverse
function By = Bj(cr, ¥j). In these circumstances
(31) appears as a typical eigenvalue problem; the
given boundary conditions at y =0 [Eq. (32)] and
at infinity [s (y) — 0] require the finding of the
value of the parameter Bj, for which the equation
has a nontrivial solution. Solving then the expres-
sion obtained for o, we find the relationship of
importance to us ¢ = U(Bj, Yj) =0 (E). The eigen-
value of interest to us must, apparently, be the
smallest, since, from its physical meaning, the
function f;(y) cannot tend to zero anywhere ex-
cept at infinity. But, from (30a) and the conditions
xkj (x)/A(x) >0 and s(w) =0 it follows that

s (y) also has no zeros in the interval (0, «).
These properties, by virtue of the oscillation
theorem, are possessed only by the eigenfunction
corresponding to the lowest eigenvalue.

One of the most accurate and at the same time
simplest ways of finding the lowest eigenvalue is
the variational method. Equation (31) with the
boundary condition (32) is equivalent to the follow-

ing variational problem:!?

VI AW ras@e, @) 170, S0
X\xk,(x) o [ dy | 3Ny o%j
—8;= min-* -
CRi(¥) xiFw
Axkl Exi e iy (33)

)
with the additional condition that only functions
satisfying (32) are permissible. The eigenvalue
is obtained by this method rather accurately even
when the variational functions are only rough ap-
proximations to the true solution. In the problem
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considered, however, one can also hope to obtain
a reasonable approximation for the function (al-
though this is not a necessity), since its quanti-
tative behavior is very simple. Directly from (31)
it is apparent that s (y) is a smooth function
monotonically decreasing with increase of y.

Evaluation of the integrals entering into (33)
and the subsequent solution requires as a rule
rather cumbersome expressions. Therefore we
will utilize this method only in cases when an ac-
curate solution cannot be found.

We proceed now to the actual solution of (30)
in different cases.

I. j=1. As already remarked above, this case
corresponds to semiconductors with not very large
dielectric constants (u ~1). In the null approxi-
mation with respect to «, the system (30) takes
the following form

28— yfo ) =0,

1 dfe(y)
1+By dy

The integration of these equations is carried out
in Appendix II and leads to the following results:

+ Tafo (¥) — s (y) = 0. (34)

fo6) = T2~ {W. (@) + oW _(fexp {— L pens (5+1)'}

35)

1 { W(28)—pW_(2?)

SO) =—yE \W. @RV #}f o (9), (36)

where

z—pl'{y+zﬁl(1+ﬁ‘“)}, p——pl'"( _ b))

Wi(x) = szii»%(x) is the so-called Whittaker
function. From (35) and (36) it follows that

= L V)W) VB
-]
® V_{W+(z2>+pw @ 2 }
4 2
where 2, =2p E_—Bg:’—;; . (37)
1

The various limiting cases of these formulae
are also treated in Appendix II. Here we only re-
mark that the quantity B;%} = 6 (E; /E)? for the
fields of interest to us is small, which allows for-
mulae (35) — (37) to be greatly simplified.

II. j =2. The case of large values of the di-
electric permittivity. In Appendix I it is shown
that u can be considered as large if the condition

W = ¥k | 2ae,/m, (38)

is satisfied, where e is the electronic charge. By
inspection this criterion can be interpreted as fol-
lows; the quantity u is considered large in crys-

tals in which the binding energy of Coulombic lev-
els me!/u?h? is smaller than the width of the re-
gion «e€j where impact ionization takes place. In
the semiconductors of most interest — germanium
and silicon — the binding energy of the Coulomb
levels is about 1072 ev, and the quantity aej ~ 0.1
ev. It is natural, therefore, to suppose that they
belong to the case j = 2. The intermediate case
when

w; (x) = — D +e(x—1)2 and ac; ~ 1,

p
7 *

also leads to the case j =2 by the transformation
y’' =y + 1/2ac; and, therefore, will not detain us.
Putting j = 2 in the original system (30) gives

L _ )= i DL+ ral)— ) =0,
(39)

It is not possible to find the general solution of
these equations for arbitrary values of the param-
eters. We proceed, therefore, in the following
manner: we divide the integral of possible values
of the field into two partially overlapping regions,
in one of which B; < 1, and in the other vy, < 1.
In the first region, which is apparently the one of
greater interest, we find an analytical solution of
(39), and in the second utilize the general method
described above for determining the function o (E).

We will start with a proof that these regions do,
in fact, overlap, and thus the combination of the
solutions we obtain contains the solution of the
problem for any values of the parameters E a.nd
p. To do this, we remark that the product 33 2y,
~ Vp62 « 1, and therefore for all values of E
one of the quantities By and 'yz must be small.
The regions overlap when B, ~ (péz)l/ S<1,
although the margin in the latter mequahty is not
very large. The considerations given have an ob-
vious physical significance. The energy relaxa-
tion time due to collisions with phonons is much
greater than the momentum relaxation time. In
ionization collisions these times are of the same
order. Therefore, if the ionization processes
play an important role in establishing momentum
equilibrium (B; R 1), then the energy relaxation
is determined only by them (v, < 1). On the
other hand, if phonons make a significant contri-
bution to establishing energy equilibrium (y, R 1),
then the momentum loss in ionization for time T
is insignificantly small (B, << 1). The region
By < 1 is of the greatest interest, since it corre-
sponds to a field E < Ej, and in general this con-
dition, as was shown above, is satisfied even by
breakdown fields. We commence the discussion
with this case.

a) B, < 1. Region of comparatively weak fields.
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In the zeroth approximation with respect to @, and

By (the method used, taking into account the corre-
sponding corrections, is given in Appendix III) a
second-order equation for fy(y) can be obtained
from (39):

d*fo (9)/dy® + vodfo (¥) / dy — Y*foly) =

By a series of elementary substitutions this can
be reduced to the Whittaker equation and its solu-
tion takes the following form:

(40)

fo(y) = const y—"2exp {—"/aTay} W—cryir () (41)

Using the known behavior of the Whittaker func-
tion, it is not difficult to discover the behavior of
fo(y) at zero and at infinity:

y> 1t fo(y) = const y=t/"—"hexp {(—1/5 (4* + v2y)}, (42)
(/s) 1
y<l: fo(y)= const{l.(s/ 16) ( -5 "{ay)

—/2)

With the help of the last formulae and the second of
Egs. (39) the quantity ¢ (E) of interest to us can
be determined:

43)

1 2 TCL41i8) 4
o(E) = {dy In fo(y) + Ta}y=0— ™ r——————(l/‘_H 6 2"
(44)
In the limiting cases of small (y, > 1) and
large (v, < 1) fields we have
2/1y=(2p/%) (E/E}), T1a >1
°(E)={ 2 T¢la)  TCl)(p\h/ ENh (45)
ir(lu):zr(l/.)(a) (E,-)* n<t
The distribution function (41) in the latter case
(v, < 1) is close to that obtained by Heller.!
b) vy, < 1. Region of very strong fields. In the

zero approximation with respect to «y and vy, we
must solve the following variational problem:
(=]

S {[y~ds/dy)+ s¥(y)}dy— s40)/ys0

—B, = min2 =
Sy'S’ (y) dy
0
limf_1 dsw)_ 1 46
u»o{y”s(y) dy }_ Yoo (46)

The detailed method of solution is given in Ap-
pendix III. Here we confine ourselves to a sum-
mary of the results. The connection between the
quantity g = (y,0) -2 and B, is given in para-
metric form by the two relationships

Bo=g (g1 (V) —da ()}, gt = d%(v) /d%(v)
where

__ vsinzmv I8 (v) I' (4v)
¢ () = Ty
% [ vsin ©ty

Iy )] Yo T (4v) T (v/3)[2(4v/3) T (7Tv/3)

T(8/3) T (v)T2@v)T @v) . 68)

IN SEMICONDUCTORS 515

The corresponding function s (y) takes the form

s (y) =2'K, (2,

2% si 1/2v
2= [Z50™ e )y, 49)

where K,(z) is the Macdonald function. v varies
from % to 3. In the limiting case when By — 0,

v tends to § and the solution (49) agrees with that
which is obtained from (41) in the limit as 7y, — 0.
Thus, the solutions we have obtained in fact join
up in the region where the conditions By < 1 and
Yy K1 are simultaneously satisfied. In the other
limiting case when v — %, g tends to infinity.
Thus, By ~ g3 ~ (v90) “2, In fact, for very large
fields

o (E) = V'¢1 (/2)/3 E/E.. (50)

APPENDIX I

The probability of the creation of electrons with
momenta p; and p, and a hole with momentum ps,
due to an ionizing collision of an electron with an
original momentum py, can always be written in
the form

(2r/B) | M (Po; P1s P2) [28 [ee (Po) — € (P1) — & (P2) —&n (Ps)]
X8 [(Po — P1— Pa— Ps)/%]-

Hence, the following expression is obtained for the
total ionization probability:

w; (e) = 223

X S | M(Po; Pu» P2)|?8 (g0 — €e(P1) — € (P2) — &n (Ps)]

g <Po —p1— Pz—-Pa) d3p1d3p.d3 ps

% (2nh)9 &.1)

All the conservation laws can be satisfied only
for sufficiently large values of p,. The ionization
threshold is determined by the condition

& =¢, (Pi) = &men (P2)

= min {&, (p;) + & (Pa) + &1 (P: — Pr — P2)}-

The condition of a minimum in the right-hand side
of the equality means that at the threshold Veg(p;)
=Vee(Py) =Ven(ps) =v, i.e., the speeds of all the
final particles are equal. Close to the threshold
the argument of the energy 6 -function can be de-
veloped in a power series of the departure of the
momenta from their values py,(py) determined
from the minimum condition written down above.
The coefficients of the corresponding quadratic
form, after transforming to principal axes, we
will label mg™(py). After introducing new vari-
ables of integration according to the formulae

Pi— Pim (Po) = V 2m(po) [ee (Po) — Emin (Po)] T
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etc., (A.1) acquires the following form:

27 11,(Po) M, (Po) (Po

)
w; (po) = T (2#)3 (Znﬁ)“ [88 (po) — €min (Po)]2

. 6
v 1M o s (123 k)d -
k=1
I L T R p——
e VA BT Flse (b0) — ST
(A.2)

In the Born approximation M(py, Py, Pg) is
simply the matrix element of the corresponding
interaction energy. Since the momenta which are
exchanged by the particles participating in the re-
action are of the order v mej, the collision param-
eters making the principal contribution to ioniza-
tion at the threshold are of the order %/vVmej .

In this region the interaction potential must be of
Coulomb order ez/ r, since the polarization of
the medium only occurs at large distances. There-
fore
3 _— #H3 1 e2h2
M~ SV e =V e,

I3

so that

4 etm_ o gp—¢g;\ 2
w: (o)~ Ve (Ve () — V) (P — POP ~ TV (“ ) -
(A.3)

This expression is almost the same as the result
obtained by Tevordt!? from an exact analysis of a
somewhat simplified model. In deriving (A.3) we
have neglected the difference between the slowly
varying quantities mf:(po) and their values at the
ionization threshold, and have replaced all the mi:
by some mean value m. Also we took the speed of
the final particles v as small compared with the
speed of the primary Veg(pg).

When the Born approximation is inapplicable,
the ionization cross-section for slow electrons
differs from the Born multiplier | (0, 0) |2,
where ¥ (ry, ry) is the wave function of the final
state describing the motion of the two electrons
relative to the hole.'® When a long-range Coulomb
interaction is present, this multiplier tends to in-
finity as (€ —€;)~1.1* The evaluation of the ma-
trix element given above is then correct only in
the region €—¢; R e*m/u*h? (criterion for applic-
ability of the Born approximation). The dielectric
permitivity u enters into this criterion because

*The results of Geltman'* cannot be considered as strictly
proven, since one of the terms entering into the interaction of
the final particles was considered as a small perturbation. More
convincing from our point of view is the fact that the experi-
mentally measured ionization cross section in gases close to
the threshold depends linearly on energy.
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the growth of |9 (0, 0)|? is determined by the
long-range part of the Coulomb interaction. In the
region of small energies

60—-5[

) ) e‘m Vi €0 — €;y e'm _ _e_z eim
w; (po Y \ = ) W2RE (50— ;) =% ( R, > k;:

(A.4)

The energies of interest to us are of the order

€j + aej. Consequently, if u is large enough so
that p’aejhi’/e*m > 1 the Born approximation is
applicable for them and Formula (A.3) can be used.
In cases where u ~ 1, the situation is completely
analogous to that which exists in gases and the ion-
ization cross section close to the threshold in-
creases linearly.

APPENDIX II

We transform the system (34) by introducing
new variables according to the formulae

2 1 2
AR 108 OIS Tl (B )

@ =1 Y80 f )+ Vs )

X exp [% 21 (!/‘l" ';TY] ;

ve ()= {1+ Y1) £y () — Vs )

1, 1\2
xexp [ Bm(v+5) |- (A.5)
The functions X; 3(z) then satisfy the following
equations:

A2 (2) /d2* + (49 F 1 — 28 310 (1) = 0, (A.6)
which easily lead to the Whittaker equation. The
corresponding solutions are given by (35) — (37).
Here we retain in the analysis some limiting
cases. It was remarked above that in the region
of fields of interest to us the quantity Bly%

=6 (Ei/E)? is small compared with unity. There-
fore we will retain only terms of the order \/?1 Y1
and will neglect terms of the order B;v}.

a) p < 1. Region of large fields. In this case
the quantity z, = 2p (4 +,81y%)/(4 —Bl'y%) is also
small. In the zero approximation in p? the solu-
tion has the following form:

1 1., RS o
o) = 2= exp {— 78 (y+ 5) | W (2)

= {— l/—ZE (y - Ti%;)q - }T BiM (!/ =+ %)2} '

(A7)
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s@)=—{1—=VB1/2 o @)/ VB o(E)=1/VBir1— Y

(A.8)

b) p > 1. Region of relatively small fields.
For this case it is most convenient to start directly
from (A.6). We transform afresh to the independ-
ent variable y = (4p)¥3(z-2p) and neglect the
small quantity p'4/ 3y2 The functions x;,(y)

then satisfy the equation

A0 () /4y — (Y == VB x1.2 (y) = 0. (A.9)
Consequently,
12 (9) = (VB K Bis(y £ VB, (A.10)

fo(y) =~ VyK'/, (/3 y") exp [— 4 Bia (v + 1/8:1)°1 4 O (Ba),
s(y) = — [V yKs, Clsy'%) | K, /s ) — 11/ 21 fo( 9);
(A.11)
S (E) = —3"T (/s) /T (/3) — /s (A.12)
If y; is not small, then
s(E) = —1[K, (¥}/12) /K, (13/12) — 1. (A.13)

This solution is easily obtained also from (34)
under the condition By < 1.

APPENDIX III

1. The evaulation of the corrections to the solu-
tion of (30) for j =2 which are proportional to S,

@y, and oz%, can be performed in the following way.

We introduce the new independent variable

{ Sy ]// <x>|1)\—f Bk (1) 7] }

and then by substitution

foto) = () exp {— 41 [«
0

x%% (x)
2X(x)®

d X\ (x) A(x) dz
+ 4 T ) e w92 ¢ @) (A.14)
arrive at the equation in the normal form
d?p(2)/ d2® — (/o 12¥ (2) + 22} 9 (2) = 0. (A.15)

We develop ¥ (z) in a power series of z:
¥(z)=¥(0)+ Iy(z) + ‘Ifz(zz) + .... In essence
this series is an expansion of ¥ (z) in powers of
@y and By: ¥~ o, ¥, containsterms proportional
to o} and By, etc. By the transformation

e= (14 T)" (o e )
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Equation (A.15) leads to the previous form. We
limit ourselves here to this preliminary treatment
and shall not proceed to explicit expressions for

¥ (z), ¥, ¥ and ¥, in view of their cumber-
someness.

2. As the variational function for the problem
formulated in Eq. (46), we will choose the function
s (y) = zVK,(z), where z = (¢y)¥Y?V. This func-
tion has the correct behavior at zero, s (y) — s (0)
~ y3, and decreases monotonically with increase
of y, i.e., it satisfies the basic qualitative require-
ments for s (y). Also in the limiting cases of
small (v — %) and large (v — %) values of Sy,
it gives an accurate solution of (39) for vy, = 0.

Of the two parameters ¢ and v, only one is dis-
posable by virtue of the additional condition (46).
We will take v as the independent variable. The
parameter £ is expressed in terms of v and ¢
in the following way:

g8 = (2%/3ra) v (v) sin nv. (A.16)

The evaluation of all the integrals entering into
(46) is most conveniently carried out using the
known integral forms of the Macdonald functions

2 iot""_l exp {— -g— — %j-} dt,

0

K@) =3

[=2)

g 2K, (2) Ky (2) dz

0

B Y 4 0 o e i ol A YR L die
= e T ()
x (s p (o) (A.17)
As a result, (46) is reduced to
— B = gmin {— g%, (v) + 4. (v)}, (A.18)

where the functions y;(v) and ¥,(v) are deter-
mined by (48). The condition for the minimum of
this expression leads to the connection (47) be-
tween By and g.
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