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Beam electrons and plasma oscillations are regarded as two subsystems. A kinetic equa-
tion describing the interaction between the beam and plasma is obtained on the assumption
that the beam does not change the properties of the plasma and that the plasma state is spe-
cified by its equilibrium parameters. The expression for the decelerating force calculated
on the basis of this equation includes losses due to electron-electron collisions as well as
those due to the excitation of plasma oscillations. A more general case is considered in
which neither of the subsystems is in thermal equilibrium. The solution of a set of nonlinear
equations for the beam electron distribution function and the electric potential is considered
for this particular case. The results are used to account for the rapid energy transfer from
beam electrons to plasma electrons, which was first observed by Langmuir.

IN calculating the energy losses of electrons mov-
ing through a plasma it is customary to consider
separately the losses resulting from short-range
interactions (electron-electron collisions) and
those resulting from the excitation of plasma os-
cillations.

The calculation for electron collisions results
in the following expression for the decelerating
force:

F, = (ewp/vy)? In (rg/a), (1)

where e is the electron charge, wy, =V 4me?n/m
is the Langmuir frequency, v, is the velocity of
electrons entering the plasma, a =e?/mv} and

rq is the Debye shielding distance. Equation (1)
can be obtained from Landau’s kinetic equation®

or from the corresponding Fokker-Planck equa-
tion, where (1) represents the systematic frictional
force exerted by plasma electrons on a beam elec-
tron.!-?

The decelerating force resulting from the dis-
tant part of the interaction is usually calculated
in the approximation of the given particle motion.
The following expression is obtained:2~3*

Fy = (ewr/v,)* In (vo/v7). @)

It follows from (1) and (2) that the energy losses
resulting from near and distant interactions are
of the same order of magnitude.

*The results obtained by various workers differ in the loga-
rithmic term.
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It was established very early by Langmuir that
an electron beam in a plasma is scattered much
more rapidly than (1) and (2) indicates. Langmuir
suggested that this extremely rapid scattering is
associated with the excitation of plasma oscilla-
tions; this was later confirmed experimentally
(see reference 10, for example).

The problem has been investigated theoretic-
ally in papers by Vlasov,? Bohm and Gross? and
others. In these papers it is assumed that the
velocities of electrons entering the plasma are
modulated as they traverse the double space-
charge sheath and that the electrons then form
bunches of different densities, as in a klystron
oscillator. Regions of maximum beam density
are also regions of strong scattering. However,
as will be seen below, there is considerable anal-
ogy with the operation of a traveling-wave tube.!!
We shall now briefly indicate the results obtained
in the two parts of the present work.

Following Bohm and Pines,'? the Hamiltonian
for beam and plasma electrons is

1 \ e oo, |1 N

H= ]3\ (P[ — LA (@) S—WSE-dq, 3)
where A is the vector potential of the longitudinal
electric field (E = —(1/c)9A/dt; curl A =0), and
N is the number of electrons in the system. With
A as the field coordinate we have the momentum
I = —E/4rnc. The Fourier series for A and II
are
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Here ak is a unit vector. In (4) and hereinafter
the upper function pertains to j =1 and the lower
function to j = 2.

The state variables of the system will be the
electron coordinates and momenta, q; and Pj,
and the coordinates and momenta, Ql({j) and Pg),

of plasma oscillators with wave numbers k < kq.
Here kg ~ 1/rq. Substituting (4) into (3) and sep-
arating terms with k < kg from those with k > ky,
we obtain the following Hamiltonian in linear ap-
proximation:

p? - ‘
H=35m— - ]/% M% , (Prax) (QR sinkq; + Q¥'cos k q)
+3 2 PP+l + 22U (la—a)-  6)

k<kd,i

Here the first term represents the kinetic energy
of the electrons, the third term is the energy of the
plasma oscillations with frequency wjy, and k < kg,
the second term is the interaction energy of plasma
oscillations and electrons, and the last term repre-
sents the screened (near) part of the electron in-
teraction energy.

We introduce the distribution function of elec-
trons and plasma oscillations f(qj, Pj, Ql({j)’ Pl({j)’ t),

which specifies the probabilities of different states
of the system. By means of (5) we obtain the follow-
ing expression for f:

of P; 4n
at 2 -z ]/v—
) of
{ 3Q(!) - g) 8P(’) }
—Z;qflzuuqi—q,-l)g.’;

in { (/) sin kq; 9f
P;ay)k i
_~ m V 2 ( k) Qk sin kg, "Pi

ik,j

(j) sin kq; } of

ka cos kq; aq

of
- (Pias)ies s, 50 | = 0. (6)

In the first part of the present paper we obtain
from (6) approximate kinetic equations for the
electron distribution function f;(q, P,t) and
for Fy (Qg), Pl({i)’ t), which is the coordinate
and momentum distribution of plasma oscillations
with the wave vector k.

The kinetic equation obtained for f; differs
from the familiar equation of Landau by taking
the excitation of plasma waves into account be-
sides electron-electron collisions. In linear ap-
proximation this becomes the Fokker-Planck
equation in momentum space, with the systematic
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frictional term consisting of two parts correspond-
ing to (1) and (2) for the decelerating force.

The systematic frictional term in the kinetic
equation for F; corresponds to the damping coef-
ficient of plasma oscillations obtained by Landau.!®

As already noted, under certain conditions the
transfer of energy from nonequilibrium electrons
to plasma electrons occurs at distances consider-
ably smaller than the relaxation lengths obtained
by means of (1) and (2). The existence of this
Langmuir effect indicates that the kinetic equation
used in the first part of the present paper does not
determine electron deceleration in all cases. In
deriving this kinetic equation for the electrons we
assume equilibrium states of the plasma electrons
surrounding a given beam electron and of the plasma
oscillations. However, with a sufficiently high con-
centration of nonequilibrium electrons (such as
beam electrons entering the plasma) these condi-
tions are not satisfied and a set of simultaneous
nonlinear equations for the beam and plasma must
be solved to determine the beam deceleration. This
will be done in the second part of the present paper.

1. DERIVATION OF KINETIC EQUATIONS FOR
f, AND F,

When (6) is integrated over all variables except
the coordinate and momentum of a single particle,
and then over all variables except the coordinates
and momentum of a single oscillator with wave
number k, we obtain the first two of a chain of
equations for the distribution functions:

ofi , Pof1 e 1/41:8 (1) sinkq 8Dz, () 1)
% tmag —m E a0 5 T dof apy

V¥ S(Pak koY ki S a0y PP

—n—SU(:q —q') %2 dg’dp' =0, 0
6F1 () oF j)_OF
TR s 3 L e

+n 2V F I D@ anistt 550 daap —o. ®)
7
Here &,(q, P, ng), Pl((])’ t) is the second mixed
distribution function, f,(q, P, q’, P’, t) is the
second electron distribution function and n = N/V
is the average number of electrons per unit volume.
Equations (7) and (8) relate the first and second
distribution functions. In a similar manner we can
obtain equations for the three functions &,, f,, F,
(second distribution functions).
The equations for the second distribution func-
tions contain third distribution functions etc. In
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order to obtain an approximate closed set of equa-
tion we follow Bogolyubov and Gurov!! in introduc-

ing the following approximate distribution functions:

fs = fififus ®; = f,f,F, and so on 9)
fo=Hh+G(q,P,q,P,1) (10)
D, = /1F, + g(q,P, Q¥, P, 1), (11)

where G and g are correlation functions which
are proportional to a small parameter (the ratio
of the interaction energy to the kinetic energy).

We shall first consider the case f;(q, P, t) =
f; (P, t), i.e., a uniform first distribution function
of the electrons. In this approximation, using the
approximations introduced above for the distribu-
tion functions, from (7), (8) and the corresponding
equations for the second distribution functions we
obtain the following equations for f;, Fy, g, and
G:
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If the initial distributions for G and g are
known, we obtain equations for f; and F; by
solving (14) and (15) and eliminating G and g
from (12) and (13). Usually only the initial values
of f; and F; are known, in which case, as in ref-
erence 15, we can obtain approximate kinetic equa-
tions for f; and F,, which are valid only in such
large time intervals that the initial values of G
and g are no longer significant.

sln kq 0F, f
1

cos kq > GPU) (1 5)
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The solution of (14) in this approximation can
be represented by

6y oo~ O

By using (16) to eliminate G from the last term
of (12), we obtain an expression corresponding to
the right-hand side of Eq. (10.21) in Bogolyubov’s
book.!® This is the approximate kinetic equation
for a system of particles with Coulomb interaction,
which was derived by Landau. The only difference
is that in our case the expansion of the interaction
potential energy contains only terms with wave
numbers k > Kkq. Therefore by linearizing this
term and assuming that f; differs very little from
a Maxwellian distribution, we obtain two terms de-
scribing diffusion and systematic friction. The
corresponding coefficients are finite for small k
since the potential energy U (|q—-q’|) contains
only terms with k >ky in the expansion accord-
ing to wave numbers. For large k the region of
integration is limited by the condition k ~ mv/e?.
The resulting decelerating force agrees with (1).
In order to obtain a closed equation for f; we
must eliminate the correlation function g from
(12). To obtain an equation for f; that is accurate
up to quadratic terms in the ratio of potential en-
ergy to kinetic energy, we may substitute for Fy
in (15) the equilibrium distribution for oscillations:

)= 5n h—h g} e

= Aexp{ —P{"/2xT — o} QY’/2xT}. (1))
The solution for g then becomes
p (0
= ]/4 g (Pay) k (Q.(")coser — 1;“/ sin o, 1)
L y
cos (0) af 1 ¢
X [k(q——t)]drF ‘—l— VxTS E(Pak)
z:; [k (q — % -:)] (PP cos vt
+ O wsin w ) deF O, (18)
Substituting (18) into (12) and integrating over
Q(J) and Pl(cj)’ we obtain the following kinetic
equation for f;:
a ’ ’
7’;‘ =n —SU(lq—ql) 5pdd’dP
7} ¢}
+ a5, Do g+ 3p (AR (19)

Here G is given by (16); for the diffusion coeffi-
cient Dyg and for the coefficient A of syste-
matic friction due to the excitation of random
plasma oscillations we obtain
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D=L S 8 (o — kP/m) ap, g, dk, (20)
A= Sak (Pay) 8 (o, — kP/m) dk. (1)

The decelerating force F, is obtained from (21)
Transforming to spherical coordinates in (21)
with the z axis along P, we obtain
1 kg
F2=e2mLS Skdkﬁ(wl_—k—y>ydy, y=cose. (22)
10
It follows from (22) that the decelerating force F,
differs from zero only when P/m = wp,/k, which
indicates that particles with the momentum P can

excite waves only with the wave number k > wym/P.

We therefore have
kq
etof de €%} ]
02 S T T Vo,

F,= (23)
L/
Here v=P/m and vy =rq/wy, is the thermal
velocity. The total force of systematic friction is
given by the sum of F; and F, and does not de-
pend on the choice of k3. (Compare with the cor-
responding results obtained by Vlasov in reference
2.)

By using (7) and the corresponding equation for
the second distribution functions we can obtain a
kinetic equation for f; in the inhomogeneous case.
This complicated equation will not be presented
here, but in the second part of the present paper
we shall use a specific example to show that under
certain conditions when the inhomogeneity of the
distribution function is taken into account the de-
celerating force acting on beam electrons can be
considerably greater than would follow (1) and
(23).

We shall now consider the diffusion coefficient.
The only nonvanishing terms in (20) are those with
a = (. With the z axis along P, the integral
gives

T
Dyy= T In 2

T

’

me?o%
Dy = Dyy=—1— for v >vr. (24)

In reference 9 Temko has calculated the diffusion
coefficients associated with the screened part of
the interaction.

We note that in the stationary case the kinetic
equation (19) is satisfied by a Maxwellian distri-
bution.

We shall now consider the kinetic equation for
the coordinate and momentum distribution func-
tion of plasma oscillations, which is obtained under
the aforementioned assumptions by eliminating the
correlation function g from (13) and (15). We in-
sert the equilibrium value of f; (the Maxwellian
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distribution) in the right-hand side of (15). The
calculation gives the following equation for Fy:

0F a 0F
o + 2 Pﬁ/) OQ(’) - ["’RQ P+ XT o 0Q(’)] ap(/\}
a4 .
= 2yxT ]Z -_apgg'lﬂ + 27 2,'—_013{{’ (P F). (25)
Here
0l =0} + 7— k2, Y= ]/— —;—k—sexp (— 1/2r5 k). (26)
From (25) we obtain an equation for the amplitudes
QI({J)’ averaged by means of the distribution func-

tion Fy, of plasma oscillations with different
numbers:

QP + 24QL + 2 0P = O =\ QuF1dQdP.. (27)

The damping coefficient y of plasma oscillations
agrees with that calculated by Landau.!®* We also
obtain various statistical parameters of plasma
oscillations from (25).

2. NONLINEAR THEORY OF PLASMA OSCILLA-
TIONS EXCITED BY AN ELECTRON BEAM

The kinetic equations for f; and F; were de-
rived on the assumption that at initial time the
plasma oscillations (in the case of f;) or the
electrons (in the case of F,) are in thermal
equilibrium. There are many problems in which
this is not the case and neither of the subsystems
(electrons and plasma oscillations) is in thermal
equilibrium. We shall now consider one of these
problems.

An electron beam enters the plasma in the x
direction at the point x = 0 with a velocity that
exceeds the thermal velocity of plasma electrons.
We shall show that the decelerating force acting
on the beam electrons due to the excitation of
plasma oscillations is considerably greater than
that given by (1) and (2).

We at the very start separate beam electrons
and plasma electrons in the Hamiltonian (5). Then
the two equations (7) and (8) for the first distribu-
tion functions are supplemented by another equa-
tion for the beam electron distribution function.

When determining the decelerating forces in
the homogeneous case considered above it was
important to take into account the correlation be-
tween plasma electron variables and the variables
pertaining to plasma oscillations, since in this
homogeneous case the self-consistent term van-
ishes.

In the inhomogeneous case, with organized
oscillations of the entire system excited at the
expense of electron beam energy, in approximating
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the second distribution function of electrons and
plasma oscillations we may set

®@,(q, P, QF, P, t) = /,F,, (28)

since in the inhomogeneous case this multiplica-
tive term is the principal term.

Taking (28) for the second distribution function,
we arrive at a system of self-consistent equations
for the distribution functions of electrons and plas-
ma oscillations. We do not present these equations
because, farther along, in order to simplify a com-
parison of our results with those of other writers,
we shall use a system of self-consistent equations
for the electron distribution function and scalar
electric potential which were first investigated by
Vlasov and thereafter by many other writers:

of 4 €09

of e dpdf
at P T mae O

(29)

P (x,0) _ 4-::e{ g (@, v, t)do ——n+} .

Ox?

30)

—Q0

We assume that the charge of the electrons is neu-
tralized by the positive ion background.

In solving our problem of electron deceleration
through the excitation of plasma waves we must
obtain a wave solution of (29) and (30) which sat-
isfies the given boundary conditions at x =0. If
¢ is assumed to be a known function, by solving
(29) with respect to ¢ and eliminating f from
(30) we obtain an equation for the electric potential.

From the solution of the linearized equations
(29) and (30) it follows3:11:16=18 that Jongitudinal
plasma waves are generated growing in the x di-
rection, the phase velocity of which is smaller than
the average velocity v of the beam electrons. The
rate of growth of the plasma waves depends on the
velocity and concentration of the beam electrons,
and with a sufficiently small concentration the
growth may be as small as desired.

For a sufficiently slow growth of plasma waves
the solution for the potential in nonlinear approxi-
mation can be obtained in the form

¢ (x, t) = 9, (2) sin (0t — kz 4 ¥ (x)), (31)

where ¢((x) and ¥ (x) are the slowly varying
amplitude and phase, respectively.

For a steady wave, i.e., the amplitude and phase
are independent of x, the potential is a function of
only x — Vpht. Then the solution of (29) with re-
spect to ¢ hecomes

fz,v,t)

= ‘D( =+ (?/ — ) —2 r_ne— ¢ (z—2y, t)Jl/’ + 7’;».) , (32)

where ¢ is an arbitrary function; the + sign is
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taken for v >vpp and the — sign for v <wvpp.
Eliminating f from (30) by means of (32), we
obtain the following equation for ¢:

2 . i | 2ep(x —vppt) 1=
a—ﬁ:l}he{&@(l)[lf‘mj dv—n+}. (33)
With a Maxwellian distribution used for &, (33)

agrees with the equation given by Bohm and Gross.?

Akhiezer and Lyubarskil!® have solved an equa-
tion similar to (33)* for zero temperature of plas-
ma and beam electrons. In another paper Akhiezer,
Lyubarskif , and Falnberg? have solved the more
general equation for nonzero plasma temperature.
In this case & may be represented by

® = @, (mv?/2) + nyd (v — ). (34)

Here n; is the beam electron concentration, v is
the electron velocity and &, is an arbitrary func-
tion of the energy.

These solutions cannot be used directly in the
problem of electron beam deceleration, since with
small thermal losses the transfer of energy from
the beam to the wave occurs in the region of wave
buildup. We must therefore consider the process
whereby the wave is established.

It also remains an open question whether the
solution for a growing wave will approach a solu-
tion satisfying (33). Yet from this particular solu-
tion we can infer that different conditions govern
the application of the linear approximation to
plasma and beam electrons. Indeed, when & in
the right-hand side of (33) is replaced by (34) or
a more general expression allowing for the ther-
mal spread of beam electrons, it is easily seen
that when Vph > vKkT/m the linear approxima-
tion is valid for plasma electrons if e¢ « mvf)h /2
and for beam electrons if ep < m (vph -v)%/2.
When m (vpp —7)% « mv%,h nonlinear effects will
be manifested for beam electrons at considerably
lower potentials than for plasma electrons. The
use of the nonlinear equation only for plasma elec-
trons can, of course, be justified only if the solu-
tion yields a steady value of the amplitude such
that egpgy < mvpy /2.

Thus for a low concentration of beam electrons
(but sufficiently large to maintain plasma oscilla-
tions at the expense of beam energy), we can re-
place (29) and (30) by a set of equations for the
beam electron distribution f; alone, with ¢
given by the wave equation for the plasma wave.
The phase velocity and damping coefficient of the
plasma wave will then be taken from the linear
theory of plasma oscillations.?:13

*The equations differ because of different constants of in-
tegration.
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We thus arrive at the following set of equations:

of of1 e 090f1 _
o T o axaw = O (35)
Po gxde 10 _ —
R Y i (LN
¢ = @y (¥) sin (0t — kx + ¥ (x)). (37)

Here wjp has its previous meaning given in (26);
v is the damping coefficient, which includes both
that obtained by Landau [see (26)] and possible
damping resulting from collisions. The functions
@o(x) and ¥(x) are, as previously, the slowly
varying amplitude and phase.

With (37) for the potential, we solve (35) for a
given beam electron distribution function at x = 0.
We denote the known function f; at x=0 by
f§O(v®), with [f{¥dv® =n,,.* The superscript
0 pertains to the point x = 0.

Since, for a given ¢, (35), is a first-order
linear differential equation, its solution is deter-
mined by the solution of the characteristic equa-
tion. In view of the slow amplitude and phase
variations this equation can be written as

Tx ~ — L gy () cos (ont — hx + ¥ (1)).

(38)

When the functions v(®(t, x, v) and t©(t, x, v)
are obtained from (38), the solution of (35) can be
written as

il(x' v, t):fg‘)) (0(0)(,5, v, t))

Using this solution, we obtain the following expres-
sions for the density and current:

p=—e\F? @O (x, v, 1) do;
j=—e {0l @Oz, v, t)do.

Substituting this expression for p into the right-
hand side of (36), we obtain a nonlinear equation for
the potential. For low electron beam intensity the
right-hand side of this equation is small; we can
therefore apply a familiar method in the theory of
nonlinear oscillations to obtain simpler equations
for the wave amplitude and phase. This necessi-
tates finding the Fourier components of p, assum-
ing the beam amplitude and phase to be constant
during integration.

Let

p = pW cos (wpf — kx) + p® sin (wpf — kx);
then

¥[f the electron beam is modulated with respect to density
or velocity the boundary form of the distribution will, of
course, differ.
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o0 = — == (oo twat — kx1 [0 (v, 0, 1) dod (k),
0

T sin

i=12. (39)

Equation (39) can be simplified by using the Liou-
ville theorem dxdv = dx@dv(®, or since dx = vdt,
dx® = v0gt®  we have dxdv = v@dt@dav®. After
the substitution of variables t, v—t@, v(® in (39)
we obtain the following expression for the Fourier
components of the density:

2n

e Ccos
- 0), ()
vahg Ssin [wet(1@, v, x)
0

— BN (00) 0OduOd (0pt).

p(l‘) _

(40)

We can obtain p® from (40) if t (t©©, v(®, x)
is known. When we return to the equation of mo-
tion (38) and assume that the variable t in the
right-hand side of this equation is a known function
of the coordinates v(® and t®, the energy inte-
gral of (38) can be represented as

0 = p© {1_ 2ek

0% S Po (x7) cOs [t + wp (f — 1O) — kx’
mou

0

+ ¥ ()] dx' |,

and for the function t (t@, v¥, x) we obtain the
integral equation

x’

X
=0 o= avr e
0 0

+ ot — 1) — kx" + ¥(x")] dx”}“/z dx'.  (@41)

Because of the complexity of (41) we can solve our
problem without the use of numerical methods only
in certain special cases. We shall now consider
some of these cases.

Let p be a small parameter. We consider the
case where the steady amplitude of the oscillations
is such that e@y/mv®? ~ ;2 and the maximum of
the excitation pertains to the waves for which
(v® —vph)v(o) ~ u. Under these conditions and
with slowly varying amplitude and phase ¢ (x)
and ¥ (x), (41) can be simplified by expanding
the square root in a series of which only the first
two terms are retained. (41) then becomes

X

P
f— 0 = X —e—S x—x' x") cos [wpt®
0(0) + mv(o)g ; ( )CPO( ) [ k

Rl —1O)—Fx + ¥ (x')] dx. (42)

Equation (42) contains two parameters of length.
One of these parameters, A =k (v(® —vph ) /v ®

is determined from the excess of the electron
stream velocity over the phase velocity of the
rapidly growing plasma wave at x = 0; the second



CHARGED PARTICLE ENERGY LOSSES

parameter « characterizes the rate of change of
wave amplitude and phase. Let us now consider
the case when «/A ~ p.

We denote the ratio e@y/m (v©® —vpp)? by X
and obtain an approximate solution of (42) as a
power series in X, assuming X < 1. Retaining
terms up to X® inclusively, we obtain the follow-
ing expression for t—t©:

ot —t0)=— —(X—§ X3) cos [wtO—Ax +¥]

W
— 8—X2 sin 2 [wt®M—Ax + ¥]. 43)

Substituting this into the integrand of (40), we inte-
grate over t®, separate the terms in X to X°
and use the formula

h(v—0) fa(o—0) "
S—n dv= g 7dv+ in (n—1) ( >v=vph’

(v—Tpp) (v—vg)"

in which denotes that the principal value of the
integral is taken. In view of (39) we now obtain the
following expression for the beam density:

p=— 7%[1 — <m(,ffz h)z> (‘;‘i))]z(f;(i:vi)g do-o

N

Substituting this into the right-hand side of (36),
we obtain a nonlinear equation for the potential
when the solution of this equation is sought in the
form (37).

When the ratio of beam and plasma electron
concentrations is such that the parameter charac-
terizing slowness of wave amplitude and phase
variations is of the same order of magnitude as
the parameter characterizing smallness of the
right-hand side of the equation for ¢, we equate
terms of the same order of smallness and obtain
the following equations for the wave amplitude and
phase:

doy | dx = apy — Bol, (45)

e [ (s (Y | s . o)

The following notation has been used in (45):

o=

() LA

Y 55f 1
mk \ dv ’

_ 3  2m2e? \2

U=0%n Uph 8-4! mk \m/ Kaus /V=Upp*
For self excitation of oscillations the coefficient

a must be positive. When the damping coefficient
v is given essentially by the damping coefficient
of plasma oscillations, i.e., when collisions play

a small part, the condition for self excitation
becomes

1005
(9f® [ 00)o—uy, > 0,

where £ is the distribution function of all elec-
trons (of both the plasma and beam) at x = 0.
This self-excitation condition corresponds to that
given by other authors.3:16718

To a sufficient degree of accuracy, the distribu-
tion f{®? can now be specified as

1Y = 1y (m [ 25xT ) exp [— m (0 — 0)* | 24T).

Here ny, T; and v are the concentration, tem-
perature, and velocity of beam electrons. With
this boundary distribution function the autoex-
citation condition is satisfied for the phase ve-
locity region Appv ~ VkTy/m . The coefficient
a is maximal for a wave with the phase velocity
Vv —vph = VTik/m . Since v, vph > VkTy/m
and vph = wg/k ® wL/k we obtain k ® w[,/v
as the wave number of the most rapidly growing

wave. For this wave we have
a:k[l/iﬁﬁ_LJ, g 31/ & mitme
22 n %I, @ YT 32 22 n (xT1)?

It follows from the expression for « that for
given values of the parameters v, n, T; and ¥y
a lower limit always exists for the concentration
of beam electrons which can accompany autoexci-
tation of oscillations. At lower concentrations an
equilibrium velocity distribution for electron mo-
tion through the plasma is established only as a
result of the relaxation processes described in
the first part of the present paper.

The solution of (45) for the amplitude is given
by

%(x)=<9<o>e“"[1+% <0>z(e2ax—1)]"/‘. @47)

Here ¢" is the amplitude at x =0. Let ¢gt be
the steady-state value of the amplitude. For small
X (x < 1/a) the solution of (47) increases expo-
nentially with x. For large x the amplitude ap-
proaches

vst = Va/B. 48)

When 7y is so small that the second term in the
expression for a can be neglected we have eggt
~ 3KT1.

It is evident from the above equations that the
steady-state wave amplitude approaches zero for
Ty — 0 i.e., for a single-velocity beam. It follows
from the expression for « that in this case the
self-excitation condition for plasma waves is not
fulfilled. This does not mean, of course, that
plasma waves are not excited when a single-veloc-
ity beam passes through a plasma. The solution
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being considered here is obtained when o < A
and X S 1, under which conditions plasma waves
actually do not arise in the hydrodynamic approxi-
mation. The solution for @ ~ A must be consid-
ered to describe wave excitation in this case.

We shall now consider (46) for the variation of
phase; this equation determines the variation of
plasma wave number with increasing x (Ak =
—-d¥/dx). It follows from (46) that Ak is given
by two terms, one of which depends on the ampli-
tude. Both terms are of the order of u’k and are
thus small compared with Ak, defined as the ini-
tial difference between the velocity of beam elec-
trons and the wave velocity, which is of the order
of u.

We now estimate the distance in which the en-
ergy of beam electrons is transformed into the
energy of plasma oscillations. For this purpose
we require the ratio of the flux of plasma wave
electrical energy in the region where a steady
wave has already been established, to the elec-
tronic energy flux at x = 0. This ratio is repre-
sented by

Swave/ Sel = (n/nl) (e<PO/ mz‘)Z)z' (49)

The order of magnitude of the ratio is estimated
as follows. Since e@,/mv? ~ pu® and o/k ~ p?,
it follows from the expression for o« that the
ratio of beam and plasma electron concentrations
is ny/n~ u!. From (49) we find that for these
values of the parameters the ratio of the energy
fluxes is of the order of unity. Thus the beam
energy is transformed into plasma wave excita-
tion in the distance [, which is equal in magni-
tude to the distance within which a wave is estab-
lished. Denoting the plasma wavelength by A, we
have

LI /a.

With currents of 20 —25 ma, kT ~ 1 ev, mv/2 ~
20 ev, n; =3 x 108 sec™ and n~ 3 x 10% sec™?,
1 is of the order of a centimeter. When these
same numerical data are used, the relaxation
length calculated from (1) and (2) is about 10° cm.
Looney and Brown?! have observed standing
waves in a plasma traversed by an electron beam.
Standing waves arise when a reflecting electrode
is present. In order to determine the conditions
for the generation of standing plasma waves by
an electron beam the solution for the electric field

can be obtained in the form
9s = o () sin (wt + ¥ (¢)) sin (srz/L), s=1,2,...,

where ¢ (t) and ¥ (t) are the wave amplitude
and phase, which vary slowly with time, and L is

L. KLIMONTOVICH

the length of the plasma in the direction of beam
motion. The calculation shows that for n;/n < 1
the conditions for autoexcitation are best satisfied
for frequencies and wavelengths given by

o, =~smw/L, e = 2L/s.

It follows that a transition from the fundamental
oscillatory mode to higher modes occurs only with
increased plasma electron concentration or reduced
average velocity of beam electrons.

In the experiments of Looney and Brown the
beam electron concentration was the basic factor,
i.e., n;/n > 1. An analysis of this case will re-
gard the beam as the initial wave system. Under
these conditions the square of the oscillatory fre-
quency for a given mean velocity will be propor-
tional to the beam electron concentration or to the
current.

Spatial periodicity was detected differently in
the well-known work of Merrill and Webb,!? which
we shall not discuss here. We note only that grow-
ing plasma waves can be detected by measuring the
root-mean-square potential difference between two
probes. When one of the probes is moved along the
beam axis this quantity will be a periodic function
of the probe separation with increasing amplitude.
The spatial period of this function is the length of
the most rapidly growing plasma wave,

A= @m/oL) (1 —V <Tym/ v).

The experiments of Merrill and Webb also indicated
the existence of growing plasma waves; the observed
spatial periodicity was in good agreement with the
value of A derived from this formula.

We know that plasma waves can arise at the
expense of the energy of relative electron-ion
motion. The passage of strong current pulses can
in this way cause an appreciable rise of the plasma
temperature.?? Plasma waves can be established
by pulses of ~ 107 sec duration. The amount of
energy transformed directly into heat will be de-
termined by the damping rate of such waves.

I take this opportunity to express my deep ap-
preciation to Academician N. N. Bogolyubov and
R. V. Khokhlov for their interest and valuable
suggestions.
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