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A complete classification is obtained of all the irreducible representations of the inhomo
geneous Lorentz group, including space inversion and time reversal. It is shown that the 
concept of time parity cannot be introduced for particles with nonvanishing rest mass; for 
particles with zero rest mass and given spin there are two nonequivalent representations 
that differ in their space-time parity properties. On the basis of the concept of a univer
sal covering group it is shown that for particles with half-integral spins the number of 
possible representations with different reflection laws is larger than has previously been 
supposed. 

1. STATEMENT OF THE PROBLEM 

THE problem of the in variance of a quantum the
ory with respect to time reversal is a compara
tively complicated one, and despite the large num
ber of papers on the subject (cf., e.g., the review 
articles, references 5 and 6) it cannot be regarded 
as having been exhaustively studied up to the pres
ent. 

Papers in recent years have mainly dealt with 
the law of time reversal for particles with spin~. 
with the Dirac equation taken as fundamental. 

In order to eliminate the negative energies, how
ever; one has to subtract out in the quantized Dirac 
equation the infinite energy of the negative-energy 
sea, i.e., to carry out a certain nonidentical opera
tion which, as it turns out, changes the transforma
tion properties with respect to time reversal. 
Moreover, in studies based on concrete equations 
of motion there is always the danger of getting a 
result relating only to particles that obey the equa
tion in question, and not to arbitrary particles of 
the given spin. These limitations are not present 
in group-theoretical methods based only on the 
geometrical properties of space and on the linear
ity of the equations of quantum mechanics. Further
more the work must be based on the inhomogeneous 

*Notations introduced without explanation are the same as 
in references 1-4. Equation numbers such as (1.36), (IV.1) 
refer to formulas. in references 1-4. 
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Lorentz group containing four-dimensional rota
tions and displacements, since the irreducible rep
resentations of precisely this group describe the 
free motions of relativistic particles. 

Usually the group-theoretical formulation of in
variance under certain transformations consists of 
the assumption that the wave function transforms 
according to one of the representations of the group 
in question. In treatments of time reversal, how
ever, it is more customary to use a different for
mulation, due to Wigner, 7 in which a change to the 
complex conjugate of the wave function is associ
;lted with time reversal. 

The purpose of the present paper is a consistent 
study of the law of time reversal in the framework 
of the ordinary theory of the representations of the 
inhomogeneous Lorentz group, without the use of a 
concrete form of the equations of motion. A sepa
rate paper will be devoted to the Wigner formula
tion of the law of time reversal. The presoot paper 
is also not concerned with problems connected with 
the CPT theorem, which requires the introduction 
of a charge operator. 

The inhomogeneous Lorentz group, including all 
possible space-time reflections (we denote this 
group by Gst> is obtained from the group Gs, 
which contains only the space reflections, by ad
joining the operation Ist of the reflection of all 
four coordinates to the operations contained in Gs. 
According to Eqs. (I.36) and (IV.43) the operator 
Ist satisfies the commutation relations 
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2. THE IMPROPER GROUPS G1 - G8 OF TRANS
FORMATIONS OF THE COORDINATES 

In order completely to define the group Gst we 
must prescribe the commutation relations (1.31) be
tween the components of the operators M~-tv• P1v 
the relations (IV.1) between the inversion Is and 
the operators M~-tv• P71., the relations (1) for the 
operator 1st. and also all possible products of the 
operators Is and 1st by themselves and each 
other. In this connection, as was already pointed 
out in reference 4, in order not to have to deal with 
two-valued representations, one must consider in
stead of the proper inhomogeneous Lorentz group 
its universal covering group. 

It is important to note that the universal cover
ing group is uniquely defined by the topological 
properties of the corresponding continuous group 
and is locally isomorphic to the latter. The tran
sition to the universal covering group G is accom
plished by adjoining to the generators of the group 
G the element I27T of a rotation through the angle 
27T, which commutes with all the elements of the 

Group I G, 

p I I I Iz" s 
{'- I Iz, 

I 
I t 

J;t I Iz, [ 2n 

Besides the groups G1 - G8 there also exist 
eight groups Gi-G~ for which instead of Eq. (3) 
we have the relation 

(3a) 

But substituting in Eq. (3a) 

we find that because of the lack of real distinction 
between the operators Is and I~ the primed 
groups are indistinguishable from the correspond
ing unprimed groups. The relations (3), (4) com
pletely define the improper elements of each of the 
groups G1 - G8, in the sense that they suffice for 
the calculation of the product of any two of the im
proper elements (with use of Eq. (2) and of the fact 
that all the operators commute with I21r). Multiply
ing Eq. (3) on the left by Is, and also on the right 
by It, we get for all eight groups the respective 
relations 

(5) 

(6) 

I 
I 
I 

group and satisfies the relations 

/~"=I, lim IQ=l2n 
?--o-.21t' 

for one of the space rotations. 

(2) 

As in reference 4, when we go to the improper 
group Gst that includes in itself the space and 
time reflections we must prescribe the values of 
the squares of the operators Is, Ist• and of the 
operator It defined by the relation 

(3) 

The application of any reflection operator twice 
over returns the system to its original position. 
But there are two operations that leave the direc
tions of all the axes unchanged: the identity I and 
the rotation I21r through the angle 27T. Since the 
reflections. Is, It. 1st are not reducible to each 
other, the square of any one of them, independent 
of the others, can be equal to either I or I27r. 

Accordingly we find that there are eight different 
improper groups of space-time transformations 
G1 - G8, for which the squares of the reflections 
have the values 

Iz, 
i 

Izrc 
I 

I 2rc 

I 
I I 

I [ 2r: [ 2-rt I Iz" I 

I I I [ 2,.; I I I [ 2rt (4) 

--------------~------

Multiplying Eq. (6) by 1st. we get 

(7) 

From Eqs. (5) and (7) it follows that 

(8) 

In the derivation of. Eq. (8) we have made use of 
the fact that for all the groups the squares of the 
reflections commute with all the elements of the 
group, and their fourth powers are equal to the 
identity. In analogous fashion one can obtain the 
relations 

(9) 

For the groups G1 - G4 

(10) 

and the operators Is, It. 1st commute with each 
other in all representations. For the groups 
a5-as 

(11) 

so that the operators Is, It, Ist commute in the 
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single-valued representations and anticommute in 
the double-valued representations. (We shall con
tinue to use the usual terms "single-valued" and 
"double-valued" representations although, strictly 
speaking, with respect to the groups G1 - G8 all 
the representations are single-valued, and the rep
resentations with integral and half-integral spins 
differ in the eigenvalues of the invariant I27r, 
which are one and minus one, respectively.) 

3. THE ffiREDUCIBLE REPRESENTATIONS OF 
THE GROUPS G1 - G8 

The construction of the irreducible representa
tions of one of the groups G1 - G8 reduces to the 
finding of an irreducible manifold of operators 
M~-tv• PA., Is, It. Ist that satisfy the commutation 
relations (I.31) that define the proper Lorentz group 
and also the relations (IV.1), (1), and the corre
sponding column of the table (4). 

For the construction of the complete system of 
irreducible representations one can proceed as in 
Sec. 3 of reference 4, using the properties of the 
invariants of the representations of the proper 
group G that contains no reflections. 

Repeating for the operators Is, Ist (by Eq. (3) 
the operator It is not independent) the arguments 
given in Sec. 1 of reference 4 for the operator Is, 
we get the result that irreducible representations 
of the group that includes the space and time re
flections can either coincide with representations 
of the proper group or be direct sums of two or 
four representations. Therefore the operators Is, 
It, Ist can be written in the form 

(12) 

(13) 

(14) 

where Iso• Ito. Isto are operators that act only on 
the variables of the representations of the proper 
group. A.s, A.t, A.st are factors that do not act on 
the variables of the representations of the proper 
group (but that may, for example, cause an inter
change of representations of the proper group ) . 
gs, gt. gst are numerical coefficients equal to 
unity for all single-valued representations and for 
!?e doubl2-valued representations of the groups 
G1 and G5• 

For the double-valued representations of the 
other groups the table (4) requires that the factors 
gs, gt. gst have the values 

! Group 
I Coeffi· 
I G, G, I G.. c. I G,, G, I c.. c. cient 

I 
gs 1 

I 
i i 

gt 1 1 -i 

gst 1 (15) 

It is obvious that the operators Is0, Ito. Isto 
commute with A.s, A.t, and A.st. and that the nu
merical factors they contain can be chosen so that 

I so Ito= Isto, 

f..sf't = f..st • 

(16) 
(17) 

Let us consider first irreducible representa
tions that do not contain noncommuting reflection 
operators, i.e., the single-valued representations 
of all the groups and the double-valued representa
tions of groups G1 - G4• According to Sec. 3 of ref
erence 4, in the construction of the representations 
of groups including reflections an important part is 
played by the transformation properties under the 
reflections of the invariants of the corresponding 
representations of the proper group. 

The basic invariants p~ and r~ of the proper 
group commute with all the reflection operators. 
Therefore in the classes P~, P~, P~, P~ (cf. 
reference 2), in which there are no additional in
variants, each representation of the proper group 
G will at the same time be also a representation 
of the improper group Gi (we must remember that 
we are not as yet considering the double-valued 
representations of the groups G5 - G8 ): For these 
representations the operators Iso• Ito• Isto are 
given by 

I so = A (p), Ito = A (p0), I sto = A (p) A (p0), (18) 

where A denotes an operator that changes the 
sign of the indicated quantity in the wave function. 
For example 

A (p)<P (p) = <H- p). (19) 

If, in accordance with Eq. (II.62), we write a wave 
function of a representation of the class P7r in 
four-dimensional polar coordinates 

P1 = ITch X sin & cos <p, p2 = ITch x sin & sin cp, (20) 

Pa = ITchxcos&, Po= ITshx, 

the action of the operator is just to replace x by 
-x. 

A similar situation exists for representations 
of class Oo with the invariant W equal to zero 
(cf. reference 3) 

W = M·N = 0. 



THE BASIS OF RELATIVISTIC QUANTUM MECHANICS 623 

In this case also, since the remaining additional in
variant F, 

F = M2 - N2 , 

is a scalar with respect to space and time reflec
tions, a representation of the proper group is at 
the same time a representation of the group Gi. 
In this case the operator Iso is identical with that 
defined in Eq. (IV.14), the operator Ito• is equal to 
Iso• and the operator Isto is equal to the identity. 
The quantities belonging to representations of this 
type include, in particular, four-dimensional vec
tors and tensors. 

In this present case of representations of the 
classes P~,a,b,a, and 0 0 with W = 0, the oper
ators A.s, A.t. A.st are numbers. The square of 
each of them is unity. Moreover, they satisfy Eq. 
(17). Therefore the factors A.s, A.t can independ
ently take the values 

A,=±l, 

At=± 1. 

(21) 

(22) 

Thus to each irreducible representation of the 
group G of any of the classes enumerated above 
there correspond four nonequivalent representa
tions of the group Gi, having the same number of 
dimensions and differing in space and time parities. 
The existence of time parity for the vector and ten
sor representations of the homogeneous Lorentz 
group was first pointed out by Watanabe8 and 
Shapiro.9 

In all the other classes of irreducible represen
tations of the proper group there are additional in
variants that change sign on one or more of the 
reflections. Therefore in these cases an irreduc
ible representation of a group Gi cannot be an ir
reducible representation with respect to the proper 
group G, and will be the direct sum of represen
tations corresponding to different signs of the 
additional invariant in question. 

In the representations of greatest importance 
for physics, of the class P~m (cf. reference 2), 
and also in representations of the classes P~0 , 
P±~. P~0 (cf. reference 3), the only additional 
invariant is the sign of the energy, SH (cf. refer
ence 2, Sec. 3). The operator SH commutes with 
Is and anticommutes with It, Ist 

[SH, fsL=O, [SH, lt]+=O, [SH, fstl+=O. (23) 

Since by definition the operators Iso• Ito. Isto act 
only on the variables of the proper group, they 
must commute with the invariant SH of the proper 
group. Therefore it follows from Eqs. (12)- (14) 
and (23) that 

[A., SH)_ = 0, [At, SH]+ = 0, [Ast, SH]+ = 0. (24) 

Since according to Eq. (23) the operators It, Ist 
acting on a wave function change the sign of the en
ergy, in a representation irreducible with respect 
to Gi there must appear representations of G 
with both signs of the energy. Therefore the rep
resentations irreducible with respect to Gi will 
be direct sums 

ps +' ps +m -m (25) 

and similarly for the classes P~b-c'. A wave func
tion of the representation (25) will depend on the 
variables of the proper group, i.e., on the three
dimensional momentum p and th.e spin component, 
and also will be a two-rowed matrix, with indices 
referring to the representations P+m, P_m ( P+o. P _0). 

In accordance with Eqs. (I.ll), (1.12), (IV.1), (IV.ll), 
(1), (12)- (14), (19), and (24), the operators M, N, 
P, Po. Iso• Ito. Isto have for the representation (25) 
the forms, to within a unitary transformation, 

M =- i [pa I ap] + S, N = iEpa;ap- [Sp]f(Ep + m}, 
~ 

P = p, Po= rsEp, I so= A (p), Ito= I, fsto =A (p), 

A,=± I, At= P1o ),,t = "A,"At, (26) 

Here and in our other formulas the matrices Pto 
P2• Pa have the forms of the Pauli matrices 

(0 1) (0 - i) ( 1 0) 
Pt = 1 0 ' P2 = 'i 0 ' Ps = 0 -1 (27) 

and act on the wave function of the representation 
(25), namely 

(28) 

The double sign on the A.s in Eq. (26) means 
that for given spin and absolute value of the mass 
there exist two nonequivalent representations that 
differ only in the spatial parity. It might seem that, 
independently of A.s, one could also assign both 
signs to the operator A.t and thus introduce two 
.more representations, differing in the time parity. 
But the representations with A.t = - p1 reduce to 
those in Eq. (26) by the transformation 

(29) 

Since representations of the class P~ describe 
free particles (with non-zero rest mass) we can 
say, contrary to the statement in references 5 and 
6, that from the point of view of the theory of the 
representations of the inhomogeneous Lorentz 
group the concept of time parity cannot be intro
duced for physical particles. We note further that 
here, as in Sec. 5 of reference 4, for the double-
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valued representations there exists only the rela
tive parity of a pair -of particles, but not absolute 
parity of each individual particle. The irreducible 
representations of the classes P~0-c,a have the 
same structure 

(30) 

and are constructed in analogous ways. With the 
exception of the operators M and N, which must 
be chosen in accordance with Sec. 1 of reference 3, 
all of the operators have the forms shown in Eq. 
(26). 

Let us now examine the representations of class 
0 0 with the invariant W not equal to zero, 

W=M•N4'0. (31) 

According to Eqs. (IV.1) and (1) the operator W 
commutes with Ist and anticommutes with Is and 
It 

[!., W]+ = 0, [ft, WL = 0, [lst, W]_ = 0. (32) 

Therefore the direct sum 

(33) 

is a representation that is irreducible with respect 
to Gi, and the operators A.s, A.t, A.st will have 
the forms 

The operator Iso• which we denote by B for 
this case, is determined in accordance with Eq. 
(IV.14), and the operator Isto is equal to the iden
tity, so that we can write 

fso =Ito = B, fsto =I. (35) 

Thus for representations of the type (33) (in 
particular for the Dirac bispinor) it would also 
seem that there is a distinction between represen
tations for the space parity and that the concept of 
time parity does not· exist. Such a conclusion, how
ever, is not entirely correct, since on applying to 
the representation 

the equivalence transformation 

we find that for representations of this type the 
time parity exists and space parity does not. Ob
viously both of these conclusions lack invariance 
under equivalence transformations. The difference 
from the preceding case is that here A.st is a mul
tiple of the unit matrix, instead of A.s. Strictly 
speaking, therefore, for this type of representation 
only space-time parity exists. 

The representations p~l have as an additional 
invariant the sign of the fourth component of the 
pseudovector r U• denoted in reference 4 by the 
symbol Sr. According to Eqs. (IV .1) and (1) the 
operator Sr commutes with It and anticommutes 
with Is, Ist 

[!., Sr]+ = 0, [it, SrL = 0, Ust, SrL = 0. {36) 

The direct sum 

(37) 

is a representation irreducible with respect to Gi, 
and the operators A.s, A.t, A.st have the forms 

(38) 

The operators Iso• Ito. Isto have the values (18). 
In this case the time parity exists, but there is no 
space parity. ±~ 

Finally, in the representations of the class P ±0 , 

which is important for physics (the wave functions 
of particles of zero rest mass transform according 
to representations of this type ) , there exist the two 
additional invariants SH and Sr, which do not 
commute with the reflections [cf. Eqs. (23) and 
(26)]. Therefore here a representation irreducible 
with respect to Gi will be the direct sum of four 
representations corresponding to the four possible 
choices of the signs of the invariants SH, Sr 

+~ . -~ . +>; . _,; 
P+o + P+o +P-o+ P_0 • 

Here the operators Iso• Ito• Isto are the same as 
in Eq. {26). For the operators A.s, A.t, A.st there 
are two possible inequivalent systems of four-rowed 
matrices 

{39) 

and 

(40) 

A wave function has the form 

The primed matripes p' act on the first of the 
functions (41), i.e., on the variable sign of the en
ergy; the unprimed matrices act on the variable 
sign Sr. 

Thus to each value of I ~ I there correspond 
two nonequivalent irreducible representations of 
the group Gi. 

Let us now consider the double-valued represen
tations of the groups G5 - G8, in which the opera
tors Is, It, Ist anticommute with each other. The 
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operators Is0, Ito• lsto are not changed in this 
case. The operators A.s, A.t, A.st are changed in 
two respects. Firstly, they must now anticommute 
with each other; secondly, in accordance with the 
table (15) the square of each of them must be equal 
to minus one. In the foregoing discussion, in rep
resentations of the classes P~, P~, P~, Pif, and 
0 0 with W = 0, the operators A. were all numbers. 
Therefore, in order to make these operators anti
commuting quantities, one has to double the dimen
sionality of the representation. Thus for the clas
ses listed above the double-valued representations 

n p~m I ps,a,b.a 

I o, for W= 0 pC,- c, a 
±0 

As ±I ±I 

'G1- 0. At ±I P1 

'G5-Gs 
As ±i Pa ± i Pa 

At ± i P2 i Pz 

If we compare the representations of the group 
Gs ( G~) containing only the space reflections with 
the representations of the group Gi (other than 
the double-valued representations of groups G5 -

G8 ), it turns out that when the time reflection is 
included the dimensionalities of the irreducible 
representations are doubled in the classes P ±m• 
P ±O• and are unchanged in the other cases. We 
note also for completeness that besides the rep
resentations enumerated above the groups G1 - G8 
also have three single-valued one-dimensional ir
reducible representations Js, Jt. Jst• for which 

and the operators Is, It. 1st are shown in the 
table: 

"' Coefficient 
' 0 ., ... 
~tV 

I I ~~ Is It 1st 

"' 
J, -1 1 -1 

Jt 1 -1 -1 

Jst -1 -1 1 

4. DISCUSSION OF RESULTS 

(43) 

(44) 

In the preceding section we have found all the 
irreducible representations of the inhomogeneous 
Lorentz group that contains the space and time re
flections, and now we can discuss the problem of 
what physical results can be obtained from a dis
cussion of time reversal carried out in the frame
work of the usual representation theory (without 

of the groups G5 - G8 have doubled dimensionali
ties as compared with the analogous representa
tions of the groups G1 - G4 . In all the other clas
ses the operators A. are matrices that can be taken 
to be anticommuting without changing the dimen
sionality of the representation. On going over to 
the double-valued representations of the groups 
G5 - G8 the number of nonequivalent representa
tions, differing as to· parity, remains unchanged 
in all classes. The final results as to the factors 
A. can be summarized as follows: 

O, for W oj= 0 p±l 
n 

p±l; 
±0 

± P1 P1 P1 P1P, 

P1 ±I P, PaP, 

± i P1 i P2 i P2 i P1P, 

I 
ip2 ±ipa i PaP, i p: (42) 

the Wigner change to the complex conjugate of the 
wave function. 

The discussion here is more general than those 
in previous papers on this problem in the following 
three ways. First, no use has been made of con
crete equations of motion, so that the results de
pend only on the geometrical properties of space
time. Second, the treatment has been based on the 
inhomogeneous Lorentz group, including not only 
four-dimensional rotations, but also four-dimen
sional displacements. Third, use has been made 
of the concept of the universal covering group, 
which has made possible a more precise examina
tion of the problem of the factors ± 1, ± i in the 
reflection operators. These differences in the 
statement of the problem have led to a number of 
differences in the final results. 

Ordinarily the study of the transformation prop
erties under nJlections has been made not with 
free-particle wave functions, transforming accord
ing to the infinite-dimensional (in the momentum 
coordinates) representations of the inhomogene
ous Lorentz group, P~, P~0 , but with the spin 
parts of the wave functions as defined for concrete 
equations of motion. These spin parts of the wave 
functions transform according to representations 
of the class 0 0 ; for integral spins W = 0, and for 
half-integral spins W "" 0. This artificial and ac
tually incorrect separation of the coordinate (mo
mentum) part of the wave function has led to a 
number of results that do not follow from the rig
orous statement of the problem. 
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The differences that thus arise are easily traced 
out in the table (42). We see that the representa
tions of the class 0 0 with W = 0 (scalars, vectors, 
and so on) have independent space and time pari
ties. 8•9 For real particles with nonvanishing rest 
mass, however, (class P m) the time parity is 
absent. On the other hand, for particles with zero 
rest mass (class P 0), according to reference 4, 
the intrinsic space parity is absent, but still, ac
cording to the table (42), there exist two systems 
of representations that differ in their parity prop
erties with respect to space and time reflections. 
Another difference between our treatment and pre
vious ones lies in the establishing of the eight 
groups G1 - ~8 , with different double-valued rep
resentations. Inclusion of the fact that the squares 
of the reflections can be either positive or nega
tive for the double-valued representations, together 
with the stipulation that there cannot exist at the 
same time particles with different signs for the 
squares of the reflections,6 is equivalent to the 
introduction of the universal covering group. In 
reference 6, however, only reflections that anti
commute with each other were considered, i.e., 
only the groups G5 - Ga. The representations of 
the groups G1 - G4 were rejected in reference 6 
on the grounds that in this case the Dirac equation 
leads to an incorrect relation between energy and 
momentum. The present treatment shows that 
wave functions can also transform according to 
representations of the groups G1 - G4 with com
muting reflection operators in the double-valued 
representations. 

We note also that according to our treatment 
the existence of antiparticles does not follow from 
the transformation properties under reflections 
but, according to reference 4, is a direct conse
quence of the pseudoscalar nature of the charge 
for charged particles. 

All of the results obtained here can be applied 
to arbitrary kinds of particles, including those 
that obey the Dirac equation, both in the quantized 
and also in the unquantized form; a complete anal
ysis of the relations will be given in a separate 
paper. 

5. ON THE INVARIANCE OF THE EQUATIONS 
OF QUANTUM THEORY 

The equations of a quantum theory must be co
variant in the sense that the physical results must 
not depend on the sense of the time axis.6 From 
the covariance of an equation, however, it by no 
means follows that it must be invariant. More
over, a correct equation for the wave function 

(state vector), containing no infinities of any kind, 
cannot be invariant with respect to time reversal. 
In fact, the condition for the invariance of the 
equation 

LD.=O, (45) 

where L is a linear operator, has the form 

(L, I,tL = 0. (46) 

Therefore, if Q is a solution of Eq. (45), in 
virtue of Eq. (46) the function IstQ will also be 
a solution. According to the first of the relations 
(1) the functions Q and IstQ describe physical 
systems with different signs of the energy and 
mass. But masses of different signs not only are 
never observed in nature, but also are not permis
sible, since a system of two particles with masses 
of different signs can have a space-like energy
momentum vector, which leads to signals faster 
than light and the loss of causality. Thus when we 
use representations of the usual type the equations 
of motion must be noninvariant with respect to time 
reversal and have solutions corresponding to only 
one sign of the mass. On time reversal the signs 
of all masses and energies are changed. :rhe for
mal invariance of a number of equations in general 
use exists either because they have solutions with 
both signs of the mass (the unquantized Dirac 
equation) or because of an infinite vacuum back
ground (the quantized scalar and Dirac equations ) . 
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