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The correlation between the polarization of conversion electrons and the direction of electron
emission in the preceding B decay is treated. The entire calculation is done taking account

of the electric field of the nucleus.

Conversion can occur in any atomic shell.

In particular,

the nuclear electric field has a significant effect in K conversion. It causes the appearance
of an appreciable transverse component of the polarization in magnetic transitions, and sig-
nificantly increases the magnitude of the polarization for electric transitions.

BECAUSE of non-conservation of parity in B de-
cay, the residual nucleus will be polarized in the
direction of emission of the electron. The B -de-
caying nucleus is assumed to be unpolarized and
the direction of emission of the neutrino is not re-
corded. Thus if the B decay is followed by inter-
nal conversion, the conversion electrons should
have a definite polarization. This phenomenon, for
the case of K conversion and omitting effects of
the nuclear electric field, was treated by Berestet-
skii and Rudik.! The electric field of the nucleus
has a marked effect on the internal conversion
process and causes a large change in the conver-
sion coefficient. The nuclear electric field should
therefore also have a marked effect on the polari-
zation of the conversion electrons.

We write the initial wave function of the electron
which undergoes conversion in the form:

b= (igu, (1) Qi (r/r))
GRS ALY
where Q](f\)[ (n) is a spinor surface harmonic hav-
ing components
QS (n)]u = C‘lzu 1, M—uYI M—p. (n)

U'=2j—10 x=>10—=0I)({+"),

(1)

in which Cg?x;bﬁ are Clebsch-Gordan coefficients
and Yy, is a spherical harmonic. Throughout the
paper, we use the system of units in which h=c=1.
The wave function of the emitted electron is a

solution of the Dirac equation which, at infinity, is
a superposition of plane and outgoing spherical
waves. This function was found in reference 2,

and we shall write it in the form @

ige, (r) Qi (v /1) .
exp {—id,},
fra (1) ijggr/r))

(2m)T \“
sz:z lezMx

b = [Q53, ()] (

where n is a unit vector in the direction of the

emerging electron, ¢ is the polarization of the
electron; gy, (r) and fy,(r) are the radial parts
of the Coulomb functions, normalized to a & -func-
tion in the energy scale; the phase 5r<2 approaches
-m(l3-1)/2 as z—0.

The matrix element for the conversion process
can be written in the following form:?3

Mo, = Z (Iymy Qﬁ\v} [ Tomy)* (B%l 215 3)
M

(Bfiyer = | 42 By d (3a)
Here (Ijm; | QJOD\/} | I,m,) is the nuclear matrix ele-
ment for the transition, Iym; are the spin and spin
projection of the nucleus before conversion, I,m,
the spin and spin projection of the nucleus after the
conversion, I is the nuclear spin before the B -de-

A
cay, B](N} is the operator of the interaction of the

electron with the field of the multipole. This oper-

ator has the following form:
B = G;(wr)aY;im(r/r),

Bfi=V A GionYm /) (4)

2jF 1

+ l/ j+1

A =0 for magnetic transitions and A =1 for elec-
tric transitions. In addition, a = ( oo ), where the

o’s are the Pauli matrices; w is the energy of the
transition;

Gipr(or)aY; .y, m(r/r).

Gi(x) = @m) "' H{(x) | Vx

(H() is a Hankel function); Yjim is a vector
spherical harmonic with contravariant components
equal to

(YilM)u = C{.MM—u.;lu. Yl. M—yu.

The properties of vector spherical harmonics were
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866
studied in Ref. 3.

The density matrix with respect to the spin states

of the conversion electron has the form

P= 2 m m (11”11 I QIM | 12”12)

’
my, m ., m,
1
M, M’

(5)
X (Iymy | Q¥ | Tams) (BS)ar (BYir) a1-

The expression for the matrix Pmym/ which char-

acterizes the state of polarization of the nucleus
after B -decay was found in reference 1:

. 1 ]1 + 1
T 2L +1 {Sm,m: + V

where vH are the spherical components of the
velocity vector of the B particle:

Iymy "
Gt ¥ } (6)

0 ’
Ymm
1

v =, vil= $% (m?ivy)/l/?—;

and « is a constant which determines the angular
distribution of B particles in the decay of polar-
ized nuclei with spin I; and average value <Ijz>
for the spin projection, which make a transition to
a state with spin I.

For allowed transitions, and for the S, T, A
and V interactions, the value of « is:4

« == [c; + (Ze* [ev) co] /(1 + b/ 2),
et = 2Re{(CrCT — CaCl) | Mot [Py

[ ’ % \/ * "* ’ * #*
+ V2 (CrCE + CrCh — CaCl — CACh) MrMisr)

e = 2Im {(CrCi + C7Ch) | Mar by

] " 4 * 3 ’ - 2
+ l/ll _}_ 1 (CTCV + CTCV — CACS —_ CACS) MFMGT} ;
B= 2V 1— (Ze)FRe {(CrCr + C7C)| Mot ?
+ (CsCy + CsCy) | My 2y

C=(CrP+ ICTP+|Cal2+ 1Ca )| Mgr 2

+(ICsP+|CsP+1Cy P+ |Cy P | My 3
1/(+1) if I=1

My ={1 "L =I+1
—(I—=0n/1 " L, =1—1.

The matrix element of the multipole moment can
be expressed as

oy
(Imy | QS

The general expression for the polarization vector
< o> of the conversion electron must have the fol-

lowing form:
() =a(v.n)n + b{v—(v-n)n},

| Iymy) = QMCTm. im. (7)

(8)

where a and b are constants.
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We note that the matrix pm;mj can be written
as in Eq. (6) and the polarization expressed in the
form (8) only for allowed transitions and for first
forbidden Coulomb transitions.

MAGNETIC TRANSITIONS

Substituting in (3a) the electron wave functions
Y1 and ¥, from (1) and (2) and the operator B(")
we get

(B (9)
== (12;2—1,2,22," Qi (n))z €™ {RMZSQ”’) ( ) Y% ( )

()i — R ()oVER () 01 () )

We have introduced the following notation for the
radial integrals:

Ryx, = Sf’” (r) & (r) G} (wr) r2dr,
- (10)
Rox, = ngz (r) o (r) Gj (0r) r2dr.

We shall use the system of mutually orthogonal
vector spherical harmonics

,M =Yjim

i+1y
z,+1 Vi m+ l/z, 1

Yo" =nY;u.

Yi-‘/& = ; j—1, My (11)

Y§0) and Y( 1) are transverse vectors, so that
YJ((I)\)I (n).n= Y](B[ (n).n=0. They are related to

one another by

iYY =[x Y% (12)
The following useful formula holds for YJ((B[:
Y =LY/ Vii+1 (L=—ilrxV).  (13)

In calculating the angular integrals in (9), we
make use of formula (13), the self-adjoint charac-
ter of the operator o-+L, and the formulas:

e LOR ={i(+D—1¢+D)—Fofs 9
a.nQH (n) = Q41 (n); (15)
yl,m, (n) lelm (l'l) (16)

2 1) 2 1
= 21/< Bt D D Ol oCEt Y (n).

In carrying out the summation in (9) we use Racah’s
formula (cf., for example, reference 5):
ZCZaatﬁ Cc a+@; d, v—-a— {ACbB d, y—a—B
¢ 17)
= (2e 4 1) (2f 4+ 1)1z C%. 1 v—aW (abcd; ef)
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in which W (abcd; ef) are Racah coefficients.
After performing the integration and summation
in (9), we get

(B = 2 W (bidlis; Ve i)

JalsMs

L j2 M.
x G l’mcf"/w;’m,cz, Mgz 1, M-z (n): (18)

x (RIX + Rdxz)

/2@ + D@L +D i+
Gy =—i |/ TG+ 1) peea
Substituting from (6), (7) and (18) into formula (5),
dropping irrelevant common factors, and summing
over all values of M, M’, M;, M,, M, u, we
find for the density matrix:

Py = (A4 2A1%) 85 + 2V 2R AL ez, 2V o w—z (), (19)

where
A =2 |l @iat 1) (C ¢ ) W (lahalals; ),
Jala
A = 2i+1 JG4+D+h(hi+1)—L(+ 1)
6 LviG+1
x 2 (=Dl
le'-l-slxh
X (a4 1) 2+ 1) (Clot 1) W (el 2 )

X W(lzisl;h; Yo DY W (jjjeiss 10) W (jaia a2 1),

e E:
X A (=

Ia la, Jar Iy

* V @G+ 1) @+ 127+ 12+ 1Cj5 11, iy 1, Chos o

(20)

1, JG+D+0U+ ) —le (241
LYiG+1

il N
1)]2 ot 3+1¢K¢“x3

XW (Lajelsis; Yo i) W (Lajslaiss Yo i)
XW (jsjatf2?/2s Us) W (Laja 23/5; Yo ls) W (jijeiss 1iy)-

We choose the z axis to be along the direction
of the velocity of the B particle. Then formula
(19) can be rewritten as

P = (21)

A4 A, —A,(3cos?fh—1), —3A,sinbcosh
(— 3A,sinfcos b, A— A+ A, (3cos20—l))
where 6 is the angle between the directions of
emergence of the B particle and the conversion
electron. Knowing the density matrix Pggr, it is
easy to find the polarization of the conversion
electrons:
(s) =SpPe/SpP;
(& =a(v-n)n+b{v—(v-n)n},

a=(A;—24,) /vA, b= (A + A,)/vA.

(22)

(23)

For the K shell (}=0; j;=%, k{=-1), using
formulas (23) and (20) and inserting the values of
the Clebsch-Gordan and Racah coefficients, we
find
G+ + L+ )L+ 1)

2j (G4 1) I (L4127

(s) =«

x{(ven)n 4+ V(i +1)Re v (v—(v-n)n).
(24)
g =

ViG+ D{R, —j+ Ry —j = (Ry, ;1 + Ry j1)exp (B —3_ )}
(G+DRy, _j+ Ry P4 T(Ry, joy+ Ry jyy)exp (B —3_))

Let us consider two limiting cases.

(1) Small Z. In this case the electric field of
the nucleus can be neglected. Then the radial in-
tegrals are calculated explicitly and, using (24),
we get the same value of the polarization as was
given in reference 1.

(2) Large Z and low energy of the conversion
electron, so that p,/mZe? «< 1. In this case,
IRy, j+1 + Ry, j+1| < [ Ry, -j + Ry, -j|, and we find
for the polarization the expression

(o) = GtV + L+ =1+ 1)
22+ h

(25)
X{(v.n)n 4 j(v—(vsn)n)}.

We note that the formulas (24) are valid for any
shell, so long as k; = —1 for the electrons in the
shell. In particular they are applicable to conver-
sion in the LI shell. We also give the formulas
for conversion in the LII shell (or in any shell
with ky=1; jy=3; Lj=1):

(o> =a PG+DF L+ —Ta(l 4 1)
2G+D LA+ 2% P

X{(ven)n+Vj(j+1)Re P (v—(v em)n)},
(26)

1Wh=ViG+1)

(R,, —j 7t sz —j—-l) —(Ry,;+ Ry, ,') exp {i (8,' - 8_]'_1 )

X Ry a T Re )T UF DRy jF Ry pexp B, — 5,

ELECTRIC TRANSITIONS

Substituting the electron wave functions ¢; and
$, from (1) and (2) and the operator B(l) into
(3a), we get M

(2m)'le O (m): ex “{ 7
Vs h%w’[ Jaoy (M)]2 p {id, Vj—|-1
< [Ru § LY o1 R § 2LV 0L, 0

(27)

2+ 1 )
- ]]_?__1 [Rs ng ~,2 - Y, M'Q/lM: do

- RG' Az & ngMzd Yl, j—1y MQ“I) do]}

(B(]))n —
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We have introduced the following notation for the
radial integrals:

Ra, = (G, (0r) gu. (1) g, () P2,

Royxe = G; (n) fua () o () 2,

(28)
Rs, %= —1 S G]_l (wr) fxz (r) G, (r) r2dr,
Ropy= —i Soi—l (wr) @, (7) [, (r) r2dr.

Now let us calculate the angular integrals. For

the first pair of integrals over angle, we get:

1 ) 1 (ll) (l’)
S L}W: JM‘QI(J‘){! do = S Qiz?WijMQix}”x do

A - :
==V @+ D@h+ DL+ 1) (29)

ch 3 . .
113 Jocflﬁl im W (jlaja s Lojy).

To calculate the second pair of integrals over angle,

we write

iy Fi+1 @
Yin +V 21—i—1Y

T (30)

Y jm=

Using formula (13) and the ecommutation relations
for the Pauli matrices we find:

(31)
(ai)(a-v- am =V A Viy— e o-LY;m.
r e y+1 % vigi+n

Using formulas (31), (14), (15), and (16) along with
the fact that the operator o¢+L is self-adjoint, we
find for the second pair of angle integrals:

(1 ()
S thzu. o+ Y j—1, mQjm do

- vim T/ —x
=v&ViCh+ D@+ {1+2=2)

X C10; joClates imW (ilija s Lojr);
(32)
SQJ(zI oY i, nQ; L) do

I:Mn

1. . B 2 — 3
=2 ViGh+ D@L+ D(1—-2=1)

/

kg ]OCLM: imW (jlajsYe; Laja).

Substituting the results of the angular integrations
in (27) and using the symmetry properties of the
Clebsch-Gordan and Racah coefficients, we find an

expression for (B(l) )at which differs from (18)

only in the replacement of Ij by [; and of ag, by

=)/ UCI+DCL+1)Ca+1)
b = ( 4+ 1) pee2 [R 3, % T Ra, w 33)
(1+x2—xl>R5,xg+ \1 xz—ul)RG_ .Az]exp{ia.‘z},

We can therefore immediately write the formula
for the polarization of conversion electrons in an
electric transition:

(> =a(ven)n+4b{v—(v-n)n}; 4
a=(B,—2B,)/vB, b= (By+Bs)/vB, ")
where the quantities B, B;, and B, are gotten
from A, A;, and A, by making the substitution
described above.

For the polarization of conversion electrons
ejected from the K-shell, we get the expression

(oY =a JjG+NF LI+ 1) —1 I+ 1)
2i(j+ 1)L+ PR

(35)
x{(v-m)n 4+ Vj(j+1)Ren{’(v—(v-n) m)}; -
7w — 1 G+ Ry j 1+ Ry _j1+2Rg )+
* Vig+n (Rg _ja+ Ry _j1+2Rg ;1) — (36)

el +1 R, j——‘ Rs, f\exP{' (8,'—8_,'_1)}

+i<R3_j+RM-

—

_<R3,i+ Ry i _H+t -;_ ! Rs, 1——Rs ])e"P{‘(8 - _]_1)}
In the free electron approximation, the radial
integrals can be calculated explicitly:

Rs, x, = (2rZem)™ V%(—Q:—m) 1Li';
Rl. * — RG, *3 — O;
RS,[ = — (21:Ze2m)"‘ l/z(i-m——m) Il_lii; 8] — 8_,_1 = 0.

Substituting these values for the radial integrals
into (36), we get

'flg) - ] 2ey

jtle—m’ S

after which we find from (35) the same value for
the polarization as in Ref. 1.

For high Z the radial integrals cannot be found
explicitly, and must be computed numerically. We
give, for Z = 80, a table of the values of vj(j+1)
X n(l), calculated using values of the radial integrals
which were kindly communicated to us by L. A. Sliv.

As we see from a comparison of the table with
formula (37), the electric field of the nucleus also
has a significant effect on the polarization of the

<

m
0.3 0.5 0.7 1
i
1 4.6 3.3 | 2.5 2.0
2 3.7 2.5 1 2.0 1.4
3 3.2 2.2 1.6 [1.04—0.27;




POLARIZATION OF INTERNAL CONVERSION ELECTRONS 869

conversion electrons in the case of electric transi-

tions. Formulas (35) and (36) are applicable to con-

version in any shell with k9 = —1. In particular
they are applicable to conversion in the LI shell,
except that the radial integrals will be different.
For conversion in the LII shell (or any shell
with ky =1), we find for the polarization of the
conversion electrons

<°>___ai(i+1)+l:(h + ) —-L(.4+1)

2 G+ L+ [»

X {(ven)n + Vi + ) Re quir (v — (v-n) n)};

(38)

1
T

. 1 2j +1
’(Rs,—l+R4,—] +-]~—R5.—i+ I]- Rs.—i) +

X -
1 2 1
(Rs.—i + Ry i+ T Rs—j+ ! 7_ Rg—j )_

+ U+ DRy + Ry jia — 2R; jy ) exp LBy, — 30
— Ry ja + Ry —2Rg ) exp i By — 37

In conclusion I express my sincere thanks to
Profs. V. B. Berestetskii and A. P. Rudik for pro-

posing the problem and for advice, to Academician
A. 1. Alikhanov and V. A. Liubimov for interest in
the work and for discussion, and to Prof. L. A.

Sliv who provided the values of the radial integrals.
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