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The binding energy of A particles in the hypernuclei H~, HA, HeA, and He~ has been 
computed in the second and fourth orders of perturbation theory. The theoretical results 
are in satisfactory agreement with experiment. 

THE intensified study of hyperons in recent years 
has led to the discovery of many of their properties, 
such as the fact that the binding energy increases 
linearly with the atomic number,1 and, in particular, 
to a more accurate measurement of the binding en
ergy of the A particle in light hypernuclei. This 
opens new possibilities for the theoretical analysis 
of hyperon properties from the point of view of ele
mentary particle interactions, say in terms of the 
7f' and K meson fields. Several papers2- 4 have in
vestigated the binding energy of hypernuclei from 
field -theoretical considerations. Filimonov4 tried 
to study the binding energy of the A particle in 
hypernuclei by using the elementary-particle sys
tematics of Gell-Mann and Nishijima in the second 
and fourth orders of perturbation theory with a cut
off of the Chew type. This was done on the assump
tion that the K meson- baryon interaction is 
pseudoscalar and that gA, the coupling constant 
for the interaction between the K meson and the 
A particle, is the same as g:r;, the coupling con
stant for the interaction between the K meson and 
the I: particle. 

There exists at present no definitive data on the 
parity of K mesons or on the relative parity of 
baryons. For this reason theoretical investigations 
have assumed both scalar and pseudoscalar inter
actions between K mesons and baryons. Further, 
the study of K+ meson scattering by nucleons leads 
to the conclusion that the interaction between the 
K+ and the nucleon in the state with isotopic spin 
T = 1 is much stronger than the interaction in the 
state with T = 0. It has been suggested5 that this 
is because gA >" g:r;. 

We shall use meson theory to study the binding 
energy of A particles in light hyperons, assuming 
that the K meson -baryon interaction is scalar, 
but making no assumptions as to the equality of 
gA and g:r;. The method used will be that of Fili
monov.4 We start with the interaction Hamiltonian6 
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:7t = iG, (f..!-y5-r.1CN + Ay51eE + f1ey5A + [i;·r. I:] 1C 

+ 2.y5T.1C:2} + Gt.. (NKA + Herm. conj.) (1) 

+Gr. (N-r.'E.K + Herm. conj.) +GsA (2:2K* A+ Herm. conj.) 

+ Gsd3"2-r.I:K* +Herm. conj.). 

We assume that the coupling constants for the 
7f' meson- baryon interaction are equal, in agree
ment with symmetry considerations for strong in
teractions. 7 For baryons fixed at the points Xn, 
the interaction Hamiltonian becomes 

.v 3 

:7t = v 4r. g" ~ ~ ~ ~ v (k) (:7n·k) r<7) (n) 

ZV n~r k i~I 

X a (1!) (2w(1t))-'/, (a;k + a,:-h) eik•Xn 

_ f N 2 

+ V 4r.V-'1'\] ~ ~~ v (k) TU~Hn, (2w<Kl)-';, 

(2) 

X (c;k + b;k)eik«n+Herm. conj.}. 

On going from (1) to (2) we have transformed from 
pseudoscalar coupling to pseudovector coupling; 
v ( k) is a function which gives the cutoff for the 
virtual meson momenta, and a (n) is a diagonal 
matrix whose components are the reciprocals of 
the baryon masses.4 The eight-by-eight matrices 
T~'Tf') and T~K) have the following nonzero matrix 
efements: 1 

T<~l: a 12 = a 21 = a34 = a43 = - ia56 = ia65 = a 78 = a 87 = I; 

r<;): ia!2 = - ia2! = a35 = a53 = ia46 

= ia34 = a 77 = - a 88 = I; 

T<~l: a23 = gA; a14 = iars = - a2s = gr:,; a37 = igzt..; 

ia4s = ass = as7 = ggr:,; 

(3) 
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g2 = G2/47T (we set n = 1 and c = 1), and aio ci, 
d d * * * an bi, an ai, Ci, and bi are annihilation and 

creation operators for the 7Tb Ki, and Ki mesons 
respectively. 

Equation (2) can be used to obtain the A -nucleon 
interaction potentials in the second and fourth orders 
of perturbation theory by a previously developed 
method. 4•8 We call v1K the potential due to ex
change of a single virtual K meson, yK7T the po
tential due to exchange of a 7T and K meson, y2K 
the potential due to exchange of two K mesons, 
and V27T the potential due to exchange of two 7T 
mesons. These potentials are 

VIK = - g~\ (~3 (1,1),; + ),zA:) ~ { vz (k) eik(x,--x,) I w<Kz) (dk)}; 

(5) 
VK"- ~ 3(4rr)' (A A* -LA)*) 

- - g" 4 (2rr)• M,\MN- 1 2 ' 2 '1 

X ~~Vi (k) v~ (k) (o-1 • k 2) ( (12 ·k2) ei(k,+k,) • (x,-x,) 

11 ( 2 x - g \ + g2) (w<c:J-aw<K)-2 + w<"l_-zw<Kl-3) 
)_2' 1:13 21 

-+ (g-"-- g1:) 2 ;w<"J2 (w<~> + w<rl) w<~l 2 } (dk1) (dk2); (6) 

vzK = - (4rr)2_ \I v2 (k) vz (k) ei(k,+k,)•(X,-<,) 
4 (2rr)" J j 1 ~ 

x { 4g~ \ (g7\ + 3g~) ( wiKla ( w<~l + w<~l) w<~)fl 
+ [2g~A (g~\ + 3gl) + 2g;\ (g~ + 3g~)] 

x (wiK)2 (w<~l + w<:>) w<~l2fl} (dk1) (dk2). (7) 

The operators A. and A.* transform the A par
ticle into a nucleon, and the nucleon into a A par
ticle, respectively. The expression for v2K is 
simplified if we set gA = g:=;, which is not in con
tradiction with the presently available data. 

The potential due to two 7T mesons has been 
studied previously by one of the authors. 4 In order 
to calculate the interaction between the A particle 
and a nucleon in the core nucleus, we choose the 
nucleon and A particle wave functions in the form 

cp,v (r) = (2o.y2r~)-'i, exp [- r 214y2r~], 

?.\ (r) = yj'l• (2c.y2r~)-': • exp ]- r2TN4y2r~], (8) 

rc=nlm"c= 1.4 .J0-13 cm, 
where TJ is a parameter of variation. 

Equation (8) can be used to calculate the poten
tial energy in the singlet and triplet state of the 
A -nucleon pair for the forces given by Eqs. (5) to 
(7). We obtain 

£1K = _£1K 
singl tripl 

xm xm 

F~" (''(1) = ~ ~ X1X~<:p (''(1, X 1 , X 2)[(xi + v2 )-1 (x~ + !)-', 
0 0 

X X 

FKc: ( ) _ r ( X1X~ <p (y,, x,, x,) d _ d 
'' l1 - .\ .) X1 Xo, 
- 0 0 (xi+ v2) (x~ + 1) (Vx~ + 1 + V xi+ v') (1Z) 

p (11 , x1 , Xz) = exp {-li (x1 - x2) 2}- exp {-li (x1 + x2) 2 }, 

,, + ') 2 m cz 
EzK EzK o g;\ ,,g~ _::___ pzK (~ ) 

singl = tripl = -gil. rr' Yi II ' 

(13) 

(14) 

(15) 

The expression for E27r was calculated previously,4 

and it is 

k k 2- 1 + Y)2 2 
X= rc , Xm = rc m• 11-~I , 

where km is the cutoff momentum. We are using 
a rectangular cutoff. The second term in (10) van
ishes if gA = g~. When g~ = 3g~, it is about 
1/30 of the first term and is therefore omitted in 
the calculations. The integrals Ff7r( y1) and 
F~K( y1 ) are found by numerical integration for 
Xm =6. 

For several values of Yt these integrals are 
0. 75 1.00 1.25 1.50 
1. no 1.524 1. 375 1. 268 
0.0318 0.0279 0.0253 0.0232 

The kinetic energy of the A particle is 

1. 75 
1.181 
0.0216 

Ekin = 3/s TJ 2 (m" I M~ "(2) mnC2, (16) 

where MA_ is the reduced mass of the A particle 
and the core. 

A direct calculation of the potential energy of 
interaction in the singlet and triplet states of the 
A -nucleon pair shows that the singlet state is pre
ferred. As in the case of pseudoscalar coupling, 
therefore, light hypernuclei in the ground state 
have the lowest possible spin. 

Although experiments have been suggested for 
finding the spin of hypernuclei, 9 • 10 there exists as 
yet no relevant experimental data. 

If the spins of H~, Hi, Hei, and He~ are 
!, 0, 0, and !. respectively, we obtain the follow
ing expressions for the energies of the A particles 
in the hypernuclei, as functions of the parameter of 
variation TJ: 

Ha ·£ E 2Ez" ElK 5 EKr: 2 zK 
A • = ~kin+ c + c + 3 c + Ec , 

Ht He~:£ =£kin+ 3£~" + 2£~" + 3E~K. (17) 

He~:£ =£kin+ 4£~"- 2E~K + 2£:" + 4E~K. 
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In E27r we have neglected the part depending on 
the spin of the hypernuclei. 

The binding energy of the A particle is B A = 
- Emin• the minimum of the values in (17). We 
have found B A for the four above hypernuclei 
using g~ = 16, a value obtained from nucleon
nucleon forces, 1r meson photoproduction, etc.U 

We shall make the two assumptions that g~ = 

g~ and g~ = 3g~. With the second of these as
sumptions the scattering amplitude of K+ mesons 
on nucleons vanishes in the second order of per
turbation theory for T = 0, as is required by ex
periment. 5 Further, Minami 13 has studied the re
lation between the K+ -proton scattering cross 
section with charge exchange and the s urn of the 
scattering cross sections without charge exchange. 
If the ratio between these values is taken from ex
periment (about 0.2), we find that x = g~ I g~ ::::; 
0.36, which is in good agreement with the calcula
tions.5 

The results of the calculations are shown in the 
table. We have used the same values of y as 
before.4 

Hypernucleus 
3 

HA H~, He~ He~ 

BA, Mev ~=1.0 <O 0.8 3.0 

~=g~ i\=1.2 <O 0.9 2.7 

Bil., Mev g~\=1.0 ~o 1.2 2.2 

gA=3g~ g7\=1.2 0.1 1.1 2.1 

B\, Mev, exp. 12 
0.25±0.31 1.14±0.20 2 .. 56±0.17 

1. 70±0.24 

It is seen from the table that if we assume that 
g~ = 3g~, we obtain agreement with the experi
mental hypernucleon binding energies for g~ 
between about 1.0 and 1.2, the range given by 
K+ -nucleon scattering experiments.5 The assump
tion that g~ = g~ leads to a binding energy which 
increases more rapidly with the number of nucleons 

in the nucleus than does the result obtained for 
gi = 3gL and thus does not agree with the experi
mental data. 

With our simplifying assumptions we cannot, 
of course, expect complete quantitative agreement 
with experiment; the overall agreement is, how
ever, quite satisfactory. 

The authors express their gratitude to Profes
sor D. D. Ivanenko for encouragement during the 
performance of this work. 
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