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Isotopic relations have been obtained between the cross sections of transformation of a pion and 
a y -quantum into three pions during collisions between the pion or y -quantum and nucleons or 
deuterons. It is shown that near the threshold of the reaction, and also for production of pions 
with identical momenta, some auxiliary relations hold. 

1. Relations have been obtained previously by the We denote by Af, B(, f[, g{ and hf the 
author between the cross sections of transformation amplitudes of transitions into states with total iso-
of a single pion into two during collisions of pions topic spin T and isotopic spin of the system of 
with nuclei and deuterons .1 Close to the reaction three pions t and with a definite (see below) 
threshold, and also in the production of two pions type of symmetry of the coordinate wave function 
with identical momenta, some auxiliary relations of the pions. 
hold. In the present note it is shown that some Since the pions obey Bose statistics, then the 
auxiliary relations also hold between the cross type of symmetry of the coordinate part of the 
sections of the various reactions of production of wave function and isotopic spin for the system of 
three pions during collisions of pions with nucleons pions is determined by one and the same Young 
and deuterons close to the threshold, or in the for- scheme.2 The symmetry of the amplitude Af is 
mation of pions with identical momenta. determined by a Young scheme consisting entirely 

Let us consider the collision of pions with nu- of one row. The symmetric state of the system of 
cleons ( n) as the result of which the pion is three pions relative to an arbitrary pair of permu-
transformed into three pions, i.e., the reaction tations of the charge variables is a state with total 

~w + n-)- n' + 7:' + r:" + 7.."'. (1) 

The initial state is the superposition of states 
with isotopic spin T equal to % and %. The 
wave function of the system of three pions is a 
superposition of states with isotopic spin t, equal 
to 0, 1, 2, 3. The wave function of the final state 
with total isotopic spin T = % and % can be con
structed from the wave function of the nucleon 
(isotopic spin %) and from the wave function of 
the system of three pions with isotopic spin t = 0, 
1, 2. The state with isotopic spin t = 3 is forbid
den. 

isotopic spin t equal to unity. Therefore, we have 
in all two different amplitudes, A}"2 and AY2• 

The symmetry of the amplitude Bf is deter
mined by a Young scheme consisting of a single 
column. Since the antisymmetric state of the sys
tem of three pions relative to an arbitrary pair of 
permutations of the charge variables is the state 
with t = 0, then we have just the single amplitude 

Bt 
The type of symmetry of the amplitudes l[, 

g£ and hf is determined by a Young scheme 
consisting of two rows. In his case t can take on 
the values 1 and 2. 
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For the differential cross sections a of the dif
ferent processes, we have 

+ "1- 0 0) I A''• + t'''+ 1 t'/,12 cr1 ("' + p---+ p + 'i't + 'i't + 7: = 1 1 VS 2 ' 

+ + - I '/, f'lz 1 f',','l2 
cr 2 (,..+ + p -> p +"' + 'i't +"' ) =. 2A1 - 1 + Vi'l 2 , 

:13 (,..+ + p -> n+ 7t+ + 7:+ + r.O) =I vi ti'.l2' 

a4 (r.- + p -> p + ,..- + ,..o + ,..o) = 1- ~ (2A~1 ' + A~1') 

- __!_ (2fi' + t'h + ;1- ti' \2 ' 3 l 5 

cr5 (r.- + P-+ p + "- + 'i't+ + r.-) =I i- (2Ai' +A~1') 

- 1 (2{'/z + f'/') - ~ f'/,12 3 1 1 Jf5 2 ' 

'V~ ~ 1 3f i') 

cr6 (,..- + p-+n + 7t0 + 7:0 + 7:0) =I 2 (A1'- A") i"· 

cr 7 (r.- + p-+n + 7:0 + 'i't+ + 7t-)= I ~2 (- Ai' +Ai') 

- v r B~'- ~2 Ui'- f~1 ') - ~ Yi u;'· + 2g~1 ') 1
2 

• 

08 (r.O + p ->- p + r;o + 7to + 'i'to) =I Ai• + 2A~/, [2, 

0"9 (r-0 + p---+ p + r-0 + 7t+ +7t-)= I~ (Ai' + 2Ai') 
(2) 

1 B'J, + 1 (f''• + 2f''•) 1 , /"I_ (f''• + 2h''•) 12 - V3 o 3 1 1 - -3 V 5 2 2 ' 

cr1o (1:0 + p---+ n + ""+ + T:0 + 7t0 ) =I ~2 (Ai'- A~1') 

+ ~2 < t~~· - ti·) + vi t~~· r . 
( 0 + + + + + + -) I 2 V2 ( A'/, + A''') cr 11 "" P---+ n 7t 'i't 'i't = - 3 - - 1 1 

+ ~2 ( '~'· - '~'·)- -vi ,~,. r . 
From these we obtain two relations between the 

cross sections at which are not difficult to obtain 
by the method laid down in Refs. 3, 4: 

cri + cr; + cr; + cr~ + cr; + cr! + cr; 

(3) 

(4) 

Close to the reaction threshold of (1), the pions 
are formed in an S state. Since the coordinate 
part of the wave function of the system of three 
pions in the final state must be symmetric relative 
to permutations of the pions, then, close to the re
action threshold, only the amplitudes A{ are dif
ferent from zero. 

Substituting B( = f{ = g( = h( = 0 in (2), we 
obtain the following relations between the differen
tial cross sections close to the reaction threshold: 

4cr1 = cr2 , 4cr4 = cr5, 9cr9 = cr8 , 

1 1 
cr7 = g 0 6 = 4 cru = 0"1o, 0"1 + 0"4 = 2cr9 + :> 7 , 

(5) 

while for the total cross sections, 

4cri = cr~ , 4cr~ = cr; , 3cr; = 2cr~, 

3cr1 = 2crt = ~ cr1 = 6cr1 2cr11 + 2o41 = 2cr91 + cr71• ( 6) 
7 6 2 ll 10' 

As is seen from (2), the 1r+ + p- n + 1r+ + 1r+ + 1r0 

is forbidden close to the threshold. 
The same relations hold away from the reaction 

threshold if the three pions in reaction (1) are 
formed with identical momenta (k1 = ~ = k3), 
since. in this case also the wave function is symmet
ric relative to the coordinates of the pions. 

Now let us consider the transformation of a pion 
into three pions during collisions of pions with deu
terons, i.e., the reaction 

rr + d --c? n' + n" + 7t' + r:" + r:"'. (7) 

The isotopic spin of the entire system T in the 
initial and final states of the system is unity. We 
denote by At1t 2• Bt1t 2, ft 1t 2, gt1t 2• ht1t 2 the am
plitudes of the transition to a state with isotopic 
spins of the system of the two nucleons t 1 and the 
system of three pions t2, and with a definite type 
of symmetry of the coordinate part of the wave 
function of the pions. 

For the differential cross sections a of the 
different processes, we have 

cr1(7t++d-+p+p+7to+'i'to+7to)= l :2Au 12· 

cr2(7t++d-+p+p+7to+'l':+-+'l':-) =I :fAn 

1 1 t 12 + y-2 fu- B1o + V30 ( 12 + 2g12) , 

cr3 ( '!':+ + d---+ p + n + 7t+ + 'l':o + 7tu) = I -}Au+ -} f u 

1 1 ... !3 \2 
- y-2 Ao1- Jl 2 fo1 + V 20 f12 , 

05 ~7t+ + d-+n + n + '!':+ + ""+ + 7t0) =IV~ t1212. 

cr6 (7to + d---+ p + p + 7t- + '"'o + '"'o) = I ~2 Au (8) 

1 v3 
1
2 

-+ Jl2 t ll - 10 f 12 ' 
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a7(7t0+d...,p+p+7t-+7t++7t-) = /VMu- : 2 fu 

- ,l 130 f 1212 ' 

as (7t0 + d ~ p + n + 7to + 7to + 7t0) = I ~2 Ao1 r 
a9 (7t0 +d~p+n+7t0 +7t++7t-) =I ;2 Ao1+ : 2 fo1 

+ J2 B1o- y-~ (f12 + 2h12) r. 
We then obtain two relations between the total 

cross sections which are also easily obtained with 
the method outlined in Refs. 3, 4: 

a~+ a~+ a;+ a~+ a;= 2 (a~+ a~)+ a; + a~; (9) 

at + at = 2at + at + at + at. (10) 
4 7 1 3 6 8 

Close .to the threshold of the reaction (7), and 
also in the formation in this reaction of pions with 
identical momenta, we have 

In these cases the following relations are valid 
between the differential cross sections: 

and between the total cross sections: 

(11) 

(12) 

The reaction 1r+ + d- n + n + 1r+ + 1T+ + 1r0 is 
forbidden in the cases under consideration. 

For processes of transformation of a single pion 
into three, for which splitting of the deuteron does 
not occur, we have 

::;1 (7t+ + d---7d + 7t+ + 7to + 7tO) 

= a2 (7t? + d--? d _+ 7t0 + 7t+ + 7t-) = IAo1 + fo1l 2 • 

a3 {7t+ + d-? d + 7t+ + 7t+ + 7t-) = I 2Aol + go1l2, 

a4 (7t0 +d-->-d+7t0 +7t0 +7t0)= j3Aolj2 • (13) 

Close to the threshold of the reaction under con
sideration, and also for k 1 = k2 = k3, we obtain the 
following relations between the differential cross 
sections: 

(14) 

and between the total cross sections: 

at = i_ at = _!_at = i_ at (15) 
1 2 2 4 3 3 4' 

2. We consider the reaction of photoproduction 
of three pions in hydrogen and deuterium. The 
operator of interaction of the electromagnetic field 

with the meson-nucleon system consists of two 
parts H = S + V 3, 5 where S is a scalar and V 3 

the three components of a vector in isotopic space. 
The isotopic spin of the initial state in the reac

tion y + p - n' + 1T' + 1r" + 1T"' is T = %, and in 
the final state, T = Y2 and %. 

The operator S gives the transitions to a state 
of the meson-nucleon system with isotopic spin 
T = t.Ja, the operator V3, those to the state with 
T= %, %. 

d T T T T 
We enote by AtS{V)• BtS(V)• ftS(V)• gtS(V) 

and ~'18(V) the amphtudes of transitwn (the oper
ator S or V 3 is acting) to a state with total iso
topic spin T and isotopic spin of the system of 
three pions t and with a definite type of symmetry 
of the coordinate wave function of the pions. 

We have for the differential cross sections a 
of the different processes: 

a2 (y + p--? p + 7to + 7t+ + 7t-) (16) 

= ~ 1- V3 (A~!+ t~s) + (Aiv + t'iv) 

- V2 (A~~+ t~1v)- 3B:fs + V3B:fv + (giv- h;1v) \\ 

a3 (r + p---;. n + 7t+ + 7t0 + 7t0) ={I v16 (A~~+ tis) 

- V2 (Aiv + tiv)- (A~1v + t~'v) + V3tiv J
2 • 

a4 (y + p--? n + 7t+ + 7t+ + 7t-) ={-I V6 (2A~~- tis) 

-112 (2Aiv- t~'v)- (2A~'v- tiv) + V3tit-- t. 
We then obtain the following inequality between 

the total cross sections at: 

(17) 

Substituting in (16) 
r T r r 

Bts(V) = fts<V> = gtS(V) = hts<V> = 0, 

we get the following relation between the differen
tial cross sections a close to the threshold of the 
reaction: 

(18) 

and between the total cross sections: 

(19) 
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We now determine the cross section of photo
production of three pions in deuterium. The iso
topic spin of the initial state in the reaction 'Y + d 
-- n1 + n2 + rr' + rr" + rr'" is equal to zero. The 
isotopic spin of the final state T = 0 or 1. The 
corresponding operators of six transition are S 

and V3• t t t t 
Wet denote by At~(V), Bt~(V), ft~(V), gt~(V) 

and ht~(V) the amplitudes of transition to a state 
with isotopic spin of the system of two nucleons 
t 1 and of the system of three pions t, and with a 
definite type of symmetry of the coordinate wave 
function of the pions. 

For the differential cross sections a of the 
various processes, we have: 

3 1 0 12 cr1 (y +d-o. p + n + rr0 + ,-:o + rr0 ) = 2 A1s- A1v , 

cr2 (y +d-o. p + n + rr0 + rr+ + ,-;-) = { - (A~s +tis) 
-

+ (Aiv + fiv) + B~v + V3Bgs + 2 (g~v- hiv) 12 , 

cr3 (y+d ~ n+n+ rr+ + rc0 + rr0) = I ~3 (A~s + f~s) 

(20) 

cr4(y +d--'? n + n + rr+ + rr+ + rr-) = I : ;:;- ( 2Ais- tis) 

+} (2A~v- fiv)- gv \2 • 

We then obtain the following inequality: 

(21) 

Close to the reaction threshold under considera
tion, 

Therefore, close to the threshold of the reaction, 
the following relations hold between the differen
tial cross sections a and between the total cross 
sections at: 

(22) 

(23) 

For reactions which take place without splitting 
of the deuteron, t = 0 or 1; therefore, a ( y + d -
d + rro + rro + rro) =% IA~vl2, 

(24) 

It then follows that 

Close to the threshold of the reaction under con
sideration, B~s = f~v = 0. therefore, the following 
equations hold between the differential cross sec
tions a and between the total cross sections at: 

(26) 

(27) 

The relations obtained between the differential 
cross sections (18), (22) and (26) also hold away 
from the threshold of the reaction if the three 
pions in the reactions are formed with identical 
momenta k1 = k2 = ka. 
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