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A classification is obtained for the states of a relativistic quantum system. The irreducible
representations of the inhomogeneous Lorentz group are divided into four fundamental classes:
Pms P, Py, Op. All the representations of classes P,, and Py, both unitrary and non-
unitary, are found explicitly.

1. CLASSIFICATION OF THE STATES OF A RELATIVISTIC QUANTUM SYSTEM

WE have previously1 found all the possible invariants of the inhomogeneous Lorentz group, and have
noted that the classification of the irreducible representations of the group reduces to finding the eigen-
value spectra of these invariants. However, we as yet do not know the independent variables contained

in the wave functions, which transform according to a particular irreducible representation. In order to
find these variables and their domain of variation, we must select from among the operators of the group
a complete set, i.e., a complete system of operators which commute with one another (but not with all the
operators of the group). The choice of such a system of operators is, of course, not unique. This non-

*Notations used without explanation are the same as in Ref. 1. References like (1.8 ) are to the corre-
sponding formula in Ref. 1.
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uniqueness corresponds to the possibility of performing an equivalence transformation of type (I1.8) on the
particular representation. As such a system of operators, we might select the invariants of the homogen-
eous Lorentz group, M‘z“, and €, \oMyp Mo, and in addition the square of the three-dimensional ang-
ular momentum Mi and one of its projections, Ms;. However, this classification is not convenient since
it is not translationally invariant. The motion of the system as a whole is not separated out, so that the
wave functions of individual states do not belong to a single value of energy and momentum. The most
natural classification is one which is translationally invariant, in which the complete set selected consists
of the four operators Py and one of the projections of Iy, for example T3, In a given irreducible rep-
resentation, only three of the four operators py are independent, since the eigenvalue of the invariant

p;i is the same for all the functions of the irreducible representation. The set of eigenvalue spectra of
the operators of the complete set (for example, py, py, P3, I'3) also give us the complete system of in-
dependent variables and their domain of variation for the particular irreducible representation.

Let us summarize our results:

1. In order to find all the irreducible representations of the inhomogeneous Lorentz group, i.e., all the
wave functions admissible in quantum mechanics, we must find the eigenvalues and simultaneous eigen-
functions of the operators p;, Py, P3» Po» I‘f,, Ty, satisfying relations (I1.41).

2. In a given irreducible representation, only those eigenfunctions can appear which belong to the same
eigenvalues of the group invariants p’% and I"f, . As mentioned in Sec. 12 of Ref. 1, additional invariants
may exist for certain classes of representations.

2, THE FOUR FUNDAMENTAL CLASSES OF REPRESENTATIONS OF THE GROUP G

The group of four-dimensional translations characterized by the operator Py is a commutative sub-
group of the inhomogeneous Lorentz group. Its irreducible representations are one-dimensional and uni-
tary* Each representation is defined by the set of four numbers py, py, P3, Py = Py/i, which are eigen-
values of the operators ﬁv [32, 53, Po. The eigenvalues p, can be any real numbers. Only those func-
tions can belong to the same irreducible representation of G which have the same value of pﬁ. The ir-
reducible representations of the whole group differ qualitatively from one another according as pft is a
negative number (timelike Py ), positive (spacelike Py ), or zero. In the last case, representations in
which Py £0 ( Py lies on the light cone) and in which Py = 0 are qualitatively different. Accordingly,
we get four classes of representations of the group G, which we shall investigate in turn:

I. Class Py Py is a timelike vector.

II. Class Py: py is a vector on the light cone.

III. Class P Py is a spacelike vector.

IV. Class Oy: Py = 0.

For the unitary representations of the inhomogeneous Lorentz group, the division of the representations
into these four classes was first done by Wigner by a different method. He also obtained the detailed clas-
sification of the unitary representations of classes Ppy and Po.z The complete system of irreducible
representations of class Oy coincides with the complete system of representations of the homogeneous
Lorentz group which was found by Gel’ fand and Naimark.}

3. CLASS Pp

For the class Py, the sign of the energy, Sy =py/|py!|, is an invariant of the group, so that for each
set of eigenvalues of p? and 1"?, there will be not one, but two irreducible representations, one for each
sign of the energy. Instead of the energy, it is convenient to use the mass m defined as

m=(po1ps)V = P, (1)

*The group of translations also has 'non-unitary representations, corresponding to complex values of
the components of the four-momentum. The representations of the inhomogeneous Lorentz group ob-
tained from them belong to complex values of the invariants m and II of the classes Py, and Pyp.

Representations of this sort occur, for example, when we add an imaginary term to the mass in calcula-
tions with Green’s functions.
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and can be any real number except zero (since zero mass corresponds to classes Py, and Oj). In each
irreducible representation, only those functions can appear which belong to the same value of m. There-
foré, of the four variables Py in the wave functions of the irreducible representation, only three (for ex-
ample, pj, Py, P3) will be independent, while the fourth, p,, will be equal to

Po= 1 Ep =1 VI . (2)
One can also proceed differently, by forming the 4-velocity vector
Uy =pu/m, uh=—1, uy=uy/i=Yu+1 (3)

In this case, for each value of m the functions of the irreducible representation will depend on the 4-ve-
locity uy, which has three independent components.

To find the eigenvalues of T'%, it is convenient to go over (for fixed Py, which is permissible since
py commutes with TI;) to the rest frame in which

p=0, py=im. (4)
We then find from (1.39), (1.41) that
=0, I2=T}, [Ty, Ijl_= ime;plh. (5)
Defining Si by ‘
T; =mS;, (6)
we have
[Si, Sjl_ = ig;jrSk. (7)

The commutators (7) define a three-dimensional Euclidean group of rotations, which is natural since

I‘%, = m? S% represents the intrinsic angular momentum of the system. The irreducible representations of
the three-dimensional rotation group are well known. All of them are unitary. Each is characterized by
a positive integer or half-integer s, where

$2Q, = (Te /m?) Qs = s (s + 1) Qs, (8)
and the operators Sj are (2s+ 1)-row matrices. For example, for s =3, S =0/2, where o is the

Pauli matrix vector. The explicit form of the vector I';, in an arbitrary coordinate system is obtained
from (6) by Lorentz transformation:

I'=mS +p(©S)/ (| po] +m) = m{S +u(uS)/ (uy + )}, Ty=Ty/i=pS=muS. (9)

The commutation relations between the components Iy, as defined by (7)and (9), coincide with (I.41).
For a complete description of the representation, we have only to find the explicit form of the operator
gu. One can verify directly that the operator g, = (g, igy), where

&= — (ipip; 9/ 0p;) — (im*0 | Op;) — 3ip; + e1jnpiShy  Go = (— ipopi0 [ Op:) — 3ip, (10)
satisfies the commutation relations (I1.41).

By using (1.40), we can find from (9) and (10) the explicit form of the operator MMV for the 4-angular
momentum:
- —_— —ip O __ ISPl _ . 9 _ [Su]
M= —i[pd/dp] +S=—i[ud/du]l+S, N= Pogy ~ pogm = gy T (11)
where M; = My3 etc., Nj = Mjy/i. The square brackets denote the vector product. In this representation,
the 4-momentum operator ﬁl‘« has the form

pi=pi, po=(m/|m|)VP*+m?, or p,=mu,. (12)

Relations (11) were first used in the theory of elementary particles in Ref. 4.

Thus the irreducible representations of type Py, with timelike 4-momentum are characterized by two
numbers: a real number m which is non-zero, and s which is integral or half-integral. The number
m determines the rest mass of the system, and s its intrinsic angular momentum (i.e., the spin, in the
case of an elementary particle). The wave functions Q,,5(p;) [ or Qp,5(u;)] corresponding to a par-
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ticular representation are matrices of degree 2s + 1, depending on three independent variables p; de-
fined over the whole real axis.

The probability density Qj,s@ms is a scalar. In calculating mean values (or norms), the integration
is carried out with respect to the invariant volume element

dyp =d®p [|py| or dou =d%u[u,,
@ (0) 2(p)> = {dop (0) 2 (p), (13)

(@ @) 2 () = {due’ (@) @ (). (14)

We shall assign representations corresponding to positive and negative masses to different subclasses,
and denote them by P.;; and P_p, respectively. Single-valued representations, corresponding to inte-
ger s, will be denoted by P$_(PS ), and two-valued representations with half-integer s by
P’+Sm( P'_sm). The results found for the classification of P, coincide with Wigner’s? results, and can be
summarized in the following table:

Table of Representations of Class P,

Fundamental | .
Represen- Unitarity Dimension- invariants Addltgonal
i ality in the spin vari- mi=—p? >0, invariants,
aton T e r3/mt=s (s, Sy
pf’_m Unitary, finite-dimen- 0,1,2,... 1
, sional
P—im ” 1/,, 3/2,... 1
P » 0,1, 2,... —1
P’—s-m ? 1127 8/2--- —1
4, CLASS Pp
For the class Py, the square of the 4-momentum
pi = 11 (15)

is positive, i.e., the vector py is spacelike. The search for simultaneous eigenfunctions of the operators
Py T%, and one of the projections of I'y, for example Ty =Ty/i, is conveniently done in the coordi-
nate system in which

pu= (0, 0, II, 0). (16)
From (I1.39) and (16) we find that in this coordinate system
I, =0. (17)
With the notation

I+il, =07, T, — il =1T", T,=11T, (18)

the commutation relations (1.41) between the components Iy, and the invariant I‘?, become
(TY, T =—T% [T, Tl.=T", (19)
[T*, T7|_=—2T,, (20)

/=T =TT" —T;—T,. (21)

The commutators (19), (20) define the group of rotations in three-dimensional pseudo-Euclidean
space. All the unitary representations of this group were found by Bargmann.? T? in formula (21) is,
of course, an invariant of this group. The wave functions satisfying (19), (20), are of the form QozB’
where «, B are the eigenvalues of T? and T, respectively:

T*Qap = aldg, T oy = Bup. (22)
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Only functions with the same value of o can appear in an irreducible representation. To determine
the spectra of eigenvalues «, B, we operate on QB with the first relation in ( 19):

(T, Tl Qup = — (T*Qyp).
Using (22), we then get
Ty (T Qus) = (3 + 1) (T Qsp). (23)
Similarly, from the second relation in (19) we find ’
To (T Qup) = (B — 1) (T Q). (24)

Thus the functions (T+QaB), (T™Qqp) belong respectively to the eigenvalues g+ 1. From this it fol-
lows that the spectrum of eigenvalues of T, is

B =8, +n, (25)
where 1 >8,=0, n=...,,-2,~-1,0,1, 2, ..., while the matrix T, is infinite~dimensional and has
the form
(To)mn = poamn + 18n. (26)
We do not exclude the possibility that for certain values of B, T“'QaB (or T‘Qaﬁ) may vanish. However,
this case need not be treated specially, but will be obtained automatically from the general investigation.
The operator T, is the operator for an ordinary three-dimensional rotation in the hyperplane perpen-
dicular to py. The full rotation through 27 must either leave the function unchanged or (for a two-valued

representation ) multiply it by (—1). Thus B, can only be zero for single-valued representations, and 3
for two-valued representations,

Bo =10, s (27)
since the matrix for a finite rotation through angle ¢ has the form
(exp {iTo2})mn = Smn €xp {iBye + ine}. (28)

To find the eigenvalues of the invariant T2, we must determine the form of the matrices T+, T~.
From (19) and (26) we get

Tha(n—m+ 1) =0, (29)
Thn(n—m—1)=0, (30)
so that
Thn = @b, nias (31)
Ton = bmdinsy, n- (32)
Substituting (31), (32), (22), and (26) in (21), we find
(T)mn = Bmn = bnandm-t1, 131, nta — Bmn (1 + By) (n + Bg + 1)= 8mn {@nbn — (n + Bo) (n + By + 1)},
i.e.,
anbn =+ (n + Bo) (n+ By + 1), (33)

where, according to (27), B, is equal to 0 or 3. We should mention that in (29) — (33) there is no summa-
tion over the repeated indices m, n. :
Formula (33), expressing the coefficients ap,, b, in terms of the eigenvalue ‘@ of the invariant, to-
gether with (26 ) essentially determines all the irreducible representations of the rotation group in three-
dimensional pseudo-Euclidean space and all the irreducible representations of class Py for the group G.
Only the product apb, of the matrix elements is given uniquely by (33). The elements a;, b, them-
selves are not determined uniquely, which corresponds to the possibility of subjecting the system of oper-
ators T+, T-, T, to an equivalence transformation using an arbitrary non-degenerate diagonal matrix
V, which leaves the operator T, unchanged. Formulas (26), (31), (32), and (33) can be rewritten as
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(To)m’n' = ar:z'n'n,: (T+)m’n’ = an’am', n'-1y (T_)m'n’ = bm'am’-(-l, n's (34)
@by =a 4 n' (n' + 1). (35)

Here the indices m’, n’' are assumed to run through all integral (half-integral) values for single-valued
(double-valued ) representations.

Now we must first see for which values of o a representation of the whole group corresponds to the
infinitesimal representation in the neighborhood of the identity. Secondly, we must check whether all the
representations we have found are irreducible, since an additional splitting of the representations is pos-
sible, for example, with respect to a sign invariant. Thirdly, we must separate the representations into
unitary, real non-unitary and complex representations. Finally, we must construct the operators Iy
and gy, or the operators M.

In order to solve the problem of the continuity of the representations (34) and (35), we shall attempt
to construct the operator for an arbitrary finite rotation in the three-dimensional pseudo-Euclidean space.
The third axis of our space is the time axis, and a rotation about it is a space rotation. The first and sec-
ond axes are space axes, while rotations about them are Lorentz transformations. As in ordinary Euclid-
ean three-space, any rotation can in our case be represented as a product of rotations through three Euler
angles: a space rotation about the third axis, a Lorentz rotation about the first axis, and a space rotation
about the rotated third axis. The matrix for the rotation about the third axis was given in (28). It exists
for any a@. To get the operator for a rotation around the first axis, it is convenient to go over to the con-
tinuous spectrum, i.e., to take as the wave function not an infinite-dimensional matrix, but a continuous

function Q (&) of a variable & which ranges from zero to 2r. Then the operators T*, T~, T, can be
taken in the form:®

To=(1/i)d/0®, (36)
. of1 0 - _ (10 —i
Pmee(b ), = (L e ()
where
a=—1(+1). (38)

A direct check will show that the operators T, T%t, T~ defined by (36) and (37) satisfy (19) — ( 22).
The transition from (36) and (37) to (34) and vice versa is accomplished by a Fourier transformation.
In accordance with (35) and (38), we find for a,’, by, from (37),

ap = (' —1), by = (0’ + [+ 1). (39)

Rotation through the angle ¢ around the third axis is accomplished in the new representation by using
the operator U (¢):

U (¢) = exp(29/ D), U (2) Q(D) = Q(D + o). (40)
The operator T, for the infinitesimal rotation around the first axis is
T,=(T"+T7T7)/2=—ilsin®—jcosD- 3/ oD. (41)

We find the eigenfunctions and eigenvalues of the operator T,:
T1hor = kpor. (42)
After a simple integration we find that for any real Kk,
Pon = (4m)=" (cos D)! {tan(%— + ;)}“‘. (43)
An arbitrary function ©(®) can be expanded in terms of the Yokt

Q (D) = g Ak o, (44)

-—00

so that we may consider ¥g) as the kernel of the operator of linear transformation from & to k, i.e.,
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to the basis in which the operator T; is diagonal. The kernel of the operator reciprocal to Y is

$id = (4m)~ (cos D)=+ fran . + T (45)
In fact, we can verify directly that
2r
0
S dkdorbra = 8 (@ — D). (47)

—
For the wave function € (k) in the new representation, the operation of rotation through the Lorentz
angle y around the first axis is trivial, and reduces to simply multiplying @ (k) by eikx

Ur (0) Q (k) = e*xQ (k). (48)
By using (43), (45), and (1.9), we can transform the operator Uy (x) tothe &-representation,

-]

Uoor (x) = S dk&{)oke'x"zp{& = 3 (Intan® — Intanb’ 4- be)

00

(cos @)’ _ 3(ntanf—Intan6’ + ) /cos @ \Vili—a (49)
(cos @)1 V cos @ cos @' (co's g ) !

where 6 = &/2 + m/4, 0'= &'/2 + /4. The rotation operation itself takes the form

21
U0 Qo =\ d0Vso (1) Q(P)) (50)
0
or, in somewhat different form,
_ ix [ At taf Nl q
U Do = (L2 "2 (@), (51)

where
D L Q' b
tan(g + ) = a3+ 7).

From (51) we see that the transformation for rotation around the first axis actually does exist for any
finite values of @, y. As we said earlier, we can construct the-operator for any rotation by using (40)
and (51), and this operator will exist for arbitrary @. The theorem we have just demonstrated is not
trivial since, for example, for the group of three-dimensional Euclidean rotations there exist representa-
tions in the neighborhood of the identity which cannot be extended over the whole group.

We shall now select the real and unitary representations of class Pp. According to Sec. 13 of Ref. 1,
the representations will be complex for complex « and real for real a. For unitary representations, the
operators T* and T~ must be Hermitean adjoint to one another. In this case, we find from (31) and
(35) that

A = b, |G 2 = 0 + 1’ (' + 1). (52)

From (52) it follows that a representation can be unitary only if the quantity « + n'( n + 1) is not nega-
tive for any integral (half-integral) values of n’. For integer n’, the requirement that (52) be positive
is satisfied for ¢ =a > 0. (The case of @ = 0 will be treated later and assigned to another subclass).
The corresponding single-valued unitary representations will be denoted by P%. For half-integral n’,
(52) is positive for a =a > 1/4 (the case of a = 1/4 also will be assigned to another subclass). These
two-valued representations will be denoted by P'r‘["‘. However, the subclasses P%I and P'Ha do not ex-
haust the unitary irreducible representations of class Py. The point is that for o= -s(s + 1), where

s 1is an integer (half-integer) for single-valued (double-valued) representations, the representation (34)
ceases to be irreducible. For n'=s and n'=-s — 1, the coefficients ay’, by’ in (34) and (35) van-
ish, and the matrices Ty, T*, T~ simultaneously assume the “block” form.
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In this case the representation (34) breaks up into three irreducible representations, two of which are
infinite-dimensional and unitary, while the third is finite-dimensional and non-unitary. The matrix ele-
ments of the infinitesimal operators are given by formulas (34), (35) for all three cases. In one of the
representations, the indices m’, n’ run through values from —« to —s — 1; in the second they go from
s +1 to =, and in the third from -s to s. These representations are respectively designated by

Pﬁi, P;—-[ﬁ, P?I for integral £, s, and by P'H-l, P’I;-l, P'If for half-integral £, s. The representations

+ - + -
Pnl, Pnﬂ, P'n 2, P'H!Z (and PT‘[’ for s =0) are unitary. For them the sign of T, is an invariant. The
representations P% (s #0) and P'I? are non-unitary. For them, the sign of T, is not an invariant.
The indices £, s can take on the values:

+
for representations Pnl: £=0,1, 2, ...,

+
for representations P'II 1: e==Y% Yo % % oon,

s (53)
for representations Pp: s=0, 1, 2, ...,

for representations P'r?: s=Y% % % ...,

We may mention that the unitary representations Pﬁo, Pflo, and P‘ﬁ are all different. The first two
are infinite-dimensional and correspond to the case of 1"%, =0, Ty #0. The representation P(ﬁ corre-
sponds to the case of Ty =0.

A peculiarity of the subclass P'ﬁu is the presence of the representation with ¢ = —3, corresponding
to the case when (34) splits into two, instead of three, irreducible representations. The finite-dimen-
sional (in the spin variable ) non-unitary representations of the group of 3-rotations in pseudo-Euclidean
space corresponding to the subclasses P?I and P'l-? can be gotten by Weyl’s® unitary trick from the ir-
reducible representations of the ordinary group of 3-rotations.

The real, infinite-dimensional, non-unitary representations, which are not included in the subclasses

enumerated above, will be denoted by P]IOI (for integer n’), and by P’I}ID (for half-integer n’); the com-

plex representations will be assigned to Pg (for integral n’), and P'Ha (for half-integral n ).

To complete our treatment of class Py there remains only the construction of the components of the
operator Myyp. This rather involved problem is probably solved most simply as follows. In treating the
class Pp, we had occasion to transform to the rest system, which explicitly singled out the time axis.
Accordingly, formula (11) is symmetric with respect to the three space axes but not symmetric with re-
spect to the time axis. In the present section, we explicitly distinguished the third space axis whereas
the first two space axes and the time axis were essentially not distinguished. We may therefore expect
that we will get formulas which are relatively simple and similar to (11) if we introduce three-dimen-
sional vectors and tensors defined in the pseudo-Euclidean space xy, X, X4. We shall mark such vectors
with a superior tilde. One of the components of each such vector is imaginary. For example, in this
space the three-dimensional momentum will have the form

;i = (P1; P2 iPo), (54)

while the component pg will be the three-dimensional scalar

o=/ TE 7P (55)
From the operators T+, T, Ty, we can form the vector
Ti=(Ty, iTo, Ty), To=(T"+T7)/2, Ty =(T*—T") /2. (56)

Using (19), we can easily verify that the Ti satisfy the covariant commutation relations
[;FiTj]~ = iziikTh- (57)
We now note that the relations (11) can be rewritten as
M = foei My = — (ieijupi0/0pr) + Sty My = (ip0/0p:) + eipnSipr | (s + VP* + p2). (58)



A GROUP-THEORETICAL CONSIDERATION 927

where p? + pﬁ = —m? = inv, and the three-dimensional vectors are “ordinary” vectors. The tensor MHV ,
defined by (58), satisfies the commutation relations (1.31); in deriving this, we use only the relations (7)
and

app_/apv = Bp.v- (59)

Since relations (7) are completely analogous to ( 57), it is obvious that the tensor MIJV , expressed in
terms of the vector Mj; and the pseudo-vector Mj in the pseudo-Euclidean 3-space (X, Xj, X4)

~ ~ o~ ~ ~ 0|, & ~ . ~ ~ T p,
Mi="/seijx Mjn = — ieijnpj 5~ + T M,-3=tp3~i—-—ipi-a— T 1P (60)
pr ap 9ps !

will satisfy (1.31). In Eq. {(60),
i i, kh=1,2,4,pt =18
Writing (60) in terms of “ordinary” components, we get
My = My3 = — i (p20/0p; — ps0/0ps) + (TLE, + Top1) / (s + 1),
My = Mz = — i (ps0/0py — p10/0ps) + (T2Ep + Tops) [ (ps + 1), My = My = — i (p10/0p, — p29/9py) -+ T, (61)
Ny = Myfi = (iE,0/0p)) — Ty, Ny = Myy/i = (iE,0/0p;) + Ts, Ny = Myyfi = (iE,0/0ps) + (Topy — T1ps) | (ps + I0).

In (61), Ep=—ipy =%V p? — . The independent continuous variables are p;, py, ps. Their domain of
variation is limited by the condition « >|p| = II. The energy is not an independent variable, but for
given values of py, py, and p;, its sign can be arbitrary within the representation. Thus the sign of the
energy is a discrete independent variable which takes on two values, and relations (61) will give the cor-
rect commutation relations over the whole domain of definition of the independent variables only if this
pointis taken into account. The simplest way to take account of the two signs of the energy is to express
the components of the 4-vector py in terms of the four-dimensional polar angles ¢, &, y:

p1 = Ilcoshy sin 9 cos o, p, = [lcoshy sin¥sino, p; = [lcoshy cos ¥, p, = [ sinhy,

2 >0>0,7>9>0, 00 >y>— 0. (62)
The two-valuedness of the energy is then obtained automatically. The components of M, , expressed in
terms of the angle variables, become

2 Tisinhy, + Tocoshy sin & cos @

.. a .
Ml_tsm,o%-l—lcotscos?ag"‘ 1+ cosh cos &

. a . . 7] Ty sinhy + Ty coshy sin 9 sin ¢ .
My = —icospgs + icotdsing 3% + Trooshy 005 & v My = —id/0p 4+ T,,
N ’iSi“9C05’33+'tanh- cos9cos® O — itanhy SR®9 g 63
1= Py T Ltanhy Py it gnsae 1 (63)
Ny =isin9sino L 4+ itanhy cos 9 sine & + itahy 2222 1 T
2 v 0y X ? 55 X 5in 9 oo 22

coshy sin & (T3 cos ¢ — T sin o)
14+cosh x cos &

. d . . %
N3—tcos%}a—i ——ttanhxsm«‘}aT}—{—

Formulas (62), (63), together with (34), (35) give the complete solution of the problem of finding all
the irreducible representations of the class Pyj.

One may try to construct the tensor M, by a procedure different from ours, by simply replacing the
vector Sj in (11) [or, what amounts to the same Lhing, in (58)] by the vector T with components (iTy,
iTy, Ty). This vector is analogous to the vector T; of (56), but, unlike it, is defined in a Euclidean
rather than a pseudo-Euclidean 3-space. The components of the angular momentum tensor formed in this
way,

Mi="einMjn = — i (ippi0fOps) + Tie  Mis = (ipad/0ps) + T ipn/ (P + V' 0* + ) (64)

satisfy commutation relations (1.31), and one might get the impression that we have constructed repre-
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sentations which are equivalent to (63). As a matter of fact, however, (64) is equivalent to (63) only for
representations which are finite-dimensional in the spin variable. For infinite-dimensional matrices Tj,
formulas (64) do not in general define a representation at all, since in this case it is impossible to con-
struct a finite three-dimensional rotation about the x or y axes. This is apparent from the fact that the
components of the vector Tj are infinite-dimensional and, at the same time, irreducible with respect to
three-dimensional rotations; i.e., they constitute an infinite-dimensional irreducible representation of the
group of Euclidean 3-rotations in the neighborhood of the identity. Such a representation cannot be built
up over the whole group, since all the irreducible representations of the group of 3-rotations (and of any
compact group) are finite-dimensional.
In conclusion we give a table of the irreducible representations of the class Ppy:

Represen- Unitarity. Dimensionality Fundamlel?:;l‘ I:;a“ams Additional
. . . . [ . .
tation in the spin variable. wm—s(s-H1) =T [T invariants
PY Unitary infinite-dimensional a=a>0 —

1
P'ﬁ » » a=a>z —
Pt » » s=I=0, 1, 2,... S, =1
pgt » » s=I=0, 1, 2,... Sy, =—1
. 1 1 3
Pﬁ” ” » s=l=—=5, 7, 7. Sr, =1
i1 1 1 3
P » g s=l=—", 5, 3 Sr,=—1
Py Non-unitary; 2s 41 s=0, 1, 2,...
h 1
P .- s=g 7 -
Py Non-unitary infinite-dimensional a=b<0 s+, 2, 3,.. -
'b 1 1 3
Py » » a=blg sFgF, T -
Py 4 » a = complex -
Pg » » a = complex —
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