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Investigation of a new type of resonance, which takes place in metals located in a high
frequency electromagnetic field and a stationary magnetic field parallel to the surface of
the metal, the frequency w of the alternating field being a multiple of the cyclotron fre-

quency {1 = eH/mec.

The shape of the resonance curve depends considerably on the electron dispersion law
and permits one to determine from the experimental data the topology of the Fermi surface
and find some of its concrete characteristics.

The surface impedance of the metal has been computed for an arbitrary direction of the
stationary magnetic field relative to the surface. The analysis has been performed on ba-
sis of the most general assumptions of the electron theory of metals (arbitrary law of dis-
persion and collision integral). It has been proved that it is possible to introduce the
mean free path time of the electrons under the conditions of an anomalous skin effect at

arbitrary temperatures.

1. DIAMAGNETIC AND CYCLOTRON
RESONANCES

IT IS WELL KNOWN that a free electron travelling
through a uniform magnetic field moves in a
spiral whose axis is in the direction of the magnet-
ic field. The frequency of rotation of the electron in
a plane perpendicular to the magnetic field,

Q = el/me, is the same for all electrons and is in-
dependent of the magnitude or the direction of their
velocity. As a consequence, an external high fre-
quency field of frequency w =, impressed on a free
electron gas, produces resonance.

In metals and semiconductors this resonance is
“smeared out” because of electron collisions with
phonons, with lattice imperfections and with the
surface. For a substantial resonance to occur, it is
necessary in every case, that the electron succeed
in making a large number of revolutions over the
mean free path [ = v¢,, i.e.

to > 20/Q, H> 2nmc/et, (1.1
(note that this condition requires that r < /). In
these equations, v is the velocity, ¢, is the mean
free path time and e is the electronic charge;
r = mvc/eH is the radius of the orbit of the elec-
tron in a magnetic field . Since near resonance,
is approximately equal to (, it follows that

*A preliminary report on this resonance is contained in

Ref. 1.

o > 2u/t, (1.2)

(the case of an arbitrary value of wt, and
Q > 27(w + 1/t,) has been previously examined?).

The mean free path time of electrons, ¢,, is be-
tween 107** and 10™* sec at room temperature and
between 107*° and 107! sec at liquid helium tem-
peratures. Therefore, as the approximations in Egs.
(1.1) and (1.2) show, the resonance should become
observable at helium temperatures in centimeter and
millimeter wavelength ranges in magnetic fields
with H between 10° and 10* oersteds.

Consider in particular the motion of electrons in
the resonant condition with w = Q > 2#/t,. The
skin depth in this case does not depend on ¢, and
is equal* to

5 =(c?t,/2m0)% = (me?/2mne?)*,

where o = ne*t,/m is the dc conductivity and n is
the density of electrons.

The ratio of J to r, the radius of the orbit of the
electron in a magnetic field, is:

8/r = H/(4nne)”

(e is the energy of the electron). In semiconductors,
e is approximately equal to kT, and since
H > 2nmc/et, (Eq. 1.1), it follows that

*It should be recalled that the skin depth for the nor-
mal skin effect is given by 8 = (¢?| 1 + wt, | /2mwo)’,
For rough estimates this formula is always applicable.
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§/r > me/et, VakT 31 —-U ~.1¢
Thus, if one assumes m ~ 107 Yo, t,~107'° sec, %

T ~ 4°K and n ~ 10'* cm?, one finds that

8/r > 300. Consequently, the electron in its or- %

bit in semiconductors finds itself in a practically
uniform electric field.

FIG. 1. Schematic form of some possible electron tra-
jectories in a metal.

In metals*
' with only one gap, and at frequencies w, which are
8/r ~ Hm'h™n~"ls ~ 1078H Oe (1.3) multiples of Q, resonance can occur.
This resonance in metals differ essentially from
(n ~ 10 cm™) so that in all actually attainable resonance in semiconductors. In the latter materials
magnetic fields, 8§ «<r. This means that only 8 >, I, and Ohm’s law is obeyed [j = ¢ (H)E] so
those electrons which move in a very thin layer that the ordinary skin effect takes place. Reso-

(z ~ 8ot K1 K 1/27) near the surface of the metal  nance evidently appears at a frequency w = Q and it

find themselves in a non-ignorable electric field.**  should of course be called diamagnetic resonance®.
For this reason it is exceedingly important whether In metals which are in the resonance condition
the fixed magnetic field is parallel to the surface (8ogs <r < I/2m), Ohm’s law j = 0 E is not satisfied,

or not. In the latter case the electron passes through since the electric fields are essentially changed
the layer 8, only once, the time of passage through over the mean free path. The resonance arises un-
if being 8.4;/v, which is small compared to the peri- der conditions of the anomalous skin effect for mul-

od of the field, and the resonance obviously does tiple frequencies with 0 = ¢Q (g = %1, £2, £3,...).
not-occur*** (in the zero approximation for §/7). Furthermore in the zero approximation for §gy/r <1,
If the magnetic field is parallel to the surface of resonance will occur only if the magnetic field is
the metal (z = 0) (or more exactly, if the angle be- parallel to the surface of the metal. Such areso-
tween the surface and the field is given by nance, which can be truly called “cyclotron” reso-
© £ 8,4/, then the principal contribution to the nance, has not been previously described in the li-
current density is made by those electrons moving terature. (In the literature3, diamagnetic resonance
near the surface (Fig. 1), but not colliding with it, is also called “cyclotron” resonance. Since we
which enter and re-enter the layer z ~ 84 many have shown that diamagnetic and cyclotron reso-
times ([/27r > 1). They do not move into the inte-  nances are based on phenomena which are physi-
rior of the metal, since the value of the projection cally distinguishable, the terminology change pro-
of their velocity on the axis, averaged over the peri- posed here would take this distinction into account.)
od, is The purpose of the present work is a calculation
of the principal values Z  of the complete surface
v, = —(c/eH) dp,/dt = 0. impedance tensor of the metal Z, =R, + iX,;:
The motion of these electrons is exactly analogous 4riod _ ’ _
to the motion of charged particles in a cyclotron — = EO)= 2=1 ZwE Q) oy =x1),

where E ,(0) is the value of the component of the

*Bismuth may be an exception since in bismuth n ~ 10** electric field at the surface of the metal (z = 0)

cm 3, and the effective masses in certain directions are

very small. Under such conditions diamagnetic resonance At resonance R and X pass through their minima
is possible3. (see below). The minima of R correspond to the
**Note that & is different from g4, which is the effec- maximum ¢ in the resonator and the minima of X
tive skin depth in the general case occur at the smallest displacement of the resonant
fre quency.

o0
Oett = [ j(2) dz/j(0).
oft of e 2. THE ROLE OF THE DISPERSION LAW

***[n this case S ¢ is approximately 0844/l i.e., it . .
- coff bp Y O %ett/ B N0 Thus far, it was surmised that the “cyclotron”
assumes its value in the absence of a magnetic field®.

Consequently, the impedance [Z = 27w8g (1+)/¢%] frequency Q is the same for all electrons. This is
is independent of the magnetic field. true only in those cases, when the dispersion law
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(i.e., the relation between the energy e of the
quasi-particles, and their quasi-momentum p) is
quadratic:

e(p) = %Hihpiph/z

For the general case of an arbitrary dispersion
law it is necessary to consider two possibilities.
The trajectory of the quasi-particle in a fixed mag-
netic field H is given by the equations:

e (p) = €, py = const. (2.1)

(i.e., the energy e and the projection of the quasi-
momentum py are integrals of the motion!) If the tra-
jectory is not closed, the motion of the quasi parti-
cle in momentum space is infinite, non-periodic and,
obviously, resonance is impossible.

If, on the other hand, the curve of Eq. (2.1) is
closed, the motion in momentum space will be peri-
odic with a frequency Q, given by®

Q =(2meH/c) 0S/d¢, (2.2)

where S (e, py) is the area of the cross section,
bounded by the curves (2.1) (only this case will be
considered in what follows). The quantity

(1/27) 3S/de plays the role of an effective mass.
In the case of a non-quadratic dispersion law, Q
depends on & and py, so that the resonance fre-
quency can coincide exactly with one of the fre-
quencies ( = Q(e; p,). For electrons with py

nearly equal to p, the frequency Q (py) is equal to:
Q (pg) = Q(py) + @ (py) (P — 1y)
+ 1/2£2” (po) (pH - p0)2 + c

It is obvious that the number of electrons finding
themselves close to resonance [i.e., having a fre-
quency Q = Q (p,)), will be greatest when

Q’(p,) =0, i.e., when p, corresponds to an extremum
of O, and consequently an extremum of d5/d¢.
Therefore one naturally anticipates a resonance at a
frequency w, equal to

Qo= (27eH/c) (0S/I€) ey

Thus, cyclotron resonance is very sensitive to the
shape of the boundary Fermi surface ¢ (p) = ¢,. The
resonance is absent if the direction of the magnetic
field corresponds to an open section of Eq. (2.1).
Furthermore, the shape of the resonance is different
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depending on how closely the Fermi surface resem-
bles an ellipsoid. Therefore in the remainder of this
paper we shall not introduce any assumptions con-
cerning the form of the dispersion law.

3. THE COMPLETE SYSTEM OF EQUATIONS

The complete set of equations consists of Max-
well’s equations:

curl H=27; carl E=-"2 1
[+ (4

and the kinetic equations for the perturbation
f, exp (fwt) to the equilibrium Fermi distribution
function

— -1
o = [exp (252 ) + 1]
Eliminating H from Maxwell’s e quation, we get

Ely (2) + (4zie)c) jr, y (2); jz = O,
. 2 .
]i = ._h—g-gvifldrl” V= VPS (p) (t =X, Y, Z),

(3.1)

where dt, =dp, dp,dp,, and the integration is to
be performed over all momentum space. The Oz axis
is the direction of the inward normal to the surface
of the metal, and the Ox axis is in the direction of
the projection of the stationary magnetic field onto
the metal surface. The kinetic equations for f; will
be written with variables ¢, py and T = {;t. Here
Q, = el/myc (mn, is the characteristic mass of the
electron) and ¢ is the time expended by the electron
during one revolution in its orbit3%, which for
closed orbits is given by ¢ = (¢/eH) 35, /de (where
S, is the area of the region of intersection between
e (p) = &, and py = const.) For simplicity, it will be
assumed that d5/de > 0, i.e., that the quasi parti-
cles under consideration are electrons.

The linearized kinetic equations have the form®:

. 9 d
Uz% +QO% + iofy + (g;—*)ﬂ —evE e 3.2)

where (df,/t).,; is the integral for collisions of
electrons with photons, impurities and lattice imper-
fections. Here it is taken into account that

¢ = e(v-E) and p;, = — eE;. The boundary condi-
tions for the z coordinate are determined from the
nature of the reflection of the electrons at the sur-
face. We shall assume that the electrons are scat-
tered diffusely (this is almost always s0®7), i.e.,



THEORY OF CYCLOTRON RESONANCE IN METALS

that the reflected electrons have an equilibrium dis-
tribution function*

f1lz=0,v,50 = 0. (3.3)
At infinity f, is necessarily zero. A boundary con-
dition of f, arises from the periodicity of f, with re-
spect to T with a period 6 = mg* d5/de:

fi(t+ 6) = f, (7). (3.4)

To solve the problem it is convenient to introduce

Yz v)=f, (z;v) = f, (z; = V).

In order to obtain an equation for ¥, we write Eq.
(3.2) separately for f, (z; v) and for f, (z; — v). When
the symmetry of the collision integral relative sub-
stitution of v by — v is taken into account, one finds
the following:

MED 4 1@ vy =e B L 69
6f1(2<;z—V) L _v)__eEvv gi", (3.5a)

where
> 1 a . d
L=t {Qoﬁ +io + (57)}

If one now performs the operation (3/dz — L) on
(3.5) and the operation (9/dz + L) on (3.5a) and

substracts the resulting equations, one obtains:

A d
(B'_Z - Lz)‘I" (; v)=—2eE L (% a’?) . (3.6)
Equation (3.1) is now written in the form:
Ery(2) = __%‘i’%’—gv,{,y‘_{”(z; V) dvdzdpy,

Sv;{f (z; v) dzde dp,, = 0 3.7)
Here the relation & ( — p) = & (p) has been used.
Now it is possible to expand the functions E (z2)

and ¥ (z; v) over the region z <0 [E(-2) =E(2);
Y (=z; v) =¥ (2; v)] and to introduce Fourier
transformations:

*Incidentally, the nature of the reflection from the sur-
face does not materially affect the results.
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k26u (k)+2E 0) = 41:10)6’}1"10801]. (k v)d’td dpm;

(3.8)

Jo.0 (8 v)dndedpy, =0, (3.84)
k2 (k; v) + 297 (0; v) + L2 (& v

(k; v) + (05 v) b (k; v) (3.9)

v dfo

=28 k)L (,-): o).

It is still necessary to determine the boundary
conditions for ¥ (z; v) based on Eq. (3.3). Sub-
tracting (3.5) from (3.5a) and substituting z = 0, we
find:

¥ (0; v) = — L{f1(0; v) + f1(0; —V)}.(3.10)

But from Eq. (3.3):
f,0; v) == f,(0; v) =0 for v, >0;

fi(0; —v) =~£,(0; —v) =0 forv, <O0.

Therefore Eq. (3.10) must written as

¥ (0; v) = L {sgnv,-¥(0; v)}; sgnx = {-{— 1 (x>0).

—1(x<0)
(3.11)
Substituting Eq. (3.11) into Eq. (3.9), we get
(4 L2y 0 (ks v) = 2L {g—(—f—”} . (3.12)
z L

where
-_
g (ks v) = e (k) v Ofo/0e — | vz | ¥ (0; ).
Hence

bk v) = (L + ik gfo. + (L — ik g/v;.3.13)

The condition that i is periodic with respect to ©
has obviously been conserved. Thus the problem re-
duces to finding (L tik)* g/v, = {, i.e., to finding
a periodic solution to the equation

(Q007/0%) 4 e, 4 (0%/08),  + ikvf = g (3.14)

and solving Egs. (3.8) and (3.8a).



734

4. THE FEASIBILITY OF INTRODUCING
THE RELAXATION TIME INTO THE
ANOMALOUS SKIN EFFECT

The formulae of the previous section are true with
the same general conditions for the case of the nor-
mal, as well as for the anomalous skin effect, in
both metals and semiconductors. Let us now examine
the highly anomalous skin effect (§os <1, [). In this
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is made by those electrons which are moving nearly
parallel to the surface of the metal (jv, | <), i.e.,
the electrons near to the zone v, =0 on the Fermi
surface (Fig. 2, a). This is evident from the fact
that, from Eq. (3.14), kv, ~ Q,, |v, | /v~ Qo /kv,
and, fromEq. (3.8), &k ~ 1/8 o, so that

|DZI/UNQ° Se“ /v«,&eﬁ/r << 1.

case the principal contribution to the current density Accurate calculations lead to the same conclusion.

FIG. 2. a — Fermi surface ¢ (p) = g, b — intersection between the

Fermi surface and p, = const.

Therefore, the term v,(§, in Eq. (3.12) can be neg-
lected compared with v, &, + v,&, and Eq. (3.8a),
which determines @, need not be considered fur-
ther. For this reason the function {is large only
when |v, | < v.

Now let us return to the collision integral which
is composed of two terms:

(O%/0t)cor=" ) | A (b; p') 5y

—\ B )L (p) v
where the magnitudes of 4 and B are related to the

transition probabilities (their actual form depends on

temperature 8).

Because of the fact that { (p) has a sharp maximum

for v, ~ 0, in this region the first term will be sig-
nificantly larger than the second (where { (p) is
averaged), and the second term can be ignored in the
approximation to the zeroth order of §.4/r. Conse-
quently near the limit of the anomalous skin effect
(when 8¢s <1, I) we have at any temperature (con-
sistent with this condition):

(0%/0t) =2 (P)/to (P); 1/t (P) = S A (p; p') dvp,
(4.1

i.e., it is always possible to introduce the mean free
path time of the electrons, ¢,(p).* The physical rea-
son for this is that the populations of the non-equi-
librium states with |v, | < v in the anomalous skin
effect.are significantly greater than the populations
of states with |v, | ~ v. Therefore, through colli-
sion, transitions from states with |v, | < v are more
probable. Thus, Eq. (3.14) may finally be written in
the form:

X , ko, 1
g T IbEi—g-t =4 &

2
o= e% > Su (B) vy — 0| F (0 V). (4.2)
p=1

1 .
Qqto(p)

5. SOLUTION OF THE EQUATIONS

Tl =ig +

Equation (4.2) is readily solved. Its periodic so-
lutions have the form:

S g (ty) exp {S‘ (To +i %) drz} d,.

—00 T

1

C(k, 't) = a

*This conclusion permits a considerably simpler repre-
sentation of the results of Ref. 9.
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Hence according to Eq. (3.13)
b(k; )

= b5 § oo xp({ ) s ko)
o s : (5.1)

First let us consider the case of a magnetic field
H(H, 0, 0), parallel to the surface of the metal. In

bk =3 2

Ty
/o
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the zeroth approximation relative to the electric

field*

dp e 1 dp
=~ Vil v = — - 5.
Conse quently,
0
&vzd'c =0
0

Using this relation and the periodicity of g(t) with
respect to T, we get from (5.1):

+6 2
ST 1y § {e%f%pzﬂ‘,l@?u(k)vu — vz [ ¥ (0 v)}

. (5.2)

X exp (\\ 10d4:2> cos (T’;;S v,d12> d=,,

where

Now let us determine

T

© N
¥ (0; v)=%g o (k; V) dk = ;.Jirgg ¥ (k; v) dk.
0 0

For this purpose, note that

1%0

lim \ ¢ (=)
M-+ oo b

sin M[py (7)) — p, (7)]
Py (T1)-=p, (7)

where f(t) is a point symmetrical about T (see Fig.
2, b). This point is determined from the relations

Py (D) =p,(f(); =<f(r)<l=+0.  (5.4)
Here for simplicity it has been assumed that curve
e (p) = e,, p, = const. is convex and that the point
f(t) is unique. However, these last formulae are
are also satisfied in the general case of non-convex
curves, since only the value of f(<) in the vicinity
of v, =0 needs to be evaluated. If at the same time
on the surface e (p) = g, there are several curves
with v, =0, then the resonance for given values of
px will occur at the point v, =0, p, = const, and

Py =Py max- This is connected with the fact that

2 =@ {vids = — (Qy/my) py (7,

dr, =

9 (f ()
Lpy (Fent |’

- {tp (7) + p(r +-0) .3)

2| py (%) |

and the recurring entrances of the electron into the
layer z ~ 8. can occur only when the highest point
of the trajectory with z = z ;; occurs within this
layer.

With the help of Eq. (5.3), it is easy to show from
from Eq. (5.2), that

min

7y
W (0; %) + ¥ (0; F (<)) exp i’m— iy

1
=G, ¢ " E )
2 T+6 Ty

S Uy (T1) €xp <S “{od"2> dr,

p=1 z T
Nk
X S Ew (K) cos (5. S v.ds, | di. (5.5)
0 R

*Remember that this equation defines the variable t.
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In.Eq. (5.5), let us substitute f(t) for . Using the f(f(t)) =1 + 6. Therefore, after the substitution,

definitionof f(t), it is readily shown that one has:
T+6
1
¥ (0; f () + ¥ (0, D exp( | vudes—2mr) = e F (F()- (5.6)
(=

From Eq. (5.5) and (5.6)

2 o T+6 T
. — 2 af()/as \) o) ’ 7
YO ) =g 3 2: S b (K) dk { S % () exp(g T°dT2)
B o S : .7)
y o
X cos( S vzd'cz)d':l \ }:
T f(x)—-0
2 oo T T A Ty
: 5f“ 2 S o (B) dE’ S Uu (T1) €xp (S Tod’°2> €os (‘ﬁ‘ S Uzd"z) dr,.
B=1yp f(x)—9 T
Ve have also made use of the fact that Substituting the simple expression of Eq. (5.7) for
. . ¥ (0, ) into Eq. (5.2) and calculating the current
! vude, — S v, density as . -
£ L i () = — Sz'”qade dp, dx,
and that in the case of a periodic function @ (t) we find
2.
210 : - ju () = 2{Kun () &0 (B)
e — 137 | @ () exp (S “,'od'cz) dr, w 7 (.8)
" : — | Quo s 1) & (1) e},
o Ty 0
=\ O(t)ex dr. )d’t .
_Boo (1) P(S TolT2 ) ATy where
0 +6 /Tx A T,
262 " o ~ - _ . \ )
Kuv (k) = —h%go"— S [e2mr — 1]7'dp, 3 v, (7) dr S v,(ty)exp kg ‘Odt2) cos (—Q; & vzd12> dry; (5.9)
g=8, 0 v - T
902 . 9 T+e £ T _ T
e2m, . _ g | — ) ’—*‘ - _ d .
Quv (& k) = haﬂg S [e2™r — 1] Jdpxxvp () dx S (v, ~1)‘costoS vzd~2)d.1 f(&) ev,,(c)
E=g, 0 B . T1)—
(5.10)
£ g
X exp B'{ dt2/ cos (?} S v,d'r:g> d:

Now we take into account that kv/Q, > 1. Using the method of steepest descent and noting that
df/dt = — 1*, in the vicinity of points of steepest descent 7,(p,) and 7,(px), where v, (ey; px; 7a) =0,

20, — 7T+ 0 (for On, 7'92),

*In the vicinity of we have T) =
Yy 77a. f( ) { 2_”“_ - (fOl' '7]17],, 7]20)-
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(a=1, 2) (see Fig. (2, b).) after lengthy calculation we arrive at the expression:

o 2meme (& () (v, (1)u, () dp,
e ®= " v?ill k S T I—e

U (ML) vy (1) (1 + e—2m7)2

— St o)

— o s 0 v

(Thus, we have verified the assumptions made in
Section 4, and cited repeatedly, namely that only
values v, = 0 plays an important role.) Noting, that

i N

@ (p,) dp
= S v,.0, DB (v2) 8 (¢ — 20) dp,

and introducing spherical coordinates v = vn
=(v sin 9 cos @, v sin & sin ¢, v cos ) we find

= mu () () @ (9) dg/K (3).

0

(5.11a)

where K is the Gaussian curvature of the Fermi
surface. All the quantities are determined at

¥ = /2. Using Egs. (5.11) and (5.11a), we can
write Eq. (3.8) in the form

g — 20 =222 3 A )

v==1

T klo

2 1
— 5 Cy S EE) 8 (k') db
0

© o (k)dk (5.12)

_% (pr - CM)‘S m ’

where*

*Only the mean value of £ '(&,; p, () appears in the
answer. This is not unexpected since the integrals of the
motion (g, and p, ) determine the system of quantum-me-
chanical states, and a degeneracy occurs with respect to
T and leads to an averaging of the collision frequency
vp, ) =1/t,.

[V, (n,) |

v, (),

— (5.11)
1wy P
3 4 e2™) dp,!} .
1o, (1 ). - ) dps|
27
A =’ES Bl do :
BTBR ) K g —exp (—2mitw/Q) — @m/Q)}
8 221:" n
o€\ Ty
Bp,v ﬂ:i(g) K d(?,

R

Egs. (5.12) and (5.13) allow &u(k) to be determined

in principle:

S () (5.14)

where Wy, (k) are certain known functions.

=VE=}VP~V (k) E4 (0),

Hence

2
’ 1
En(0) = E\ (0) 1 | We (8) db.
ve=q 0
3ut, by definition, the surface impedance tensor,
Z v, is given by:

2
— (4wiw/c?) E,, (0) vgzwzfg (0)

Therefore,

Zuw= Ry + iXyy = — (4io)c?) S W,y (k) dk.
6 (5.15)

The following section will be devoted to a calcula-
tion of W, (k).

Note, that in the general case it is not possible
to reduce the complex tensor Z ,,, to its principal
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axes. This means, that there are no directions,
along which an electromagnetic wave is reflected
without a rotation of the plane of polarization.

6. CALCULATION OF THE SURFACE
IMPEDANCE. ANALYSIS OF THE RESULTING
EQUATIONS.

First we will show that the surface impedance
has a resonant character. Z,,,, can be calculated,
along with 4 ,,, and B, from Egs. (5.12) through
(5.15). Forw=¢qQ(g=1%1,%2,...),the deno-
minator of the expression under the integral sign in
the case of A,y is equal to 27/Qz,, i.e., it is very
small. Thus, there can exist two essentially dif-
ferent cases according to their dependence on’the
dispersion law.

For a quadratic dispersion law, or with

|0 — 53 vupipy |/ << @0),

i, I

the cyclotron frequency ( is independent of o;

T

= (eH/c) (1 pt,, — 03,)'"

and resonance occurs for all electrons at the Fermi
surface for w = ¢ Q.

For an arbitrary dispersion law e (p) = & the mag-
nitude of { is a function of ¢ and resonance occurs
only at a frequency @ = g€y, which corresponds to
the extreme value of 35/de with respect to ¢.

QOutside the resonance region* one can equate
g

27/Q¢t, to zero in Eq. (5.13) for either dispersion
law. (In the case of a non-quadratic dispersion law
and w/q = Q # Oy, the integral 4, should be un-
derstood to be a principal value.)

Let us present the results of calculations in the
vicinity of resonance in the case of a non-quadratic
and of a quadratic dispersion law.

1. In the case of a non-quadratic dispersion law,
in the vicinity of resonance (w = ¢fl,,, ) the main
contribution to 4, is given by the points
g=¢; (i=1,2,..., B) where  has an extremum.
Therefore,

~ e fq (Tl )
Apy = 3n3 {2 ( BK Jo=e; § 1 — exp (— 2mio/Q — 21/Qty)

07 () =

i=1

d,, = const, [duyy|~K™;

de +dpv};
(6.2)
1 9?°Q7 (9))
Q7 (e)) + 5 ____&&___(,?_,?I.)z_

It is easy to see that in this case, reducing these sums to principle axes and assuming, for simplicity,

that £ (¢;) = £;* (¢,) we find that:

_ 32 (VBrat )b i exp (L (= o Vxdsa ),
Zam—' 973 ( C"'Ag ) (q K) exp 13 (u—f—Stan Vx—sxl_{_aaqy)lv
0<la.~1;
!ny I L | Zaa i‘; (6.3)

ty = (0 — Qext)/qQexts x = [ + (te) 1™,

%S (p1). 1 —1
0zd092 ’ £ 0

s = sgn

A% are the principal values of the tensor

0

A° 16e? {2 n, (o)) ny (o)

Awr =g K (o))

(We have not written out the actual form of d,,,, and

agin view of their unwieldiness).
Clearly (in consequence of the fact that
e(=p) = e(p)), B >2 for all non-central sections

[1 oS (<Pl)

2 S (91) ]

0de0p?
s=7gy, U,=0, py, >0

and for p, = const. In the case of the “topmost sec-
tion” and of central sections which do not coincide

*In the case of strong magnetic fields with either dis-
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with the base plane, 8 = 1, one of the principal val-
ues of A‘;, is zero, and resonance takes place [and
Egq. (6.3) holds] only if the incident wave is polar-
ized along the x-axis. The direction of the electric
field also gives the direction of the velocity at the
point ¢ = ¢,; v, =0, and e = ¢,

R res__ 4 'V 3rw? 1,’( g* \'l ( 25

“ 3V3 ( 1A ) mt; ) 32a?

Xres 32 “Vgﬁmgv) h ( q- \ Ye sin
- 9V'3 C4Ag cot }

( Xm)“’s _ (160)/;
\ Raz q2ai

b) s <0, dS/9e has a maximum at ¢ = @,:

res res 32 V3ne?\'h q? Mo ]
res . X == ) Csin'e =,
" 9V ( A ) ofy 5
(6.5)
R.X 1
resy q l:l_r_-m—t-COt —5—]7

(the minus sign is associated with R, the plus sign
with X). Thus, in all cases R and X have minimum
values at resonance. In all equations

Qres = 2meHres /¢ (0S/0€)ext;

The relative breadth of the resonance curve is

AH/H ~ |0 = qQ| /0. (6.6)

At the same time* |¢| =1,2,3,... < (r/‘é)z/3
(wt¥/2m). Egs. (6.4) and (6.5) show that resonance
occurs at frequencies {,., which are slightly shifted
from the ratio w/q. The amount of this shift is dif-
ferent for X, and for R, and its origin is di fferent
in the two cases. The frequency shift of X, occurs
because a small increase in the magnetic field,
while it does not change the resonant condition,

persion law:_then 2xlie 4 (1/f)] €Q, with {Q/me?)
Uty <1 [(Ljoty) < 1]

R, (Hy~H,
and for (Q/7w?) (1,15) > 1 [(T/wly) T 1], we have
Z, (H)~ H b,

X, (H)y~Hb,

*q & (r/d) s a1 Q > 14, corresponds to the condition
of the anomalous skin-effect Sqff K v/@w whenever cyclo-
tron resonance occurs [(6 mct/ 27592)1/3]

) 0 :9_[1_( Ve
y res q amqm[(;

The relative depth of the resonance for R 5, and

X oo are basically different for the cases of minimum
and maximum values of dS/d¢e (i.e., for s >0 and
s <0).

The final forms of these equations are as follows:

a) s >0, dS/de has a minimum at ¢ = ¢,:

)*‘!,,; Q—res - (L)I/l—" < 25 \Ma/ 1 \2ls .
q | 32a: qut;)

Doz

© 1
l >) g)resﬂa‘[l—‘—

~tan——= ]
to 10

1

(6.4)

leads to an “advantageous” increase in the revolu-
tions of the electron between collisions. The fre-
quency shift of R, is associated with the changing
phase of the electric field as a function of distance
from the surface. For a maximum acceleration of the
electrons in the skin-layer, it is necessary that the
thickness 8, at which the phase of the field is sig-
nificantly changed should be large compared to the
effective attenuation depth, 8,.4. For this reason it
is necessary that X > R. But X/R depends on the
frequency and on the magnetic field. Therefore
when relatively small changes of the magnetic field
can lead to X > R, such changes are found to be
“advantageous”, even if at the same time after

| @ = ¢Q;es | t¥ revolutions the electron finds itself
near the surface with its phase changes by 7 from
that of the electric field. This is possible when
dS/0e has a minimum and impossible when 95/de
has a maximum. Precisely for this reason the es-
sentially different depth of the resonance of R4 is
explained by its dependence on the sign of
9°S(¢,)/dedp?.

2. Let us turn to the quadratic dispersion law.
For simplicity consider the case where Vi, is in-
dependent of ¢. The surface impedance tensor can
then be diagonalized, and the resultant formula
holds for all frequencies and magnetic fields. In
this case we get from (5.12)

31- o B, 64y (B)
— B8 (B) — 2E, (0) =i 2~ — { -
o YE B o i °°1 kik
__( e “)gfr‘.‘.—{_e )S n ( /k/26a(k)dk'
0
o +e"‘2”7)2§o 8 (k) dk } ©.7)
4m (k+ k) ViE
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where B, are the principal values of the two dimen-
sional tensor B, . Taking it into account that the
only singularities of the solution of (6.7) in the re-
gion of the complex variable k, except for & = 0, are
simple poles which are the roots of the equation

B + i3r%wB,/c? (1 — e—2™) = 0

it is easy to show that

o

4—“18(3 (R) dk/E, (0)

21 l!:
ar)l

Z4(0) = (V3 rw? [ c4B,)h (1 + i V3);
Here Z, (0) is the value of the impedance when
H =0 (Ref. 10);

Zo(H) = Ry + iXa = —
=2 12,00 [1 — exp (- omi o —

(6.8)

1=SG(x)dx~l;
(V]

16

res

9

: =——_-.(—2ﬂ) "Ra (0) =
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and G (x) is a solution of the integral equation

x —

e e*mlz‘f G (v') dx’ (6.9)
2 Je+ )V xx’
+ G+ e—ZTtY)n(i — e~2m) S ]22(16 /x") G (') dx’

0

The integral /, which enters into (6.8), changes
slowly with the magnetic field and it can be easily
evaluated by the method of successive approxima-

tions:
> G (x),
n=o

G, (x) =3V 3x /2= (3 +1).

G(x) =

At resonance, the values of Ry, Xo, Xa/Ro and
corresponding resonance frequencies are given by:

Vin

16 s
ol wa)ls ¢
9V3 (C‘Bmt‘?) (2=q)%;

Qresz _0;)‘ [1 — (Qquto)—l"];

Xres

3y way of an example, Fig. 3 shows the functions
R (H)/R (0), X(H)/X (0), X (H)/R (H)\/3 plotted for
the case of an isotropic quadratic dispersion law
(e(p) = p*/2m) for wt¥ equal to 1, 10 and 50. The
graphs were constructed with the help of (6.8).

The small maxima of R and X at w = (g + %) Q are
not due to resonance, since for {1t - « the magni-
tude of the impedance at these points approaches a
constant value. Deviations from a quadratic disper-
sion law will reduce the height if the maxima in R
and X to an even greater degree.

It can be shown by direct calculation that the
equations derived hold not only for electrons

(0S/de > 0) but also for “holes”. To use the for-

(2] %0 -

32
9V3

e ()

(6.10)

mulae for holes, it is only necessary to change
9S/0e in all formulae into |3S/d¢|.

Similar formulae are found also in the case of
several bands. It must be noted, that even if the
number of holes is equal to the number of electrons
and if the corresponding resonances coincide, the
formulae retain their form.(This is because one can
neglect the influence of the Hall field which would
accompany the distortion of the trajectory of the
electrons in the region z ~ Seff < 7).

It is interesting to note that the character of the
dispersion law changes the form of the resonance
curves in a qualitative way. In particular,
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RIE3/R 4 (0) ~ (QeF /27" e (p) = e.* If this surface turns out to be convex,
for a quadratic dispersion law; AW
R
R™% /R, (0) ~ (¥ /2m)~% f\
ya\\FpA

for a non-quadratic dispersion law when d5/de has ! /
a minimum, and . / \ ﬂ;

RS /R (0) ~ (QeX /27)"%

7 7 7 “’8.

for a non-quadratic dispersion law when 9dS/de has
a ‘maximum.

7. DETERMINATION OF SOME OF THE Xy
MICROSCOPIC CHARACTERISTICS OF THE

ELECTRON GAS IN METALS
AN AL

3By measuring the surface impedance in a magnetic ”7 ! i
field under the condition of the anomalous skin-ef-
fect, one can in principle determine the shape of the
boundary Fermi surface e (p) = e, the velocity of B p > p
the electrons v = v (p) on this surface and the mean
free path time ¢, (p).

It has been shown previously 10 that the principal
values of the surface impedance Z, in the presence xr)

of the anomalous skin-effect, but in the absence of RH)V3
Y

—
—

c_
e

a magnetic field, are given by

Zo= Ry 4+ iXa= (V3rw?/ctB)l (1 4iV/3),
(7.1

where B o are the principal values of the tensor B4

21
2 n.n
Bu= 275 S T de- (7.1a) \

T —
L1

0 2
(notation the same as in preceding sections). \
Consequently, a measurement of R o makes it pos-
sible to find the mean value of 1/K on the equator
v, =0:

21

do R
CAE S

5

° / 1 2 @
2

In Ref. 11 there was derived an equation by means
of which it is possible to determine a function by
evaluating its mean value along all equators. There- FIG. 3. The numbers alongside the curves are the val-
fore, by measuring the dependence of R on the ues of wty; /Q = (nwc/e)/H.
angle between crystallographic axes and the normal
to the metal surface, it is possible to compute the *For this reason, it is necessary to perform experi-
Gaussian curvature K for any point on the surface ments, similar to those of Pippard 2,

Cc
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the computed Gaussian curvature will have its shape
determined uniquely. When the equation & (p) = ¢,
defines several surfaces, the problem becomes sub-
stantially more complicated.

From Egs. (6.4), (6.5) and (6.10) it can be seen
that, if one knows the resonant frequency for Ro and

Xa
Q res= 2meH,es / C (as/as)ext
=(o/q)(1+4); AL,

(where H g and A are different for R, and X, in ad-
dition to which A depends only on ¢} ), then one can
determine 7 and the extreme value (95/0¢€) ¢y,

If one knows (9S/d¢),,, and the shape of the sur-
face e (p) = ¢, it becomes possible, in accordance
with Ref. 11, to evaluate the velocity v = v(p) on
the boundary Fermi surface.

From the quantity,

(7.3)

0
+ 1 (¢ dr
”‘0‘70570(?)

one can find!!

1 ’ ’
oy = ) AP ) dp
[see Eq. (4.1)]. When this integral e quation has
been solved, one can find in principle 4 (p; p”) and
consequently the transition probabilities, w(p; p").
Let us recall that values of 1/¢,(p) and w(p; p*),
determined from similar experiments, are applicable
only to the narrow layer z = 8 .4 <<, { in the vicin-
ity of the surface of the metal. They can, therefore,
speaking generally, be distingushed from the values
of 1/t,(p) and w(p; p*) in a large sample where they
can be altered by surface treatment.

8. MAGNETIC FIELDS, INTERSECTING
THE METAL SURFACE AT AN ANGLE;
INTRODUCTION OF EFFECTIVE VALUES

In a manner similar to that which was followed
for a magnetic field parallel to the surface of a
metal, calculations can be made for an arbitrary
orientation of the magnetic field, when
sin® > (/1) (8/r)% (here ® is the angle between the
direction of the magnetic field and the surface). In
this case the impedance becomes equal to

Z,= (V3=w?/c*B) (1 +iV/3). (8.1

M.IA. AZBEL' AND E. A. KANER

The equations which were derived above with the
help of the kinetic equation can be understood from
elementary considerations of the motion of electrons
in stationary magnetic field with a variable electro-
magnetic field, parallel to the surface of the metal.

Following Pippard* and Ginsburg!® let us assume
that for electrons which are moving nearly parallel
to the surface (and which comprise the main contri-
bution to the electric field).

j = Oeﬁ E. (8.2)
Ve shall assume that the field E(z; t) inside the
metal is parallel to the stationary magnetic field and
directed along the x-axis. Then

E (z; t) = Eoexp (—2/d o) cos (ot + )3

a_ eff = (02/2170)6@&,)”"'. (8-3)
Now we calculate the mean energy Aw, which the n
electrons acquire along their path length, [ = vt,,
under the action of the high frequency field;

Aw

7 2
%Eﬁ[g exp (—2 () /dett) €05 (ot + ¥) ‘“] '

0

2(t) =20+ (v/Q) (1 — cos Qt);

Q=eH /mc,
(8.4)

where v is the mean velocity of the electron.

The average must be taken over all y (x is the
phase of the field, which is encountered by the
electron at the surface) and over all initial coordi-
nates of the electron, z,. From v/Q e = r/8eg> 1
we find:

< no et 2 sin? (Nro [ Q
Aw = 201 Eq ?I—l—g—(mo/ﬂ))

cos? (v [/ Q).
(8.5)

Here N(=1/2ar > 1) is the number of revolutions
made by the electron between collisions and
o = ne*t,/m is the dc conductivity.

From Eq. (8.5), it is seen that with w = ¢, Aw
attains a maximum, i.e., resonance takes place.
During resonance,

Aw = (= | 2Q) (3% /1) ELN2.

On the other hand, the quantity of heat, Q, which is
released in the metal during the time £, > 1/w is
equal to
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Q= §dl §°Geff E?dz—
0

0

TO.eff .

50 (8.6)

Né o4 E3,

where 0.4 is the effective conductivity of the metal.
Equating Q and Aw we find that

O'eff=05eﬁ/2ﬂr. (8.7)
But, from Maxwell’s equations
Seit = (c*/2m w0g) ", s0 that
1 262 \'Is ~ . /sz s
Oeffr = ’2;‘(—*,2&,) » Oty = \u;> : (8.8)

Hence, during resonance

47

Vs

R(H)=(

2me 112_ ( )"‘ (V.?,_nmgl )1!’ /2rq e
\\C2Geff) o )

cto ol

(8.9)

where only the numerical factor differs from Eq.
(6.8) for @ = ¢Q. Such a difference should have
been anticipated, because the complex character of
Seft had not been taken into account. A similar
method cannot be determined with Eq. (6.10), since
it does not permit one to take into account the varia
tion of the phase of the field with depth of penetra-
tion. Besides this, it can be applied only to the
case of a quadratic dispersion law. A precise cal-
culation shows that in reality the effective depth
for the attenuation of the field, which is given by

o0

VE@dz/ EQ) ~3(3 /b 4

0

S(E)
Ot =

is considerably smaller than the effective depth for
attenuation of the current, given by

[o2]

o =(i@dz/j (O ~3( /3~

0

(similar relations are valid even in the absence of
the magnetic field; it is only necessary to replace

r by 1).
9. CONCLUSIONS

We have shown that in metals, at high frequencies
and low temperatures, a new kind of resonance,
namely cyclotron resonance, should take place. This
resonance has not as yet been observed experimen-
tally. It is readily distinguishable from other reso-
nances, since 1) it occurs at a number of fre quen-
cies, rather than at a single frequency as is the
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case for diamagnetic or paramagnetic resonance

(see Fig. 3); 2) it is possible only in stationary
magnetic fields, which must be very nearly parallel
to the surface of the metal, and 3) it persists through
areversal of the magnetic field.

An experimental investigation of cyclotron reso-
nance is beset with a series of difficulties, such as
the following:

(1) The frequency w, is given by

27 [ ty <& © <& (v/c) (2=ne*/m)* ©.D
(where ¢, is the characteristic relaxation time of the
electrons), corresponds to centimeter and millimeter
waves* for pure metals at very low temperatures;

(2) The stationary magnetic field must be

H ~ mco/e > 2amc/et,, (9.2)
i.e., fields of thousandsof oersteds** are needed.
(For the case of almost empty bands with small
electron effective masses, the required value of H
drops to tens or hundreds of oersteds).

(3) The stationary magnetic field must be very

nearly parallel to the surface. The angle ® between
the field and the surface has to be such that

D Z8gy L~ (/1) (¥e)h, & = (mc?/2ze?n)' (9.3)

(here & o is the effective depth of the skin layer),
ie., if | ~ 107 cm, 6~ 10°° cm, the angle ® may not
exceed several tens of minutes. This also applies

" to the angular dimensions of surface inhomogenei-

ties. Otherwise, the free-path-length of the elec-
trons, which contribute to the resonance, is deter-
mined by collisions with surface irregularities.
Therefore, the finish of the surface becomes espe-
cially significant.

By using the anisotropy of the surface impedance
in a magnetic field, one can in principle determine
the shape of the boundary Fermi surface, the ve-

*The inequality on the right occurs because at very
high frequencies (in the infrared region) and at corre-
sponding magnetic fields the normal skin effect is
encountered again, since r turns out to be much smaller
than 0,44 In this case cyclotron resonance does not
occur.

**It would be very interesting to investigate cyclotron
resonance at very intense, pulsed magnetic fields with a
pulse duration considerably greater than ¢, ~ 10™* sec.
Of course in this case, the inequality on the right side
of (9.1) should be satisfied.
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locity of the electrons on it and the transition prob-
ability for passing from one state to the other.

(It must be understood that this is valid only for
closed cross sections of the Fermi surface. For
open cross sections, an investigation of the aniso-
tropy permits one to establish only that such cross
sections are present and how they are oriented,
which one learns from the absence of resonance in
corresponding directions.)

An interpretation of the experimental curves in the
case of partially filled bands is simpler than in the
de-Haas, van-Alphen effect, because of the resonant
nature of the curves.

By examining the dependence of the resonance
minimum in R on the magnetic field, one can deter-
mine how much the dispersion law for the electrons
differs from a quadratic law; i.e., to what extent the
electron bands are filled.

It should be emphasized that electrons in the
fundamental band (and not just those in very slightly
filled bands) participate in cyclotron resonance and
that these electrons are the ones which make the
main contribution to the electrical conductivity of
the metal.

Quantum effects will lead to small oscillations
superimposed on the fundamental periodic curves.
These oscillations are completely non-essential to
the phenomenon discussed here.

In conclusion the authors consider it their pleas-
ant duty to thank L. D. Landau, [. M. Lifshiftz,

M. I. Kaganov and A. Ia. Povzner for profitable dis-
cussions.

Note added in proof: Recently E. Fawcett!7 re-
ported the experimental observation of cyclotron
resonance in tin and of a decrease in the surface
resistivity of tin and copper in a high intensity
magnetic field, parallel to the surface of the metal.
As was shown theoretically (see footnote in Sec. 6),
the minuteness of the decrease in the surface re-
sistance in the high intensity magnetic field is as-
sociated with the fact, that it is clearly not enough
for the magnetic field be parallel to the surface

within 1° as was the case in Fawcett’s experiments.

As we have sh?wn ® should satisfy the conditions
® < (/1) (8/r)% « 1°. The smoother variation of

M. IA. AZBEL' AND E. A, KANER

R (H) may also be attributed to an insufficiently
smooth surface. A detailed consideration of the ex-
perimental results will be presented in a separate
article.

M. la. Azbel’ and E. A. Kaner, J. Exptl. Theor. Phys.
(U.S.S.R.) 30, 811 (1956), Soviet Physics JETP 3, 772
(1956).

M. Ia. Azbel’, Dokl. Akad. Nauk SSSR 100, 437 (1955).

3Ia. G. Dorfman, Dokl. Akad. Nauk SSSR 81, 765 (1951);
R. B. Dingle, Proc. Roy. Soc. A212, 38 (1952);
Dresselhaus, Kip and Kittel, Phys. Rev. 92, 827 (1953);
also 98, 368 (1955) and 100, 618 (1955); Lax, Zeiger,
Dexter and Rosenblum, Phys. Rev. 93, 1418 (1954),
Dexter, Zeiger and Lax, Phys. Rev. 95, 557 (1954).

4 A. B. Pippard, Proc. Roy. Soc. A 191, 385 (1947).

5 Lifshitz, Azbel’ and Kaganov, J. Exptl. Theor. Phys.
(U.S.S.R.) 30, 220 (1956), Soviet Physics JETP 3, 143
(1956) and 31, 63 (1956), Soviet Physics. JETP 4, 41
(1957).

6 R. Chambers, Proc. Roy. Soc. A 215, 481 (1952).

K. Fuchs, Proc. Cambr. Phil. Soc. 34, 100 (1938).

8 A. H. Wilson, Theory of Metals London (1954).

M. Ia. Azbel’ and E. A. Kaner, J. Expt. Theor. Phys.
(U.S.S.R.) 29, 876 (1955), Soviet Physics JETP 2, 749
(1956).

op, 1. Kaganov and M. Ia., Azbel’, Dokl. Akad. Nauk
SSSR 102, 49 (1955).

L} M. Lifshitz and A. V. Pogorelov, Dokl. Akad.
Nauk SSSR 96, 1143 (1954).

12 A, B. Pippard, Proc. Roy. Soc. A203, 98 (1950)
and A 203, 195 (1950).

By, L. Ginzburg and G. P. Motulevich, Usp, Fiz.
Nauk 55, 469 (1955).

14p, L. Kapitza, Proc. Roy. Soc. 123A, 292, 342
(1929).

158, I. Verkin and L. Mikhailov, J. Exptl. Theor. Phys.
(U.S.S.R.) 24, 342 and 25, 471 (1953).

161, M. Lifshitz and A. M. Kosevich, Dokl. Akad.

Nauk SSSR 96, 963 (1954). also J. Exptl. Theor. Phys.
(U.S.S.R.) 29, 730 (1955), Soviet Physics JETP 2, 636
(1956).

17E, Fawcett, Phys. Rev. 103, 1582 (1956).

Translated by J. J. Loferski
188



