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The behavior of the Green’s function in the region of high momenta for the electrody-
namics of spin-zero charged particles is investi gated on the basis of the Kemmer forma-

lism.

THE asymptotic behavior of the Green’s func-
tion for high momenta has been found for spin-
1/2 electrodynamics by Landau, Abrikosov, and
Khalatnikov! by means of the direct solution of

the integral equations. The same problem has been
treated by Gell-Mann and Low?, who made use of
the renormalizability of the theory. The present
work is a similar attempt for the electrodynamics

of spin-zero particles in the Kemmer formalism.

1. B-FORMALISM

Two equivalent formulations can be used for the
description of particles with spin zero and one:
the second order Klein-Gordon equation and the
matrix formalism of Kemmer. The latter is charac-
terized by a deep analogy with the Dirac equation
for the electron. In the B-formalism, the wave
function of the spin-zero or spin-one particles
satisfies a first order equation

(p—m)¥ (x) =0,
where* p-=p,B,, P 18 the momentum operator,

and the B-matrices satisfy the following commuta-
tion relations

* In the following we shall use the notation of
Feynman®.

BuBoBy + BBoBy = Budus + Buldov. e}

The algebra determined by Eq. (1) has two non-
trivial irreducible representations, a five-dimen-
sional and a ten-dimensional one; the first
corresponds to spin-zero particles, and the second
to spin-one particles. From the point of view
of the Klein-Gordon equation, the five-component
function for the spin-zero particles consists of
one scalar component and its four derivatives
with respect to space and time. The components
of the wave function are therefore not dynamically
independent. This is related to the fact that the
B-matrices determined by relations (1) have no
inverses.

The interaction of mesons with an electro-
magnetic field can be described both in the Klein

Gordon formalism and in the B-formalism. A very
significant disadvantage of the scalar formulation

is the extremely complicated structure of the per-
turbation theory series, due to diagrams with
vertices connected by two photon lines. The
Kemmer formalism is more convenient, since the
class of diagrams possible in its perturbation
theory is the same as that in the electrodynamics
of electrons, so that the rules for constructing the
matrix elements from the diagrams, as has been
shown by Peasly,4 are similar to Feynman’s rules
for electrodynamics® with the difference that the
y-matrices are everywhere replaced by the 3-ma-
trices, and the Feynman propagation factor
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(p — ml)'1 is equal to

(P —m)t={ptm, @

+ (0 — p?) [ my} (p2 — md) .

In addition, a meson closed loop enters the ma-
trix element with the sign opposite to that in ordi-
nary electrodynamics. The whole formalism is
equally applicable to spin zero and to spin one.
The difference between the two spins occurs in
considering the convergence of the perturbation
theory integrals.

It is well known® that all existing field theories
may be divided into the renormalizable and non-
renormalizable ones. In the renormalizable theories
there exist several types of irreducible divergent
diagrams, and the infinite expressions due to
these can be included in the physical constants
of the theory in a unique way. In a nonrenormali-
zable theory the number of different kinds of diver-
gent diagrams is infinite. The electrodynamics
of vector mesons belongs to this class, which can

be seen immediately from expression (2) for G (p),
since for large values of the momentum p this

factor is approximately unity. We will therefore
consider only spin-zero mesons, using the five-
dimensional representation of the 3-matrices. For
spin zero the situation is simplified, since a large
number of the matrix expressions vanish due to the
properties of the five-dimensional representation
of the B-matrices.

We shall define two matrices

X = @B —1)/3; 3)

6

Y=0@—88)/3 X+V=1.
For spin zero
XY =0, (4)
Xy = 8, X. 5)

We present several useful expressions which follow
immediate ly from (1), (3)-(5):

X8, =B,Y; (6)
Bu (P2 — %) By = X (Duly — Buup?);

X (;’2— p?) =0; BuBu=3X+1; BuBoBu =B
Bu?ogf?u = Ogx; @)L,Brl‘p'rgp.ep. = XBO'“’PT + BoX Bz
In calculating traces, we must bear in mind that

the trace of a product of an odd number of 8-ma-
trices vanishes. In addition,
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r — ) N ~
Sp 18)\‘8”_:3\,‘89 = 0,0, + 'JApapv-

(7)

Consideration of the perturbation theory ex-
pressions shows® that in the electrodynamics of a
spin-zero meson there exist in general five irre-
ducibly divergent diagrams: 1) and 2) the self-
energy diagrams of the meson and photon, which
are quadratically divergent; 3) the vertex part,
which is logarithmically divergent; 4) a Compton
type diagram, which is logarithmically divergent;
5) the diagram corresponding to scattering of a
meson by a meson, which is logarithmically diver-
gent.

Scattering of light by light gives a finite ex-
pression when summed over all permutations of the
emitted quanta.

2. FUNDAMENTAL EQUATIONS

The character of the divergence which appears
in the theory is determined by the asymptotic be-
havior of the Green’s function for high momenta.
Two of the articles already cited!*2 are devoted
to the problem of finding the asymptotic behavior
of the Green’s functions in electrodynamics and in
pseudoscalar theory. In solving the corresponding
problem in the electrodynamics of spin-zero parti-
cles, we shall henceforth base our considerations
on the idea of a smeared out interaction!, accord-
ing to which the interaction which is usually de-
scribed by a S-function is assumed smeared out and
nonvanishing in some finite region whose linear
dimensions are about a. In calculating radiation
effects, integration over virtual quanta is cut off
at momenta ~ A where (A ~ 1/a), and the integrals
are then finite. The transition to the exact inter-
action corresponds to A - .

Let us write the integral equations which are
satisfied by the quantities entering into the theory.
The equation for the meson Green’s function G(p)
can be written, in complete analogy with the usual
electrodynamics, in the following way?

G (p) {/5 —my — (€} / =i) (8)

xS By (p p—k, k)G (p — k) B,D,y (k) d4/e} =1.

Here m is the ‘‘bare’’_mass, e, isthe ’‘bare’’

meson charge, and B (p, p — &, k) is the operator

of the vertex part. The photon propag;ation factor
D,LW (k) as has previously been noted!, can be

written as the sum of the transverse and longitudi-
nal parts
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9)

kpkv) de (R?)  kyk, dy (k)
k2 k2 B2 k2 ’

Dy (8 = (8, —

of which only the transverse part has physical
meaning for the interaction; it must therefore be
determined from the equations, whereas the longi-

tudinal part may be chosen arbitrarily. The equation

for the transverse part of the photon Green’s func-
tion is of the form

2
Do (8) {£3, — 2 (SP LG () Bl p.p—test) - (10)

Rk, k

v

2

x G (p—k) 3| d'p }= 3, —

The gauge invariance of the theory should follow
directly from the transverse nature of the polariza-
tion tensor in this equation. Let us also note that
the different sign for the integral term in Equation
(10), as compared with the electro-dynamics of an
electron, is related to the 3ose statistics for spin-
zero particles. Equations (8) and (10) for the
Green’s functions of an interacting meson and pho-
ton are exact and contain no approximations. The

situation with respect to the equations for the opera-

tors of the vertex parts and the Compton diagrams
is much more complicated. It is in general im-
possible to obtain exact integral e quations for them
in closed form. It turns out, however, that for

certain conditions it is possible to write an approxi-

mate integral equation for the operator of the vertex
part. In order to do this, let us go over to a con-
sideration of the expressions furnished by pertur-
bation theory. We shall write the expression for the
meson Green’s function obtained from perturbation
theory to first order in ef in the high momentum
region (for the space-components, —p? >> m?) up

to terms containing a large logarithm

G_l(”)z’;_mﬁ(%)é)g% an
o

()05 2 (25
)

(o) 02— | 1 (25 ) — .

Calculation of the matrix elements for the first
order correction to the vertex part leads to the
following asymptotic expression for Bp,p-110
for large space components, the largest of which

we shall call f:
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e} A2 (12
Bulp,p—L ) =Bo— gt B ln (2) ’
A2

-+ %[B + %(Qp—l)c] m(_f )(dz —1).

As can be seen from these expressions, not only
the longitudinal, as for ordinary electrodynamics,
but also the transverse part of the photon Green’s
function leads to terms logarithmic in the meson
self-energy and vertex parts. The last (third)

term in Eq. (12) shows, in view of the Ward
identity, that the logarithmic divergence in the ra-
diation corrections to the Compton effect occur
only in combination with the factor d, — 1. This
result can also be obtained by consi(fering the
matrix element of the first correction to the Comp-
ton effect (Appendix I). Thus with the choice d
=d, the Compton diagrams are finite in first order
perturbation theory, and give no logarithmic contri-
bution. It is interesting to note that this situation
follows from the use of the B-formalism; to one
diagram for the correction to the Compton effect

in the Kemner formalism corresponded several dia-
grams in the second order equations, each of which
diverges separately. Only for the special choice

d; = d, is their S-matrix sum finite.

Except for the quadratically diverging integrals
in the meson and photon mass, the perturbation
theory series thus contains only logarithmic terms
in the limiting momentum. Use of perturbation
theory effectively implies a condition e2 ln(A%/m?)
<< 1. We shall, following an earlier work !, use the
much weaker condition ¢ <<'1. Subjecting the
theory to such a limitation means that in the asymp-
totic region we must sum only over those diagrams
whose contribution to the matrix elements contains
the large logarithm raised to a power equal to the
perturbation theory order. In this approximation
the Compton diagrams in all perturbation theory
orders are the same as in the zeroth approximation
(ford - ; this assumption, based at this point
on cafculations to the first approximation in e? is
later verified by the expression obtained for the
operator of the vertex part). For the vertex part
B,{p, p — I, I) we can write the approximate inte-
gral (so-called three-vertex) equation

Bo(p, p — 1, 1)=Bs + (el / i) (13)
xg By (p, p—F, &)G (p— k) Bo(p — k, p—h—1, 1)

X G(p—Fk—1)B, (p—k—1,
p— 1, — k) D (k) d*k.

This equation expresses the fact that in summing
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the radiation corrections to the vertex part, only
diagrams with nonintersecting photon lines are
accounted for, and is derived on the assumption
that the longitudinal part of the photon Green’s
function is chosen equal to its transverse part

(dl = dt). In other words
D]LV (k) == a;w D (k) = apvd[ (/32) /I k2,

Direct calculations show that the second order
diagram in ef with two intersecting photon lines
gives no contribution in this approximation (Ap-
pendix I). Let us note also that the matrix element
for scattering of a meson by a meson is not *“‘linked”
with the fundamental equations and can be considered
separately.

In the following sections Equations (8), (10),
and (13) will be used to find the asymptotic forms

of the photon and meson Green’s functions.

3. PHOTON GREEN’S FUNCTION

Let us'now go on to a solution of the above equa-
tions. We should note that the matrix composition
of the exact Green’s functions for the meson and
vertex parts will not in general, as can be seen, for
instance, from expression (11), be the same as the
corresponding expressions for these quantities in
the zeroth approximation for noninteracting fields.
Considerations of relativistic invariance, although
they narrow the possible matrix combinations, still
leave a sufficient number of different invariant
combinations both in the meson Green’s function
and, especially, in the vertex part. The reason
for this is the triple (and not double, as in ordinary
electrodynamics) permutation rules, so that a large
number of invariants are independent. Ford, =d,,
however, a consideration of the perturbation theory
formulas (11) and (12) allow us to assume that in the
high-momentum region the meson Green’s function
G(p) and the vertex part B (p, p — [, I) can be
written in the following form:

G (p) = {p—my (0 — 3o} (55

) . (14)
my J\B(p%))’

Bd(pvp“l» l) = po“(fz)‘

Here B(p?), a.(f?), and ml(p2) are slowly (loga-
nthmlcallyj varying functions of their arguments,

m (p?) is proportional to the “‘bare’’ mass m, of
the meson. and f is the largest of the three argu-
ments in B (p, p — I, I). The quantity e in the ex-
pression for G(p) is of order ~ ei A2, where A is
the upper limit of the interaction, and is the
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quadratic correction to the mass. We note that the

operator which is the inverse of (p — my—XA4/m))
is equal to

~ XA\
<p _ml_?Z) (14a)
= 1 ny o YA 1
= 2 (p2— 2y 14
1P+ M o (9 — p?) ml}pz_mg_A'

We have already seen in Eq. (11) that ¢ comes
from the transverse part of the photon Green’s
function. It is significant that the quantity ¢ drops
out of all further calculations, so that it effects
only a change in mass. In our approximation ¢
may be considered constant. We make the following
additional remark: in integral equations (8), (10),
and (13) the high momentum region is of fundamen-
tal importance. Therefore in order to calculate
these integrals we must know the behavior of all
the functions in the high momentum region. This
makes it possible to determine the variation of
all quantities in the asymptotic region, for this
approximation, without considering regions of mo-
mentum small compared to the meson mass. In
addition, after all intermediate operations the inte-

grands can be written as the sum of various combi-
nations of matrices multiplied by a scalar function

whose argument is of the form (k — a)2, where a
may be any of the vectors in Eqs. (8), (10), and (13).
These functions have no singularities in the upper
half plane. If a is a spacelike vector, then inte-
gration over k£ may be replaced by integration over
four-dimensional Euclidean space by replacing &,
by ik . Therefora in solving the equations which
determine G(p), B _(p, p — I, 1), D(k), we may limit
ourselves to the region of spacelike vectors. For
timelike arguments, these functions may be ob-
tained by analytic continuation through the upper
half plane. In those regions of integration over &
which give the main contribution (logarithmic) to
arguments of the form (k — a )%, we may neglect
a in comparison with %, and therefore all the func-
tions will depend on k%; the transition to integra-
tion over Euclidean space is accomplished parti-
cularly simply:

dibk —i/4 (— p2 b2

k—>i/4 (— k) d (— k?). (15)

The importance of this transformation was first
noted by Landau and co-workers 1 Turning to
Equation (13), let us replace G(p) and B _(p, p — I,
1) by the corresponding expressions from (14). It
is easy to see that the integral diverges logarithmi-
cally in the region —f2 << — k2% << A%, where f is
the largest of the arguments of the vertex part.
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3ringing similar terms into the numerator, going
over to integration over Euclidean space, and
averaging over angles, the integral on the right
side becomes

ei —rr A® d— B2
2 3 (— p2) B2 (—p2) ] (— b2
Yo g * ( k). ( k)d( k) T

—h"S_p
in agreement with the assumption that the right
side of Eq. (13) is again proportional to B,. This
also verifies the validity of both expressions (14),
since G(p) and BU(p, p — I, ]) are related by the
Ward identity

0G™" (p) / dps = Bs (p, p, 0).

The function a satisfies the following equation:

L

o 6
a(é) =1 ——'Sa’*(z);%(z)d(z) dz. 1o

£

Here we have introduced the new variable
z = In(=k*/m?) so that ¢ = In(~f2/},2) and
L = In(A%2/m?2).

The equation which determines the function B(p)
should be obtained from (8); however, since the
integral contains a quadratically diverging part,
in order to obtain the logarithmic terms in it, it is
necessary to have not only expressions (14) for
B/_L(p, p — k, k), but the contributions to it up to
terms of the order of about p?/k? inclusive. For
simplicity, we shall use the Ward identity, which
we write in the form

*(3B8E =1 17
With the aid of this expression, Eq. (16).can be
written

a(f)=1—

«(2)d(z)dz. (18)

Mo

Eq. (10) for the photon Green’s function contains
a quadratically diverging integral. The quadra-
tically diverging part can be separated, and repre-
sents the photon mass. Because of the gauge
invariance of the theory, the interaction should
be smeared out in such a way that this quantity
remain zero. The remaining part again contains
logarithmic integrals, and in order to calculate
these it is necessary to know the logarithmic cor-
rections to the vertex parts B _(p, p — [, ).in the
region p >> [ accurately to terms of second order
in {/p inclusive. To obtain this infamation we
again refer to Eq. (3), replacing the variable p — &
by k:
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(19)
Ba (p’ p —17 l)

2

=8, S B, (p, by p— k) G () By (ke — 1,1)

T

X G(k—1)B, (k—1,p—1,k—p)D (p — k) d*.

Inserting Eq. (14) for the appropriate factors, and
multiplying out the numerator of the integrand, we
see that the appropriate terms occur on the right
side for the region of integration p >> £ >> [ in
expanding B _(k, k — 1, 1) and the denominators

of G(k) and G(k — I). Expanding the rest of the
factors, as can be easily seen, leads to higher
order terms. In order to clarify the form of the
corrections in this region, let us consider the
additions which come from expanding the denomi-
nators in G(k) and G(%k — [) in powers of I/k,

(m“l’ +€) /k%. It turns out that the corresponding
term is of the form

2

e A
S (e — 812 (p7%) o2 (5)d (2)

'R

——

B2 (2) « (2) de,

o

3

¢=In(—p2/m2), += In(—12/m)2

We shall try to obtain B_(p, p—1, 1) in the
region p >> [ in the form

Bs(p,p —1, 1) = Box (p?) (20)

+ (U — Bol?) (p72) 02 (p?) d (p?) So (p,13).

We then obtain the following equation (in
closed form) for the function So(f, n):

e g
Soem)=— = {02 (2) 8 (2) d (2) Sy (2, ) dz (91)

o2

+ g 2 (2B () de.

Corrections of other forms do not occur.

If we insert (20) into expression (10) for the
polarization tensor, we obtain an equation which
determines the function d,=d,

At () = 14 25, (L, 1), (22)

where L is the logarithm of the cut-off parameter.

Equations (18), (21) and (22) must be solved
simultaneously. With the aid of the Ward identity,
Eq. (21) can be written
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2 %
1

8r

d(2) So (2, 1) dz

%)
IS

—_
0
M

=
=
I

S e

©
d (-

"i_ 24 @(Z) dZ.

EE Yo

Differentiating this by &, we obtain
0S, (&, m) [ 08

— (e} /8= ) d () S, (6 m) -+ (e} / 24w 1) B (E).
But

d3E)/di=—(&/8x)d (BB, @

and therefore
O[S, (8 1) B2 (5)] /0% = i / 24=

and with the conditions So(rf,«f) = 0, we obtain

So (&, m) = (€5 / 24%) (5 — 1) B (¢).

Since B(L) =1, we have S (1, n) = (e2/24-1r)
x (L — n). It is interesting £6 note that S olLs )
is exactly identical with the same function in
spinor electrodynamics. We note in this respect
that in addition to the polarization of spin-zero
particles by the photon, there actually occurs
also a polarization of the spin 1/2 particles.
Therefore, instead of (10), we should have
written the photon Green’s function equation
in the form

Dl (8) 220, — (1)

%\ SP1G (0) Bo(p, p— k. ) GO (p — ) B.1 dip

2

+ (%) S SplG'=(p) Ty (p, p — &, k)

XG% (p— k)1, dip} =33, — Loty
BV P
Making use of previously derived results!, we
can write down immediately

d (n) =1+ 84S (L, ).

The quantity v, here introduced, plays the role
of the effective number of different particles. Spin-
1/2 gives 1 for v, and spin zero, 1/4. Thus

de(n) = [1+ (e1 /3m) v (L — m)]t

or

de (k%) = [1 4 (e} /3=) vIn (A2 | — k)L (24)
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We note that this formula is valid not only for
k >> m, but also for &> m, since in the calculation
both m, and € drop out. For —k2 << m?2

d (k) = [1 + (¢2/3=) vIn (A2 / m?)]

which corresponds to the fact that the logarithmic
region of integration in Eq. (10) lies* above m.
The physical charge is given by

e*=ei[l + (¢} /3)vIn (A2 m2)]2.  (25)
The expression we obtain for the ‘‘bare’’ charge
e% is then
el = e[l —(e2/3x)vIn (A2 m2)t. (26)

For a sufficiently large radius of interaction
(e2/37)vInA2/m? ~ 1, and the bare charge e%
becomes of the order of unity in contradiction
to the original assumption of weak interaction
(e << 1). As has been shown by Pomeranchuk®,
thxs restriction is not of importance, as Eq. (25)
is the exact result for large A%. From this we
obtain the fundamental conclusion that in the
point-interaction limit (A » o) the physical charge
vanishes (for more detalls see Pomeranchuk®).

The interaction e d can be written in a form
containing only renormalized quantities

el (k) = e2d,, (k?) 27

=e2[1 — (e2/3m)vIn (— k2 / m2)]".
4. MESON GREEN’S FUNCTION

With the function d(p?) obtained, it is easy to
derive the formula for 3(p2) from Eq. (18):

le(pz) = [1 —'— (6?/37;) vln (l 2//_ pg)]3/8v.

The function  *(P?) =1/B(p*). We note that
the function B(p2) can be written as the product
of a constant and a function independent of the
cut-off parameter,

3(p%) = (ex/ ey

(28)

(29)
% [l — (€% /3x)vIn (— p? / m?)]?e”

= [efd: (p?) /217

* We are here neglecting the difference between the
meson and electron masses.
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In this form B(p?) decreases as —p? increases,
and becomes small at the same point where the
denominator of expression (27) vanishes. Equation
(29) expresses the so-called renormalizability
of the function B(p?).

Let us write down the meson Green’s function
G(p) for large momenta

G (p) = {p + m(p?)
Yey B

mlJF

+ P —

&)

1 (pe
D) (p e

iy (p?
In the B-formalism G(p) consists of a scalar, a
vector, and a tensor component. The dependence

of each of these components on the radius of

cut-off A is different. Using a special and simply
derivable representation of the 3-matrices, which
establishes the relation between the Klein-Gordon
equation and the Kemmer equation*, we can separate
out the scalar component

Gos (P) < B(p)m, () p,  (30R)
The vector component
Gis (p) = B(p*) (pi / p?) (30b)
and the tensor component
. _B(p*) ([ PiPr by
Gin(p) = Ty (p?) <'_p'2—— - )lk) (30c)

in the region _p2 >> m2. In these expressions, in

addition to B(p2), the function ml(P2) also enters.
We shall not try to find an equation for m,(p %),

but shall make use of the fact that, as can be seen
from the expression for the meson Green’s function
in coordinate space?,

G(x, x') = (T (¥ (x), ¥ (x) %

— ({/my) (1 —B3) 3 (x — x')

Gss (p) [ my for our represen-
tation of the 3-matrices is the meson propagation
kernel in the scalar formulation of the theory.

The asymptotic behavior of this quantity can be
determined by the method of Gell-Mann and Low2.
The applicability of this method to one or another
theory of interacting fields depends on whether or

the component

Sp a.ss < -+ 8[;.:8'

* This representation is (‘.3” Juz = ol

(w=1...4 ar=1...3).
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not this theory refers to quantities renormalized

in the sense of Z-factors. Let us bear in mind

that the requirement of the renormalizability means
the following. Assume that certain functions, say
fi(p2),referring to the particle Green’s function

and the vertex parts appear in the theory. We con-
struct some combination H(p?) of these functions,
such that ng(p2) represents an interaction, where
g, is the bare coupling constant. Tet A be the
interaction cut-off radius, chosen so that fi(AZ) =1.
The requirement of renormalizability means that the
function fi(pz) differs only by some factor from a
function independent of the cut-off radius

fi(p?] A2, g1) = fic (P2 /M2, @)/ fic (A*/m?, 8) (31)

(for large values of —p?, the function f, depends
only on the ratio —pz/Az). The renormalized inter-
action constant is determined by the condition

@ = gHe (A2/m? g).

It can then be shown? that the following relation

holds:
g‘lH (_. p2 / ‘llz, g]_)

F(—2(g1) p?/A?),
where F and ¢qare inverse functions: Ft(x)] = x.
Equation (31) is not trivial. We shall see later

that in the Kemmer formalism for d # d, by no
means do all functions satisfy Eq.X31). In the

scalar formulation, however, this relation holds;
Eq. (29) shows that this is valid both with
relation to the function B(p?) in our approximation
and for the condition d, =d,. We shall present
all the calculations anew in this case, using only

(31). We then have

eid; (k) = F (= ¢ (e]) k2] A2). 32)
Inverting this expression and taking logarithms, we
obtain

Ine (eld) —Ing (6]) = In(— k2 / A2).
Expanding the left side of this equation in powers
of e%(dt — 1) and taking only the first term, we
obtain

1 de ()

9(e])  det

— k2

Az

(33)

et (di— 1) = In

The quantity d, — 1 may be found by perturbation
theory. Vacuum polarization for spin 1/2 parti-
cles gives the following value for d, — 1 in the
first approximation: (¢} /3x)In (— &2/ A2),
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vacuum polarization for spin zero particles:

(€8 12=) In (— k% / A2);
introducing again the quantity v, we obtaind, — 1
= (€}/3=)vIn(— k2 /A2). . Inserting this expres-

sion in (32) gives a differential equation for the
function ¢(x)

271 (x)do (x) /dx = 3=/v)x73

whose solution is ¢(x) = exp(—37/1x), and for
the inverse function F(x)

F(x)=— 3= /vInx),
which leads again to Eq. (24), which was obtained
by solving the integral equations.
If the functions 8(p2) and ml(pz)/m are renor-
malizable, then it follows from Eq. (32]) that they

can be written in the following form:

3(p?) = H[eid:) | H [€3); (34)

my (p?) B (p?) /my = Q |e}d,] / Q [€7].

At the same time, perturbation theory, according
to (11), leads to the following expression:

3(p)=1 —(ef/8“) In (—p?/A%); (35)

my (p°) 8 (p?)jmy=1— (€}/27) In (— p2/A?).

Taking logarithms in expression (34), ex-
panding in powers of e%(d — 1) and comparing
with (35), we obtainthe foltlowing equations for the
functions H(x) and Q(x), H™1(x)dH (x)/dx
= —(3/8) x Q1 (x)dQ (x)/dx = —(3/2v) x71,
whose solutions are

H(x)=x=3%:  Q(x)=x—32,

which gives the previous exgression (28) for the
function 3(,)2), and for ml(p ) gives the following
result:

my (p?) = my [1 + (€} /37)vIn (A2 — p2))**¥ (36)
or
my (p*) = [efdy [ i7"

= (e /)" [1 — (e} /3=) v In (— p2, m2)]"™".

Knowing the functions m (p) and B(p?) we can
write an expression for all components of the
meson Green’s function for —p? >> m2.

L. P. GOR’KOV ANDI. M.KHALATNIKOV

For the scalar component

Gss (p) =my |1 (37a)

+ (€3/32) v In A2/ — prpasv (1/p2),

For the vector component
Gis (p) = [1 + (€2/3wv) InA*/ — p2]® (p./p?)  (37b)
and, finally, for the tensor component

G (p) = ”_31_ 1 (37¢)

(e nAsy ey (22,

Thus when used for all the components of the
meson Green’s function, method (2) leads to the
same results as the direct solution of the integral
equations. We emphasize, however, that in the
B-formalism, the use of this method requires
preliminary proof of the renormalizability by
solving the integral equations. Equation (31) is
satisfied for all the functions only in the approxi-
mation we are considering and for the special
choice dl = dt. For arbitrary dl’ Eq. (31) is not
satisfied even in the first approximation. We are
not, of course, referring to the function ml(pz).

5. GAUGE TRANSFORMATION FOR THE MESON
GREEN’S.FUNCTION

The equations of electrodynamics remain in-
variant under the following transformation of the
four-dimension potential

Ay (x) — Ay (x) 4 99 (x)/0x,,

with the simultaneous transformation of the particle
wave function according to

P (x) — i (x),

and therefore an electromagnetic field operator can
be separated into its transverse and longitudinal -
parts. The longitudinal part of the electromagnetic
field operator may be arbitrary in view of gauge
invariance, and does not interact (commutes) with
all other quantities. For the photon Green’s
function this separation leads to expression (9.
Gauge transformation of charged particle Green’s
functions has been studied by Landau and
Kh&lilatnikovlo'and is given by the following for-
mula _

G(x, x')
= Gy (x, x') exp {ie; (Ar (0) — Ar (x — 1))},
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where G (¥, x) is the corresponding Green’s
function in the absence of scalar quanta, and

Ap(x—x") =i{T (2 (x), ¢(x)y-

In momentum space it is more convenient to
make use of another result of the same work!?,
which was obtained for the infinitesimal gauge
transformation

R ey _8d, (k%) dik
oG (p) = - S{G(p)—G(p—/e)} — "

Restricting ourselves to slowly varying functions
d (k2), we see that this integ;ral diverges loga-
rithmically in the region —£&% >> ~p?. Letus
write this relation for the scalar component Gss(p):

N ie} 3, (k%) d*k
0055 (p) = ;l' g G55 (p) l(kz)z
»pt
Transforming this to integration over Euclidean
space and writing Z = In (=k2/m?), we obtain
82 In(A"’,'m‘!)
8Ggs (P) = — ﬁ Gss5 () _ ody (2) dz.
In(—pdjm?)
This relation should be integrated with the
boundary condition that for d; == d; Gs5(p)

it gives Eq. (37a). The result is then

G35 ()= my [do(— p2)]—9* (38a)
o2 In ({y,'m’)
X exp {— (,le \  di(d dz} (1/p%).
1n (—p2m?)

In exactly the same way we can obtain expressions
for the vector components G 5(p) for —p2>>m?

Gis (p) = [de (— pHIY (38b)

&2 In (A2/m?)
X eXp {—ﬁ dy (2) dz} (p,/p*)-
In (—p*m?)

This shows that the difference between the exact
functions and the interacting field functions does
not arise only from the gauge transformation, which
is -not the case in electron electrodynamics. We
note that according to (30), (36), and (38) the func-
tion ml(pz) does not depend on d,, since the vector

and scalar components of G(p) transform in the same
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The tensor component of the meson Green’s func-
tion for arbitrary d, cannot now be written in the
form of Eq. (30c). For —p2 >> m?2, however, it can
always be represented in the form

1 p;p s Yy /o
G”t (p) =~ — [(hh —_ % Oih> A (pZ)

my p?

(38c)

3. N
— = it (P?) l .
Let us write the equation for an infinitesimal
gauge transformation of the tensor component

. 1 & Yo 3o s E
[(P;le’k -7 Oih) on(p?) — 7 OihOM(PZ)]

—ieig{\/pipk_ 1
v p?

R

3 o 2 kik
- Z OjplL (p ) - 2
3. NEAGLL:

+ 7 Ginl (%% }*I(Zj)_— ,

from which we obtain, after averaging over angles

2 L .
oM 6 =— Z_Tlr i (B) Sadl (2) dz, (39a)
3
ek (39b)
. (E) = — = [ () — 1 () i (2) dz,

g
¢ =In(— p*/m?), L = In(A%/m?).,

With the boundary condition (37c) we obtain the
following expression for the function A(p):

s In (A\V.’,'m’) (40)
L (p?) = exp {—7”':— o d, (z)dzl X
In (—}13;'"12) f
Differentiating Eq. (39) by f‘
dis &) 4 du
o 1 dp(g)
O = — [_di\z_"sf'd’ (2)dz

and making use of boundary condition (37c) for
dl = dt, we obtain

2 1
u(&)zl—-ﬂ— (41)

™

r(2)ds(2) dz.

Al o

For rll =d as follows from Eq. (41), u(&) = A (&);
¢
for dl = 0, the function A(£) becomes unity, and

s

way under a gauge transformation. This, furthermore (&) is given by

should have been expected, since the function m

{(p?) gives a contribution to the experimental
meson mass m

m? = m2 (m?) -+ ¢.

(8 = 1 — (3/4v) In {1 + (¢2/3=) v(L —5)}. (42)

Thus for d; # d,, the function p(é) no longer

satisfies the renormalizability relation
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6. CONCLUSION

The above considerations show that spin=zero
electrodynamics in the B-formalism exhibit cer-
tain formal similarities with spin 1/2 electrody-
namics. 3Beyond this, the general situation is
more complicated. In order to derive the integral
equations, it is necessary to make wide use of
the results of perturbation theory. The problem
is simplified with the choice dl = dt, in which case
it is possible to write the three-vertex equation
for the vertex parts. For this choice of d; in
the approximation we are considering it becomes
possible to restrict ourselves to finding only the
photon and me son Green’s functions, and the ver-
tex part; the Compton diagrams give contributions
equal to their zeroth approximation. In this case,
use “of the three-vertex equation leads to the
correct expression for the photon Green’s function,
which follows from a comparison with a result
obtained by a separate method using only pertur-
bation theory and the requirement of renormaliza-
bility. Both methods give the same results for
the meson Green’s function, since expression (28),
which is found directly from the equations, satis-
fies the renormalizability relation (31).

For d, #d, Eq. (13) for the vertex part is not
applicable; the expression for the meson Green’s
function in this case can be obtained by a gauge
transformation of the expression obtained for the
condition d; = d, to arbitrary d,. It is interesting
that the difference between the exact meson Green’s
function and its zero-approximation form does not
arise only from the guage transformation, as it
does in ordinary electrodynamics.

The authors are deeply grateful to Academician
L. D. Landau for many valuable suggestions.

APPENDIX 1

a) Correction to the Compton effect in the first

approximation in €2, [,et us consider the matrix
element for the Compton type diagram (Fig. 1)

Coc (P, P—q1— G25 G1s G2)

=_:;§Spp6(p—k)?aG(p—k—q1)

X B:G (p—k—q,— q,5) B,D,, (k) d*k.

Here (g,;0) and (¢,37) are the momenta and polari-
-zations of the two omitted quantities. Writing

out the products of the various factors according
to Eq. (6), we obtain

L. P. GOR’KOV ANDI. M. KHALATNIKOV

Cor (P, P—G1— G35 q1, G5)

2
g1

= — 2 {8 o m)Ba - me i mate
+ (PruPro — Buapl) XBe (ps + my) B,
+ BuX (PaoPrs — B02) (P -+ my) B,
+ ,% (P1uP1c —8uop?) Pae (D5 + my) B,
2 i (Paopar = Borp) (P -+ ) B,
+ B (b1 + 1) Ba (P + ) 2 (pgepp, — 300p?)

X N ™\
-+ m—l (pluplo‘ _— 'mepf) (pa‘rp:}v — Ow.-pg)}

[8‘” + (R, R JR%) (d) — 1)] dok

(P —m3) (P} — m) (p3 — m?) k2

(for si;cnplici'ty we have written p, =p — k; P,
SP=f—=9; py=p-k-gq,-q,).

~——————

The highest power of the viriual momentum in
the nu.merator is equal to 4, and therefore the inte-
gral diverges logarithmically in the region of large
k. In this region P1=Py=py=k>>m:

et x
1 D 2
= iy ) uko — o) i,
—R¥>--p1

+ ey (kok — 30:k%) - kepkg (ko — B.,k2%)
+ (kp.ka et ap,u‘kz) ('Ierkv - Brvkz)]

Y [Buy -+ (Ruho/k?) (dr — 1)] d¥%/(R%)%.
The nonzero result gives, in the numerator, the
product of the longitudinal part of the photon func-
tion by the second term in the square brackets.
Averaging over angles and integrating, we find

In (A2%m?)
43X
T6mm, %
In (—f3/mn?)

(d;(z) — 1)dz
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in complete agreement with (12) (the expression
obtained should be doubled to take account of ex-
changing the positions of quanta (ql and q,).
Therefore for d, =1 the Compton diagrams are
finite.

b) Vertex part with two intersecting photon lines.
The vertex diagram with two intersecting photon
lines (I'ig. 2) can be treated similarly. The matrix
element for this diagram is of order e} and is pro-
portional to the integral

As(pyp—1,1) (A1)

~ (8.0 (p— 1 50 (0 — bt} 6,
XG(p—l_‘kl—kz).gv G(p_l_‘kZ).B~}Dp.v(k1)

X Dor (kg) d*k,dk,.

We shall not write out the whole expression in
the brackets in the integrand, which is extremely
complicated, and shall consider only the denomi-
nators

(p—ky)? (p —ky — k2)?

X (p— L —ky — ko) (p — [ — ko)oh2k2.

(A2)

If we exclude integration in those regions of /cl
and k, which can give double logarithmic inte-
grals, then it can be seen that there are two pos-
sibilities.

1. ky>>k, (or ky >>k,). Then the numerator
of the integrand should contain terms in the fourth
power of k.. Withthe choice d;=1, no such terms
appear, as Xlas been shown above.

2. The case in which k, +k, is small in com-
parison with k, (although llarge in comparison with
p and ), which corresponds to a change of variables
ky=q—ky or ky=q- kz)' The denominator
of Eq. (A2) is about equal to

(22 [(ky — q)*1 (p — L — q)* (p — q)*.

We must therefore look for terms in the ex-
pression for A_(p, p — [, 1) which can give the
power k‘i in the numerator. Such terms are easily
found. The corresponding double logarithmic
integral (for dl = dz) will be

X ~ o ~
, S {(kpho — 8, ck?) (Ryuko — Buck%) (2p — | — 2q)}
> d*k dq
(k*)*q* (1—2(p, q)/ ¢ ) 1—2 (p—L, 9)/9*)

It thus follows that the logarithmic term gives only
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integration over k, and integration over g after
averaging over angles vanishes.

With respect to the diagram being considered, we
must bear in mind the following. In calculating the
polarization tensor

Pp.v (l) = (ef/m)

X SSP [Bu(p—1, p, 1) G (p)B,G (p—1)] dp
it turns out that the combination of factors

G(p) G (p—1)
of p in the numerator: pz, p3/m . Therefore,

in general, in B_(p — 1, p,0) in tfle region p >> [
we must know, in addition to the term proportional
to 3, also the corrections of order ! /p? and
mllz/p3. Terms proportional to 3 _, as we have
seen above, do not occur. Terms ™~ 12 /p? and
ml?/p® occur in (A1) from the integration region

P E, K kS (K, = p— ).

Their total contribution,however, to the polariza-
tion tensor vanishes. The same is true about the

contains the following powers

diagram of Fig. 1, for all corrections having a
matrix structure other than expression (20). Con-
sideration of higher order diagrams in the vertex
part is complicated by the increasing complexity
of the matrix expressions and the integrals. The
above consideration of the matrix element of the
vertex diagram with two intersecting photon lines
allows us, however, to assume that for d; =4,
the higher approximations also give no contri-
bution to the equation for the vertex part. The
validity of this assumption is demonstrated by the
final expression for the photon Green’s function
(24).
APPENDIX II

Gauge transformation of the vertex part.
We shall find the vertex part B (p, p — [, 1) for
arbitrary d, on the basis of the'relation 10

G(p;'\’Bu(p’p—lr l)G(p—l) (A3)

-2

.=_"j__fg{0(p)39(p,p—l, G (p—1)

—G(p—L—k)]+GCG(p—*k)
X [By(p—bk, p—1—Fk )G (p—1—F)
— By (p, p— 1, 1)G (p— )]} odi (B d*k/(k)?,

which gives the form of the infinitesimal gauge
transformation of Bu(p, p — I, 1). Considering
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only slowly varying d (k ), we see that the inte-
gral on the right side of (A3) is logarithmic in the

region | —£2[>>|(p —1)%|.

We note, first of all, that the expressions (38)
for the meson Green’s function can be written in
the matrix form

G (p) =B (") {p +m, (p?) (A%)

PP—p _ Yp
+ my(p*)  m

s (p)— 11} &

P’
where ml(p2) is given by (36),

2 (p?)/my (p*) = 1 (p®)/my, o (p?)

—_ 1 3 2
~ i ) [~ (p") + 3“- (pz)]
From (14a) and (A4) it follows that

G (p)={p— m (p?) (A5)

Xp® 2) __ 1
+ s le () — 1} g
In the region p >> I or p ~ [, we shall attempt

to find the vertex part in the form

B (p, p—1, 1) =Bpxl(p—1)°] (A6)

+@2p—Du Xol(p— 1?1
Turning to (A3), we see that the first term in the
second square bracket can be dropped, and Eq. (A3)
can be written in the form

. (A3a)
6B, (p,p—1,1)

3, (k%) d*
-—-——{B (p» p—1, 1)8—1@2)—2“
—Bu(p, p— 1, l)SG(p_.l_k)
sd () d*% .
%67t (p—1) 2 61 (p) (G (p— )
(#?)
5 d, (k2) dik

Bl’-(pv p

_1,1)}.

(k%)
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In order to obtain the logarithmic expressions
in the second and third terms, we need consider
only the quadratic terms in the numerator

(B (&2)/my (k%)) (k2 — k> — YR [ o (R2) — 1]}.

After averaging over angles this expression be-
comes

— (3/4my) u (k) Y k2.

Going over to Fuclidean space kg ik, intro-
ducing the new variable E=nl(p - 1)2/m2], and
comparing corresponding terms in both parts of
Equation (A3a), we obtain the following equa-
tions for the functions (&) and p (§):

R
o () = o @ (3) {gad, (2) dz (ATa)
,
Y= Ak <z)d2}
2 .F (A7b)
20 ) = 2 [o @ i 2) 2
g
3u (8) ¢
o
+ my (E) (A (B) + 3 (8)) Su(z)od, (z)dz}
S

where L = In(A%/m2).
By comparing (A7a) with Egs. (39a) and (39b),

we obtain
B (8)/e () = — 8 [ (&) + 3 (D)V/I% (2) + 3u (&)1,
Using the boundary condition
o (8) faymay = B (8) lamay

and the fact that the function ml((f) does not de-
pend on d,;, we obtain

%) =1l2(E)B @&,

which is in agreement with (A5) and the Ward
identity. Dividing (A7a) by m, (&) and adding it
to (A7b), we find

N £ ar .
° [9 ) + r:,((&))] =7 [P(C) +




CHARGED SCALAR PARTICLES 789

We have p(£)|d; =d, = 0. Integrating the previous
equation, we obtain the following expression for
p(£): )
P =1 —x@pEYm@p@E, N
which again is in agreement with (A5).
In the other case, when [ >> p, expression (A6)
for the vertex part becomes inexact. Instead of

this, Bp'(p, p — I, ]) is represented in the following
form:

Bu(p, p—1, 1) =Bua[(p —1)?]
+ (2p—1DpXol(p—1)%]
+ pHXZl (p—1 p)+ pux)(z (p—1, p).
The logarithmic functions x (¢, n) and y, (&, n)
vanish for dl =0 and when {=17. Insertion of

(A10)

(A10) into Eq. (A3a) leads to equations for the
functions X, and x,, which can be transformed
to the following expressions:

Sl (& M) + 0 (8)]

o

= :Tl: {[X.u("&, 1) +p (5)] \ 8d; (2) dz

D~

L
3 [ (E) 4 2 (5, )] R _
+ X () + 3w ()] my () ESP“ (2)8d;(2) dz} ;

Olx2 G ) + 2 (8)]

2 L
= :—2[22 @ M) + (9] { 3d; (2)dz
‘g
L

3 )
_mmgw)odz(zmz}.
13

The solutions of these equations cannot be
simply expressed in terms of the functions A(¢),
(&), and m (. We note only that the following
relation holds:

my () xa (8 M) + 22 & ) = [my () — my ()] p (§).

The expressions we have obtained for the vertex
part show again that for arbitrary d, the functions

entering into this expression do not satisfy the
renormalizability condition.
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