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only for j = 0 is the commonly used condition*
necessary that f)\'zp()\2) d A% should not diverge
at the upper limit. For a collision with an angular
momentum j > O the requirements imposed onthe
function p (A?) may be relaxed.
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RECENTLY Schriidinger1 and Case? have shown

that equations for particles of spin 0 and 1

(BpVep+%) 9 =0, (1)

the matrices B, in which satisfy the well-known

Duffin

conditions of

BiBrBrt8iBrPs = Binby + By @)
may be reducedto the Hamiltonian form
HY = id, (3)

where H is the Hamiltonian operator which has the
form

HZYapa-i—foi (“:1: 21 3)v (4)
while the matrices y, (k =1, 2,3, 4) also satisfy
conditions (2). To Eq. (3) we must also addthe

initial condition of the form

(Hy,—x) b =0, 5)

which, in consequence of (3), holds at any arbi-
trary instant of time. These results are evidently
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of interest, in particular becausethey allow one to
formulate a theory of particles with spin 0 and 1
(to a large extent by analogy with the well-
developed theory of Dirac). In the work by
Schrddinger! and Case2 the Hamiltonian form (3)
is obtained by resolving Egs. (1) into their com-
ponents for a certain specific choice of the matrices
B, Such a noninvariant method of derivation is
unnecessarily awkward and requires separate cal-
culations for spin 0 and spin 1. Moreover, the con-
nection between the matrices y, and the initial
matrices 3, remains unclear in this method of pro-
cedure. The object of the present note consists of
showing the method by means of which the reduc-
tion to the form (3)-(5) may be carried out simul-
taneously for spin 0 and 1 without introducing com-

ponents, and solely on the basis of Eq. (1) and the
algebra (2). In the courseof the derivation the rela-

tion between the matrices y, and 8, is also estab-
lished. The results are generalized to the case of
zero rest mass.

Letus write (1) in the form (B«V“ + ,34V4 + WY
= 0 and multiply it by (1 — B2) and by 2. Taking

into account the fact that B BB, =0 we shall ob-
tain

[((BaBy — BoBs) V +%Ba) Bs— %] § =0,

(6)
Bal((BaBy — BaPa) Vo + B0 + Vil = 0. (7)
On tl"le basis of (2) it is easily seen that the
matrices
Yo =1(BiBy —B,81), va=Pa (8)

satisfy the same conditions (2) as do Bk and are
likewise Hermitian. Wenote that (8) is easily
solved with respect to 3 and gives 8_ = - i(y4y“

~ YoV ). Evidently (6) can be rewritten with the aid
of (8) in the form (5) where H is defined by (4) and
P, =— ivu. Thus the initial condition (5) is the

result of multiplying (1) by (1 - Bi) . The relation
(7) takes on the form

Ya(H + Vi) b =0. )

We operate on (5) by the operator V4 == 0/0t, on
(9) by the operator H and subtract the results. Tak-
ing into account that

Hvy H =xH, (10)
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we shall obtain the fundamental Eq. (3).
The method presented above may also be ex-

tended to the generalized wave equations of
Lehmann3

CrVr+B)¥=0, [B|=0 (11)
for particles with zero rest mass and with spin 0 and
1. The matrices B, of these equations satisfy
conditions (2), while the matrix 8 may always be
chosen in a projective form: Bg = B, (see Ref. 3).
For spin 0, Egs. (11) take on the form

Vib; =0, Vbt =0 (12)
and for spin 1 (Maxwell’s equations)
Vubin=0, qu’i_vi‘[’k'l‘q’ik:o (13)

[ see Ref. 3, Egs. (8) and(10)]. It is easy to show
that in these cases 3 has the following proper-
ties:

BoBp + BrBo = Bp: BoBr = By (1 —Bo)s (14)

(1 —Bo) Bp = BrBos

from this and from ,Bﬁ = 3 the following relations
are also obtained

Boﬁkﬁo =0, .Boﬁ,'.ak = Biﬁhﬁo' (15)

Multiplying, as before, (11) by (1 — Bi) and by
,82, we will correspondingly obtain [ taking into
account (14) and (15)],
aPo TBo¥a) Ya— 8] ¥ =0,
[(YoPa +BoYa) Ya— 8o (16)

Ya[(YaPo + YaBo) + Val ¢ =0. 17)

Here y, are defined by (7), and therefore Boy«
= waO’ 3074 = }’4( 1~ Bo) Further,

(YaPe + BoYa) (17) — V4 (16) > (Y2, 4 Va) Bot = 0.(18)
On the other hand,
(1—By) (16) — YapaYB()\b =0. (19)

We introduce the notation
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Fob = o (20)

YaPy = H. (21)

As a result of this, Eqs. (18) and (19) take on the

f orm

Hq)o = i‘:’o: (22)
2
Hyyy =0. (23)
Since in this case
HyH =0, (24)

the initial condition (23) is maintained for al time
in consequence of (22).

Thus also in the case of particles of zero rest
mass one may obtain from Egs. (11) the Hamiltonian
form (22) with the initial condition (23) , not for
the complete wave function ¢ but only for its part
Uy = ByY-

The following circumstance is of interest. Evi-
dently (11) cannot be obtained from (1) by equating
to zero the constant » = me/k which is proportional
to the mass of the particle, even though (11) [ in
contrast to (1)] describes particles of zero rest

mass (see Ref. 4). The situation is different if we
adopt a description by means of equations in the
Hamiltonian form (3), (5) and correspondingly (21),
(23). Indeed, (22) and (23) are directly obtained
from (3) and (5) by setting » = 0 (and replacing ¢
by ¢ ). The same also holds for relations (22) and
(24),° which are special cases of the corresponding
relations (4) and (10)with »=0.

By decomposing Eq. (22) for the case of spin 0
[see (12)], we shall obtain

—Pa\lh = q.)a, Pa‘pa = Yy, (25)

while (23) gives identically zero, i.e., the initial
conditions in this case disappear. It may be
easily seen that the four equations (25) are equi-
valent to the five equations (12). Similarly, rela-
tion (22) for the case of Maxwell’s equations (13)
takes on the form

L R e I A (26)

while (23) gives P ¥.,=0. Introducing the three-
dimensional notation E = (il/le:4 ), H=( ¢“B ), we

obtain forthe Hamiltonian equations for the electro-
magnetic field curl H= E, — curl E = H with the
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““initial condition’’ div E = 0.

Note added in proof: After this letter had béen submit-
ted for publication the author learned of an analogous
article by Case (see Ref. 5) in which, however, the case

of zero rest mass is not considered,
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N the calculations of effective cross sections for
multiple production of mesons, integrations are
carried out over the momenta (or over the energies)

and over the angles of emergence of the product
particles. Since exact calculations, taking into
account all the conservation laws, are accompanied
by great difficulties, various approximate methods
of calculation are used. In such calculations the
maximum limit for the energy of one of the particles

is taken to be equal to the value €, = g —"21 m,

(€ is the total energy of colliding particllest

Zm, is the sum of the rest masses of all the prod-
uct particles except the given one). The object
of this article is to show that these valuesshould
be diminished as requiredby the laws of conserva-
tion of energy and momentum. The calculation of
the maximum energy and momentum for each product
particle is reduced to the problem of finding a con-
ditional extremum.

We shall carry out the calculation in the system
of the center of mass. We assume that after the
collision n particles in all are formed. We denote
the total energy, the momentum and the velocity of
the i th product particle bye . k , v, andthe corresponding

quantities for the product particle being investigated

we shall denote by the index n. Then the laws of
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the conservation of energy and momentum will take
on the form:

n—1
g, + 2 g, =46,
1

n—1

k,+ D) k,=0. (1)

It is evident that in order to make k£ a maximum it
is necessary that the inomenta of all the (n — 1)
particles should be directed opposite tothe mo-
mentum kn; then

n—1
bn=— 2 ki (@)
1

Let us find v

n—1 n-1
vn=kn/€n=2 kil(cg—z &) 3)
1 1
It is necessary to find the maximum of the function
vn(kl' e, kn-l) which is defined by Eq. (3)

under the condition
e

[m2 + ( S )"+ S ai—g @
1 1

which follows from (1) and from the relations €.
= mi2 + kf. The problem is reduced to the solution

of the system of equations

OF (ky, ooy by ) [0k =0, (j=1,...,n=1), (5)

where F=v + AE.
In its expanded form Eq. (5) takes on the form:
1 v;Zk;

Sk,
6—“Zsi+(<8_—zsi-)2 +)\[(8—25i +'Uj]=() (6)

Since A must satisfy all the equations of the sys-
tem the equations must be satisfied identically; from
this it follows that v =v, = 1 = 0. Then

the (n — 1) particles may be considered as a

.. =0
n

-1
single particle with the mass M = b3 m, and the
velocity v. i=1

From (4) we find

Frmae =182 — M2+ m2)2_4m2 gofa e (D)
€y max = Y2 [8 — (M2 — m'21,) / &1,

Uy max = (82 — M2 + ”1,2,)2 — 4”1,3(82]1/’ /(8% — M2+ mg)

Sternheimer® has calculated the maximum angle
of recoil ofthe nucleon after a collision.

tg 0oy = (1 — 22 (02 /22, — 1) (8)



