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We consider an extended nucleon strongly interacting with the meson field. The meson field
is assumed pseudoscalar, and the interaction of pseudovector type. This paper is an immediate
continuation of the work of the writers!*2, in which the nucleon was assumed infinitely heavy
(stationary). A method is developed which is based on the expansion of the solution in powers
of the reciprocal of the nucleon mass. In zeroth approximation the result corresponds to an
infinitely heavy nucleon and coincides with that previously found!:2, The method is applicable
only in the case of sufficiently slow (nonrelativistic) motion of the nucleon. The wave func-
tion of the system is calculated to the accuracy of terms of first order in the reciprocal of the
nucleon mass. The meson-field mass of the nucleon is calculated to the accuracy of terms

quadratic in the reciprocal of the nucleon mass.

In the limit of strong coupling of the meson field

with the nucleon, the nucleon magnetic moment is calculated in terms of an expansion in
powers of the reciprocal of the nucleon mass. The first term of the series corresponds to the
approximation of the infinitely heavy nucleon, and the following terms give a correction con-
nected with the translational mation. The results obtained indicate that the difference of the
magnetic moments of proton and neutron can be explained, not by taking into account the trans-
lational motion of the nucleon, but by renouncing the assumption of the limit of strong coupling.

1. INITIAL EQUATIONS; TRANSFORMATION TO NEW
VARIABLES AND SEPARATION OF TRANSLATIONAL
MOTION OF SYSTEM

I N previous papers!:2 we considered an extended
nucleon strongly interacting with the meson field.
The latter was assumed to be pseudoscalar and to
contain charged and neutral mesons symmetrically.
The interaction of the meson field with the nucleon
was taken to be of pseudovector type. The nucleon
was assuned infinitely heavy, i.e., stationary
(fixed at the origin of coordinates). The approxi-
mation method was based on the condition of strong
coupling

(g/ra)>1, 1)
where g is a dimensionless constant of interaction
of the nucleon with the meson field, p is the re-
ciprocal of the Compton wavelength of the meson,
and a is the effective radius of the extended
nucleon.

In the present paper we retain all the initial
assumptions of the earlier papers''%, with the excep-
tion of the assumption of an infinitely heavy nucleon.
The mass of the nucleon is here taken as finite,
andits translational motion is taken into account.
Thus the Hamiltonian of the system has the form

H=—(1/2M,) A; + H, + B’ &39), 2)
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where
3
B, = 17 S (w2 4+ (V)2 + 2] dV 3)
a=1"
1
=5 2o, (g3, —0°/0g2,]
is the energy of the oscillations of the meson
field,
e ) = — LT

3

x 35\ Vo) Ur—gav

a=]1_

is the energy of interaction of the nucleon with the
meson field, U (r) is the form factor of the nucleon,
o and T are the operators of spin and isdopic spin,
respectively, and ¢ is the coordinate of the nucleon.
M is the mass of the “‘bare’” nucleon, not including
the meson-field part of the mass.

The normal coordinates q__ of the meson field
are determined as the coefficients of the expansion
of the meson field ¢, (r) in a Fourier series of the
form

qax
@, (r) = - V—J;Xu("), (5)
_ 2 [ cosxr. for x,<<0, (6)
X () = l/” { sinxr for %;>>0,
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L3 is the volume of the fundamental region of
periodicity, and ® = V2 o+ 22 (o > 0). Here, as

beforel‘z, the natural system of units is used (7
=c=1).

It is readily seen that the operator (2) for the
energy of the system is invariant with respect to

the translational transformation T, which consists

of the simultaneous displacement of both the nucleon

and the entire meson field by the vector a: ¢ ¢
+a, g (r)>q (r—a). To such atransforniation

of the field there corresponds the following trans-
formation of the nornial coordinates:

9,,—>9q,,cos%a+q,  _ sinxa.
A
The translation operator Ta commutes with H,
and is consequently an integral of the motion. By
carryingout infinitely small translations in the
directions of the three axes of the Cartesian co-
ordinates, one readily convinces onself that the
vector

k=— iy, —i qua_,,{ 0/0q o 7)

is also an integral of the motion. It will be called
the total momentum of the system.

In order to separate the translational motion of
the system, it is expedient to go from the variables
£, g, to new variables R, p_ by the famulas

E=R;Gox = puy cOs %R + p, _sin xR ;q.—x (8)

= Pa,—xCOS% R — p,, sin zR.

The new variables Puy, AF€ the coefficients of the
expansion of the function ";“(r) = cp“(r +&)in a

series of the form (5)
5. (1) = 26 Partn (0): )
b3

The transformation from the coordinates g,
o, -3 tO the coordinates p__, Po,—5 by the formula

(8) is entirely analogous to the rotation of Cartesian
coordinates in a plane by the angle xR, and in
just the same way leaves invariant the expressions

Gox + o —x = Pl + PE_s;
a2 Py o a2
2 + 2 = 2 2 :
L g  OP%,  OPh _,
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A

Therefore, in the new variables H . retains its

0
previous form:

Ho (@)= fy(0)= 5 o (P — /0p%). (10)

ar

Substituting into Eq. (4) the function “‘:p‘x(r ~ &) in-
stead of q)«(r), one readily obtains

HEq=—Lym (11)

x Sl ve. (1) Uw av =710, p).

a==1

In the new variables the operator for the energy of
the system has the form

A 1 . A A A
H = g (—iVe + Q) + Ho(p) + ' (0, p). (12)

where

Q=i pra,_,,a/apa_x.

-3°3

(13)

In Eq. (12) the differentiation with respect to R
is carried out with constant | The momentum
operator (7) has, in the new variables, the simple
form

k =—iVg. (14)

Since the operators (12) and (14) commute, the
wave function of the system can be chosen so
that it is an eigenfunction of both operators. An
eigenfunction of the operator (12) has the form

7 =L (p), (15)

where in the general case ¥(p) is an arbitrary

In order that (15) be at the

function of the Pocye *

same time also an eigenfunction of the operator
(12), it is necessary that ¥(p) satisfy the equa-
tion

[z (k+ 2+ Ayp) + O [ ¥ () 6

=EY¥ (p).

In this equation the coordinate R already does not
appear at all. Thus the translational motion of the
system separates exactly.
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2. THE APPROXIMATION METHOD

In the case of the infinitely heavy nucleon, for
M, > o, the first term: of the left member of Eq.
(16) vanishes, and the equation goes over into
that for a stationary nucleon, which was solved
in our earlier papersl’z. The difference is only
that instead of the coordinates q, used earlier 12

there now appear the new variables Py In the

case of finite but sufficiently large # / we shall
treat the term

(1/2M,) (k + Q)2

of Eq. (16) as a small perturbation. Then applying
the ordinary perturbation theory we obtain the ex-
pansion of the solution of Eq. (16) in powers of
/M

The solution of the unperturbed equation, found

previouslyl’z, has the form

¥ = 5D (0, p), a7

where ¢/ _ v
the spin and charge miotion of the nucleon and v,
2, the
angles v, are themselves functions of the Poy SO

is a four-component function describing

are angle variables. As shown before

that inits application to functions of the form (17)
0/Opax = 0/0*Pax + ) (00: ] Opax) 0/00;,

where d/0* Py,

respect to the variable p_

denotes differentiation only with
not occurring in the

arguments v,. According to this,
i

9 (18)
*lzl“p“-”[a* +26p ”i:,.

As found before!?
coupling the field ’c;«(l‘) in the neighborhood of the

, in the case of strong

nucleon remams nearly equal to the self-consistent
meson field ¢ ¢o(r), which is determined by Eq. (60)

1
of an earlier paper”,

¢a (1) = — (8, VW), (19)

& 1 "_"'r_r_dv'-
® VZTSU( ) —r' ’
g

«={b:, oY .

W (r) = (20)
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The coefficients of the expansion of the function

’?p:(r) in a Fourier series of the form (9) have the

form

Pax = (8as %) VWi (21)

W= W@ nmav.

Because of the spherical symnietry of the func-
tions U (r) and W (r) the coefficients W, asis
seen from KEgs. (21) and (6), are different from
zero only in the half-space of % in which %, <0.
The coefficients p*%_ , and also, as is seen from Eq.

(66) of Ref. 1, dv /dp_,

for x > 0.
Because of the small difference between the

functions c?x(r) and'\q’): (r) in the neighborhood of

are different from zero only

the nucleon, in the second factor of the operator
(18) we may replace p_ _. approximately by Po,. -1t

can be shown that this introduces into the result a
fractional error of the order (pa/g)?, which is
small in the case of strong coupling, when the in-
equality (1) holds. After this replacement the
second term of the operator (18) turns out equal to
zero, since P:'_% and dv./dp,, are not both dif-

ferent from zero for any value of x. Thus in the
further work application of the operator §} to func-
tions of the form (17) will not involve differentiation
with respect to the arguments v ..

We now proceed to the calculation of the matrix
Since Q does not
contain operators on the spin and charge degrees
of freedom, and l//'; does not contain the variables
Poy, €xplicitly, in taking the matrix elements of the

elements of the perturbation.

operator {1, ) is brought out51de the sign of opera-
tion, formmg a factor { Y v RARE 8 - There-

fore, in the perturbation calculation we can ignore
all states of the spin-charge motion that are differ-
ent from the perturbed state s. In what follows it
is always assumed that the spin-charge motion of
the nucleon is not excited.

It is sufficient to carry out the calculation of the
perturbation matrix elements with functions ® (v, p )

which, according to Ref. 2, have the form
®=Qy(%,8,9)
1 T \o 1
X exp {— 5 [(pm Pax)® + 7 1n ﬂ]}

XHHI‘[[ (pl - p?))
l

(22)
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where H_are Chebyshev-Hermite polynomials of

degree n,, [ are certain of the indices o (indices
of free mesons ) and ¢ is the wave function of the
quasioscillator considered in Ref. 2. Here v is a
set consisting of the three quantum numbers of the
above-mentioned oscillator, the half-integral posi-
tive number j [ the square of the angular momentum
of the rotator is equal to j(j + 1)], the quantum
number of the nucleon charge € (¢ =0, 1), and the
integer quantum number of the doubled component
of the nucleon spin along the axis 0Z, o. Eor the
ground ( nonisobaric) state of the rotator, i.e., for
the state with j = %4, the functions ¢, are presented
in Table I at the end of Ref. 2 (Q, = 27%771C").
We agree to denote mesonless states (free
mesons are absent) by indices Ov, one-meson
states by indices o x¥, where o % is the index of
the single free meson. States with two different
free mesons will be denoted by indices o 1% Gg¥oVs

® 1and O, %, are the indices of the free

where oy N

mesons. If in the function (22) n; =2 for one [
= ox, and the other n; - are all zero, we call such
a state also a two-meson state, and give it the
indices 2axv.

If the initial state is mesonless, then the matrix

elements (] are different from zero only for transi-
tions into one-meson states. These matrix ele-
ments are equal to

2 - vy (23)
(oxv” | €] 0v) =2/ i'&]/(ﬁu“’/u (%, 8:);

g =0 | &) =("" |&lj) ()

- SQ;/'gandm; de = sin 8 d9dBds .

The three components of the vector g will be

denoted, respectively, by g_,, g, and g_,. In

what follows only such matrix elements g: V are
needed in which the final state v’ as well as the

initial state v is nonisobaric (j'=j=%). The
e’o’led

values of these matrix elements g 3 are
given below:
0—1J0—1 111 1 .
gap ! =8ap =3 Ba3dps; (25)
—1l1— 1

gun = gz = — 3 Bugdys;
_ - 1, . i
goe™ = —gig™ = 3 (Busdan + Baspa);

o — 1 N
ggﬂlll 1 _ _g%n = -5(8“853 + i842823)3
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0—1|11

1 N .
Gap =3 [8418p1 — Baalp2 + @ (Su1dpz + Sagdpn)l;

— 1 .
gglga“ = T [Ba18p1 -+ Basdpz + 7 (3a28p1 — Baxdpa)].

’ ’ ’
The matrix g:é is Hermitian: " ¥ = (g 5
o -3

B

The nine quantities 8.3 2s is seen from Eq.

(38) of Ref. 1, can be treated as a rotation matrix
of a three-dimensional Cartesian coordinate system.
In this'connection the angles ¢, 8 and & appear as
Eulerian angles. From this there follows the rela-
tions

3 3
Z Zapup = g5 Z Zapgarp = Baar, (26)

a==1 B=1

which considerably simplify the further calcula-
tions.

A Further on we shall also need matrix elements of
Q forwhichtheinitial state (right-hand index) is a
one-meson state. Here, besides the transitions into
mesonless states, for which the matrix element is

equal to the complex conjugate of (23), there are
also the following nonvanishing matrix elements:

(x, — =" I Q [any') = i%Byry; 27)
(01210529 | O | av’)
= 2—1/’ ixl wax‘y/xx (nl’ g‘; v ) a““aamﬁ
-+ 2=/ i%g VQ—;; Wx. (ZZ; g; ’ ) aaalaxx,;
(20my” | Q |oaxy') = i% Ve W (%, 82"
The matrix elements of the operator Q% ar
easily obtained from the matrix elements of Q
iven above. The nonvanishing matrix elements of

Q2 for which the initial state is mesonless (right-
hand index 0v) are of the forms

(0¥ | 92| 0) = By S wben W (28)
(oemy’ |Q2 | Ov) = ]/5;7:‘2 w2W_ (%, ") (29)
(myotg®gv’ | €22 O) (30)

= V“)x;mx.(*h %2) Wi, W, [(82,,%1) (&, %2)1VYs
(200 |02 | 0v) = — 27" 2 (g, )P, (B1)

Asiswellknown, in order to make use of the
ordinary perturbation theory it is further necessary
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to determine the differences of the energies of the
system in the various states in zeroth approxima-
tion. According to Egs. (12), (17) and (31) of Ref.
2, the energy differences needed in the calculation
have the following values:

Eaxv'_Env:wz+Hj’_Hj; (32)

I. M. DYKMAN AND S. I. PEKAR

Ezazv’ _Eov = 2602 —+ Hj/ —H,

Here H is the energy of the quasioscillator, de-
termined from Eq. (31) of Ref. 2.

On taking into account the form of the perturba-
tionand Egq. (32), we can write the perturbed wave
function of the system in first approximation in the

Ea,x,a,x,v"—EOV = Oy, + oy, + Hp —Hjj form
4 (axv’ | 2 (k,Q) 4 a2(0
et { w2y 2 | o, +)A 2 0 83)
axyv
1 ;‘\’ (oty3q03ov” | ol | Ov) 1 (20mv’ | Q2 Ov)
o , @ e L N Qany” | Q2] Ov) ,
2 0 mx:;:x,v’ mx; + mk; + AV’ HXa kY 2M0 szxv’ 2“‘) + A (Dzaxv } ’
where A= H , H The matrix elements of Q ST T’_H 4 P s 35)
CcoS o = c Coal spCo 35
and Q determmed from Egs. (23) and (28)-(31) are 7 - o e
to be substituted into the expression (33). The + & T]—lc‘;3;
prime on the second summation of the expression .
(33) indicates that terms are to be omitted in which 91+ sin ce®Tiy,p
both of the indices o %, coincide with the indices
— 1+1 s i .
%y %y It is essential to note that f‘he quantities chTsp'ch + c22TSP ci2 4 chTsp ' cls;
. . . 2 )
u}volved in the matrix el-emfnts' of Q a.mc:l Q*° are 9-1ls7 sinde= T, ,
different from zero only if j'=j -1, 7, j+ 1. In
particular, when the initial state v is nonisobaric = cngé}flcil + B T! 2Ca + 023T§,, e5s;
(j = %), transitions are allowed only to the states -
with j'=1/2, 3/2. 92— sin 3e'BT, p1a
To prove the above-mentioned selection rules for P it n T P pi-ts
; = (o chT!cs c 2 C
g:E we must start with the Egs. (24) and take HE s T sl T+ Cial'sp Con;
intoaccount the fact that the functions Q are linear 27 i sinde  "*T] ,,
combinations of the functions V’ (9, B, ) with P it s i
= chTip Coy + 5Tl e + BT
different s and p. The functions V’ are defined in atep s#C22 7+ CosTsp Can.
Ref. 2 by Egs. (18), (20), (24) and (25) These For the meaning of the coefficients ¢ see p. 52
functions are connected with the functions I/ k

used in the work of Gel’fand and Shaplro
(Sec.7)by the relations

Vi, (9,8,9) (34)

= o)/ B (—ipisrTi (3, — 3, ).

Thus the functions in( ¢, B, 8) in the integrand

in Eq. (24) are linear combinations of the functions
T{: (¢, -8, B) with the same index j. The
P

selection rules mentioned above are easy to prove,
if we make use of the well-known recurrence formu-
las for the functions T’ (¢, 8, B) (cf. Ref. 3, p.
88):

of Ref. 3,

Eq. (24) contains cos 8, the first of the formulas
(35) is.to be used. If g“‘B contains sind multi-

If the quantity 8« in the integrand of

plied by sin ¢ or cos |, the second and third

formulas are to be used, and in the remaining cases
the fourth and fifth.
The perturbations— (k, Q) /M and — QZ/ZM

do not ““interfere’’, in the sense that they do not

have nonvanishing matrix elements for one and the’
same transition. In particular, the matrix elements
(23) and (29) are also different from zero in differ- .
ent half-spaces of %, so that the square of the ab-
solute value of the matrix element of the total per-
turbation is here equal to the sum of the squares of

the absolute values of the matrix elements of the
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separate terms. In such cases, as is well known,
each of these perturbations can be introduced in-
dependently of the other, after which one can simply
combine the corrections to the wave function and
the energy caused by each of these perturbations
separately.

Alongside the approximation method described
above, we also considered ordinary adiabatic ap-
proximation: In the zeroth approximation it was
assumed that the spin-charge motion of the nucleon.
and the oscillations of the meson field follow adia-
batically the translational motion of the nucleon,
and then the nonadiabatic terms were introduced as
a small perturbation. Here the calculations turned
out to be rather more complicated, mainly because
of the fact that the matrix elements had to be cal-
culated with more complicated wave functions,
which also depended on the coordinate £ of the,
translationa motion. Besides this, it was also
necessary in Eigs. (32) to add on the differences of
the kinetic energies of the translational motions of
the nucleon. The results naturally turned out to
be equivalent to those obtained above, if expanded
in powers of 1/Mo'

3. ENERGY AND MESON-FIELD MASS OF THE NUCLEON

We first calculate the correction £ to the energy
of the nucleon, caused by the perturbation —
(k, Q)/MO. The first order correction is equal to
zero, since (0p|(|0v) =0. In the second approxi-
mation the energy correction is equal to

@__ 1 \(oonv'\ (K, ) vz 36
EP = v 2 oo T A (36)
1 v’y wZ
_ 2M6 azxv, (k x 4 l x g ) \ 2 my T AV, .

It must be noted that the perturbed state is four-
fold degenerate (cf. Ref. 2). However, since
(0v”|(k, Q)| 0v) = 0, the energy correction in
second order is given by the same formula as in
the nondegenerate case.

In Eq. (36) the summation over «.v’ can be
carried aut in the following way: first we replace
A, - in all terms by its value A, , for j7=3/2.

After this the sum over «y” becomes equal to

'y «@
g[(x, g ) o _*_xA3,’1=

wl
o, + A,,’ 37)

Xg(n, g) (%, 82) = ™ +A ZM g.)%]".
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As was already mentioned above, in the sum (36)
only the terms gV V withj’ = Y4, 3/2 are different

from zero, so that the replacement of Av' by A3/2

changes only the terms with j”= % by the amount

—| (=8 |2 {1 —

[O)

9%
Oy + Ay, }

Thus the exact expression of the sum (36) over o
and v’ is

T Ay, &[0 8T

+ 318 11— 55—

ae’o’ (j'=12)

(38)

Here the further summation over o is easy to per-
form, if we take account of Eqgs. (25) and (26). The

final result for the sum (38) is the expression

vy Oy
2 \(x, ga )\2m

av’
1 2 @y,
—_ 2 ) _ —_——
—x {3 4= mﬁA%}.

(39)

Substituting this in Eq. (36) and noting that the
average of (k, % )2 over the angles is equal to
k2% 2/3, we find for the second-order correction
to the energy the expression

a2 1 2 Dy (40)
g" W"{%‘*? w,c+A3,,}'

(2)
Eff=-— 6M2

If we introduce the operator a- vV 12 = A (where
A is the Laplace operator ), the result (40) can be
rewritten in the form

E® _ __*
h 20 S, (41)
1 1 2 o
S=—\AwlLt 2 __©
3§ W{3+3 A }AWdV.

We now go on to the calculation of the correction
to the energy due to the second perturbation term
- 92/2M By Eq. (28) this correction E is in

first order equal to

1
EY) = — - 2oV (42)
x

= lw SAWmAW/dV

From the formulas (28)-(31) the correction E2 can
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without difficulty be found also in second approxi-
mation. But all corrections from the perturbation
- Qz/ZMO give constant terms not dependent on
k% , which consequently have no effect on the
value of the field mass of the nucleon, so that they
have no particular interest for us here and will
not be presented.

Just so it is pointless to calculate the correc-
tions to the energy from the operator —(k)/ M,
in orders higher than the second, since they con-
tain the fourth and higher powers of k. The correc-
tion proportional to £“ suffices for the calculation
of the field mass of the nucleon. Consideration of
higher powers of k does not make sense, since the
theory is nonrelativistic.

According to Egs. (16), (41) and (42), the total
energy of the system, which appears in Eq. (16),
can be written in the form

k2 k2
1 N
— SAWmAWdV.

Here H is the energy of the system in the approxi-
mation of the infinitely heavy (stationary) nucleon,
givenby Egs. (17) and (31) of Ref. 2.

The term in Eq. (43) proportional to 4% can be

written in the form

k*2M, I/M = 1/M,— S/M2. (44)

?

where

Whereas M is the mass of the ‘‘bare’’ nucleon

0 .
(not interacting with the meson field), M repre-
sents the total mass of the real nucleon (interacting
withthe meson field). It is, namely, with ¥ that
the experimentally determined mass of the nucleon
is to be identified. With a fractional error of the
order (S/MO)2 Eq. (44) can be rewritten thus: ¥
= M0 +S. From this it is seen that S is the
meson-field part of the nucleon mass.

The ratio A3/2/wn is in order of magnitude

equal to (p.a/g)z. In the case of strong coupling,
Egq. (1), it is considerably smaller than unity, so
that in the formulas obtained above one can neglect

the quantity A in comparison with As are-
3 n
sult S, for example, takes the form
1
s=z{@awpaw. (45)

We now indicate the criterion for applicability
of the method of small perturbations which is used

above. The term — Q2 /2M ; can be regarded as a
small perturbation if the energy change (42) that

I. M. DYKMAN AND S. I. PEKAR

it causes is decidedly smaller than the energy
differences (32). In order of magnitude the latter
are equal (basically) to @, , which can be arbi-
trarily large. But in determining the criterion of
applicability of the perturbation method one must
use in Kq. (32) some average o, corresponding to
the frequency of the oscillations of the meson field
that interact most intensely with the nucleon. In
Eq. (42) also one can give w_ an average effective
value @ and take it in front of the sign of summa-
tion (or integration). Then, by Egs. (42) and (45),
E(;) ~=3/4 & S/M,. The condition for appli-
cability of the perturbation method can thus be
written as : S/M_ << 1.

The term (k, Q) /M can be regarded as a small
perturbation if the energy correction (42) that it
causes is much smaller than

k2S/2M} < o ~)/ p2 - a—.

This inequality limits the nucleon momentum k.

(46)

4. SEMI-CLASSICAL CALCULATION OF THE MESON-
FIELD MASS OF THE NUCLEON

The meson-field mass of the nucleon can be cal-
culated without recourse to the perturbation method
if the translational motion of the nucleon and the
vibrations of the meson field are treated classically
and the spin-charge motion of the nucleon quantum-
mechanically. The Hamiltonian of the system has
the following form

E= iy ST 192+ (vour + gl @D

a=]1

— —’:— V 4r to(o, you) U (r)}dV
In the state with the lowest energy of the system it
is obvious that £=0, ¢_=0. This corresponds to
a stationary nucleon and a static meson field. The
equilibrium form of the latter is determined from the
condition of minimum potential energy of the system,
expressed by Eq. (14) of Ref. 1. Such a minimiza-
tion of the potential energy was carried out in Ref.
1 and the equilibrium static meson field so obtained
turned out equal to ¢ )(r) (cf. (19) and (20)]. By
Eq. (47) the corresponding lowest energy of the
system is 3‘ | - oo
E == S{—n—- V rﬂ 2 2 [

0 aél Ve Hete)

_%Vzg&@:) U (r)}dV .
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It was shown in Ref. 1 that the potential energy
does not depend on the angles v, 8 and . More-
over, because of the physical homogeneity of space
it does not depend on £. Thus the system can per-
form a free motion in these four degrees of freedom.
For such a freely ‘“‘revolving’’ and translationally
moving nucleon the meson field has the following
form

¢ (r,f) = ¢a (r — 2, 9,8,9). (49)
Here ¢ is constant, and ¢ , B and & are functions
of t.

Differentiating (49) with respect to the time, we

get

9% o
0v;

3

. . - o
%= (& V)9 + 2 3
i=1

where y, v, and v, are equal to ¢, B and §, re-

spectively. Substituting this into (47) and noting
that

do, 09
g dx, 0v; dv (50)
1 v S FW oW
= Z ap = o \ —5/—— dV =0
Bﬁ’g 8 dv; 8ap 0x;,0x 5 xg

because of the spherical symmetry of the function
W (r), we obtain

. 1 P
E=Ey+ 5 (My+ S)8 + Ty 61)
3 ~7 2
RN 2 99,
T,_gmlgl 03 S ( . ) dv (52)

is the kinetic energy of ‘‘rotation’” of the nucleon,

urrelatedto its translational motion. From Eq. (51)
it is seen that the total inertial mass of the nucleon
is equal to M | + S. This result agrees with the
approximate result of the quantum calculation.

5. INTRODUCTION OF THE MAGNETIC FIELD INTO
THE HAMILTONIAN OF THE SYSTEM

For the introduction of the magnetic field into
the Hamiltonian of a nucleon interacting with the
meson field, it is convenient first to go over to
new complex variables ¢, 7 inst:aad of the real
variables ¢ 1 P Ty Tys = 2'/"(cp1 ~ i, );
m=9" (171 +im, ). The result is that the Hamil-

tonian of the system, Eqs. (2)-(4), takes the form
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" 1 * ' *
H:—m—OA5+S[ﬂﬁ+——W§+ (Ve', Vo)

+V2 t_Vo' + <3 Vo) dV.
Here

1 . 1 .
T, =2 (v Fity), =2 ”(Tl—wz).
The usual gauge-invariant introduction of the
electromagnetic field leads to the replacement

Vo—>Vo —ieA(r)e, V3z'—Ve* +ieA(r)o",

Vi Ve —ie ~ T A E)

in all terms of the Hamiltonian. Here A is the
vector potential of the field. The magnetic field
is assumed below to be static, homogeneous and
parallel to the axis OZ.  The corresponding vector
potential can be chosen in the form A =~% 9y,
Ay =% § x, where § is the intensity of the mag-
netic field.

Supposing the magnetic field sufficiently weak,
we retain in the Hamiltonian only terms linear in
® . The additional terms that appear in the Hamil-
tonian on the introduction of the magnetic field have
the form

Hpag= Hy + Hy + Hy + A, (54)

where
ﬁlz.é'/_a_o(lﬁus)@(sl—a%;—&g—(%—); (55)
B, = — 4LMO (1 + t5) 059; (56)
H; = e$ x cpl<x % — y%\) 2V 0
cgVr (58)

H4= m 9o

X S U (r —8) (xsy — ysx) (sa92 — 79:) dV.

Here 1/1‘1 is the operator for the interaction of the
magnetic fielj\ with the orbital motion of the ‘‘bare”
nucleon and A is the operator for the interaction of
the magnetic field with the spin magnetic moment
of the ‘‘bare’” nucleon. This interaction is differ-
ent from zero when the ‘‘bare’” nucleon has charge
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+ 1, and equal to zero when the charge of the
““bare’’ nucleon is zero. Therefore, the o §erator
factor 2% (1+ 7, ) appears in Eq. (56). and

114 are the supplementary terms arising on the intro-
duction of the magnetic field into the second and
third terms of Eq. (53), respectively.

In Egs. (57) and (58) we have again returned to
the real fields ¢, ad Py The further calculations
will be conducted in the variables R, ’c})l (r), and
P, introduced in accordance with Eqs (8) and (9).

In these varlables -1 V‘g«: -1 V + Q where the

operator Q is defined by Eq. (13) and the opera-
tors (55), (57) and (58) have the forms

A, = 4‘—‘/;% (1 +75) @[R1 (59)

a
0Rs

- Rz'g% —i(Rzﬁ1 - Riﬁz)] ;

(61)
— (Y + Ry) 311 (3192 — o) U (r) dV.

6. CALCULATION OF THE MAGNETIC MOMENT OF THE
NUCLEON

We now calculate the correction to the energy of
the system caused by the magnetic field. The mag-
netic moment of the nucleon will then be defined as
the coefficient of the magnetic field intensity in
this correction. We shall start with the wave func-
tion of the system, Egs. (15) and (33), which it is

now convenient to rewrite in the form
x = L= helkRY, ¥ — o7 (D, + ),  (62)

where (D(O)V is the correction to the wave function

caused by the translational motion of the nucleon
(and proportional to 1/ M ):

TP

2M,
ax v/
+ 2’ (o %g09%2v” | fox | Ov)

w, + o A,
LR RRY “l+ x,+ v

+ 2

ax v

(oxv” | Q2 | Ov) o

(1 _
Doy - o, + A,

(63)

axy’

- (I)o(‘x‘a a%a V'

(20xv | Q2 Ov)
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Here we have already set & = 0, since the mag-
netic moment will be calculated below in the iner-
tial system in which the total momentum of the
nucleon is equal to zero.

The correction to the energy of the system caused
by the weak magnetic field is given by

Hmag= & {X‘Izn!,gX} dTded(x). (64)
It must be kept in mind that ¥ does not depend on

R; therefore, upon proper choice of the boundaries
of the cyclic interval (in which X is orthonormalized)

\R o, L dee =0,

where L is an arbltrary operator which does not
depend on R. Thus in the integration of (A4) all
terms containing factors Rl and R, dropout. In particular,
the energy correction causedby the operator 1?1 is
equal to zero.

Proceeding to the calculation of the correction
H, from the operator //,,, we must first of all note

that according to Eqgs. (7)-(9 and (29) of Ref. 1
{07, o3}
= \Cl\z——\C2\2+lC3\2—[C4|2 =0.

Furthermore, by Eq. (25), we have

[DF7395Pgy dp do> = gy (65)
{ 1/3 for e=1,6=1 or e=0,06 =—1,
T 1—1/3 for e=1,6=—1or e6=0,0=1.

B .
ecause of the orthogonality of D0,

and (I)(Ollz in the
coordinates Por,

S D" 73 33 @y, dp dw = 0.
Thus

Hy = — (e/4M,) 983 (66)
In the calculation of H, one must keep in mind
Egs. (9) and (19)-(22). Besides this, it is helpful
to note the following property of the quantities
(9, B, 8): in the determinant || g_p || each
element is equal to its algebraic complement, taken
with sign reversed (i.e., its minor). For example,

33 = 12821 — 811 82e- (67)
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As aresult of the calculation one gets 1 A . N
g 2 — (o’ ] Q? [ 0v) " (oemy’ | Hg | 0v)
(OVIﬁ | Ov) = 1 (0) _w , O (71)
3| 0v) = — 79'5[ 833, (68) xxv
1 A
where, as in Ref. 1 [ cf. Eq. (46) )], =73 gy 11,
2o 0w where
() __ _‘_ / ‘\2 .
I7=3 g<$/ av. (69) Iy = D at W2/ e,
®
Furthermore, we readily obtain The following expressions are calculated in an
analogous way:
A i %oty | Hy |0
(% )] Hy|0v) = V:T OW_. (70) (2 1ez 2’| Hy | 0v) (72)
* = T_ ®8V"’ (6“118“:2 - 8‘1:26‘1:1)
2 vy a vy ! vy D vy @y Dy
X [(Ba1g}y — 8a287y) s + (Ba2@?y — 8an@2yY) %y, L
. [é) 0
X S)(m(xa—y—' ya)Xx.dV,
’ 1 N * 1
Z m (0ty2,0%59" | Q2| OV)* (ot %, 0t9%59 | H g | 0v) (73)

o K A gn v

(x‘.i )tg)

- 0 0
=—edgy m"u“zx W, W g Ko (x ay Y a—x> Yoy AV

K1Xg

The expression (73) can be simplified by means

of the following consideration. Since the operator
A commutes with 4 = x-2- — y—a—, integrating by

. Y. x . .
parts we obtain the following relation for an arbi-
trary function (f( xi, % g) expansible in power
series:

(7020 ) 0 Ay, dV (74)

= {[F (= A, 2, Ay, v
= 12, A (=B, ) 2,4

= {7062 ), Ax, V.
From this it is seen that the integrals (74) are dif-
ferent from zero only for n% =% g On this basis

(o, 1+ w”z) can be replaced by 2w%2 in (73). Then

for the sum (73) one finds the value
1 04 1 1 ww
Feoen\ AV~ AW = Lepgnl,. (5
The matrix element
(20v' | [15]0v) =0, (76)

as one can readily convince oneself by performing
first the integration over p and taking into account
the orthogonality of the oscillator wave functions.

Proceeding to the calculation of the energy cor-
rection H . in the expression (63) we drop out the

A+ occurring together with w,_ , as was already

done in the derivation of Eq. (45). Then, using
Egs. (63), (68), (71), (75) and (76), we obtain
Hy= (0 |15]0v) (77)

+ {100 1 @y, -+ 15 ] dp deo

= — 1Y, e9gn (1) —(1/3My)14].

In the calculation of H, one again makes use of

Egs. (9) and (19)-(22), and also of (67). One finds

(Ov[ [1,10v) = —egiy (g /3p) VA= K;  (18)
K=\ruSZav. (79)
Furthermore,
g Ve
(o' | Hy | Ov) = fi/'i«;g’ (80)

X\ 10081y — vgy) bes — (v — yigy?) ) UV

SV L e | 9200 (v’ | H,]0%) (81)
= VT g oK,
A
K,= SrU(TrzW/dv.
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On carrying out the integration over p one easily
shows that

(0t %305%,5Y | H 0 =0, (82)

(20xv’ | H 4| Ov) = 0.

In the calculation of #, we shall again drop
» in comparison with w_ . Then, using Egs.

A
(63), (78) and (81)-(82), we obtain

Hy=—e$gy(g/3n) Vir [K +K,/2M,].  (83)
Summing, finally, the expressions (66), (77) and
(83), we obtain the resultant energy correction
caused by the magnetic field,

1 P
Hag = — edgyy[ 717 T £ V=K (80)

+am, (3 — L+ 2VEK)).

The magnetic moment of the nucleon, defined as
the coefficient of § (with sign reversed) in the
expression (84), is

1 _
m=egy 517+ £VizK (85)

+(T1/\4—0(?7‘)“11+§VEK1)]‘

From this it is seen that according to (65) the mag-
netic moments of the proton and neutron are equal
in magnitude and opposite in sign.
The experimentally observed difference of the
absolute magnitudes of the magnetic moments of
the proton and neutron can in general not be ob-
tained in the approximation limit of strong coupling,
in which the wave function of the system has the
form
W= 0,0 g). (©6)
To prove this in general, we assume that (86) repre-
sents the proton state of the system. In our nota-
tion the operator for the charge of the system4 can
be written in the form
s —e 1 T5);
< + 5 (1 4+ =3); 87)

A

e =i 2 (9120 / 0q2. ~— g2 0/ 9q 1)

The function (86) is an eigenfunction of this
operator and corresponds to the eigenvalue +1.
From this it follows, since {1/1";, T, Y } =0, that
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7 ={0' ¥ odgdg = 7. (88)

®

Since the operator for the vibrational energy of the
meson field (cf. Eq. (1) of Ref. 2] is real, the
function

¥, =142, 9)

(89)
is also an eigenfunction of the energy operator and
corresponds to the same energy asdoes the func-
tion (86). It is easy to see that (89) is a neutron
state of the system. Indeed, in this state

e = S @’ O dEdg (90)
=— {0 ggdg=— 1,
2
and consequently the eigenvalue of the charge opera-
tor (87) is equal to zero.

In an entirely analogous way, by considering the
operator of the total angular momentum of the sys-
tem, one can show that the states (86) and (89)
correspondto opposite orientations of the spin of
the nucleon.

If we now compare the corrections to the energy
of the system, Eqgs. (56)-(58), caused by the mag-
netic field, for the states (86) and (89), they turn
out precisely identical. Consequently, the mag-
nitudes of the magnetic moments of the proton and
neutron states of the system are found to be identi-
cal.

Thus it can be possible to obtain a difference
of the magnitudes of the magnetic moments of pro-
ton and neutron only by renouncing the multiplica-
tive form of the wave function, Eq. (86), with the
factor i , which was determined in Ref. 1. This
is not to be achieved by a more precise considera-
tion of the transitional motion of the nucleon, but
by departing from the limit of strong coupling and
introducing the corresponding corrections.

7. DISCUSSION OF RESULTS

If in Eq. (85) we drop the last two terms ( con-
taining [, and K ) ), which appeared because of

our taking into account the translational motion of
the nucleon, the value of the magnetic moment m~
turns out to be identical with that found in the

work of Pauli and Dancoff*. In the comparison it
must be noted that our parameter g is equal to the
parame ter 2-% g of Ref. 4. The agreement of our
value of m, obtained in the symmetrical theory, with
the value of mobtained in Ref. 4 in the charged meson
theory assures us that the interaction of the nucleon
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with neutral mesons does not influence the size of
the magnetic moment (at least in the case of the
infinitely heavy nucleon).

It must be noted that in Ref. 4 the magnetic
moment was determined from the density of the
meson current, which led to the difficulties in con-
nection with the impossibility of satisfying the
equation of continuity of the current inside the ex-
tended nucleon. In our work this difficulty is not
encountered, since the magne tic moment of the
nucleon is determined from the expressoin for the
energy of the nucleon in the magnetic field.

Investigation shows that in the case pa>>1[a
is the effective radius of the form factor U(r)] the
results of the theory depend essentially on the
shape of the form factor U(r). Since in the present
state of science there is no sound basis for choos-
ing this shape, an impermissable arbitrariness ap-
pears in the theory in the case pa >> 1. There-
fore, we confine ourselves below to the considera-
tion of the case pa << 1, in which the results are
insensitive to the choice of the form factor. In
this case Eq. (20) can be approximately rewritten
as follows:

v gy,

Wi~ = (o1)

Expanding the functions U and W in the integrands
in Egs. (75) and (81) in series of the form

(r) _ (Q”R) s Z U, sin kr

where R is the radius of the fundamental region in
which the basis functions are orthonormal and k&
=nn/R(n=1,2,3,...), and carrying out the
integration over the volume term by term, we ob-
tain

4rg? Uﬁ gVZTr
A 2 7

k

(92)

11=

From this it is seen that the sum of the two last
terms in Eq. (85) is zero. Thus by Eqgs. (69), (79)
and (91), one gets

gVin (93)

m=eg”“[i1‘°)+ K+ 7]
te 53[(;;) SSMdVdV'-I—ZM]

Consequently, in the case pa << 1 the inclusion
of the translational motion of the nucleon to first
approximation does not change the value of the
magnetic moment of the nucleon.

By Egs. (45) and (91) one gets for the meson-field

mass of the nucleon

s~ (o

3 (94)

The quantities (93) and (94) can be evaluated
readilyif we replace the form factor by the func-
tion

3 / 4wa® for r <a
0 for r > a,
taking advantage of the above-mentioned small

sensitivity of the results to the shape of the form
factor (in the case pa << 1). Then we get

U(r)= { (95)

=egy[g%/5p*a + 1/4 M), (96)

S = g%/ p2a®. (97)

To estimate the parameters of the theory we re-
place in Eq. (96) the mass M| of the “bare”
nucleon by the mass M of the physical nucleon,
and equate the quantity (96) to the experimental
value of the magnetic moment of the nucleon. For
the latter we take the arithmetical average of the
magnetic moments of the proton and neutron, equal
to 2.4 nuclear magnetons. Then for ¥/p = 6.7 we
get

(g/pra)?pa=2.5. (98)
From this it follows that for pa << 1 the criterion
(1) for strong coupling is satisfied.

We now pass to the consideration of the criterion
for the heavy nucleon approximation (¥ >>S).
By Eq. (97), it can be written

(g/pa)/pa<M/p=6.17. (99)
This inequality limits the strength of the coupling,
and in the case pa << 1 can be fulfilled only for
weak or intermediate coupling. Multiplying Eqs.
(98) and (99), we get (g/ pa)? << 4.

CONCLUSIONS

1. In the limiting case of strong coupling the
magnetic moments of proton and neutron are found
to be identical (in magnitude) even with inclusion
of the translational motion of the nucleon.

2. In the case pa << 1 comparison with experi-
ment of the nucleon magnetic moment calculated for
the strong-coupling limit and the heavy nucleon
confirms the criterion of strong coupling.

3. The heavy-nucleon approximation is not ap-
plicable in the limiting case of strong coupling.
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4. In the case of strong coupling the meson-field
mass of the nucleon is not small in comparison with
M, and possibly even exceeds M. In the latter
case M. turns out to be of the order of or smaller
than the mass of the mesons playing an important
part in the interaction with the nucleon, so that it
is of interest to consider the relativistic motion of
a nucleon in the meson field, including the possi-
bility of the formation of nucleon pairs.
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