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where, as expected, the first term of the series co-

incides with Fq. (17).
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The vibration spectrum of a disordered crystal is studied. Calculations are made for
an isotopic mixture, although the method could be applied under more general conditions.
The mass of each atom.is taken to be a random variable, and the deviation of the mass from
its average value is not assumed to be small. The spectral density and the vibrational
part of the free energy of the mixed crystal are determined.

T' HE determination of the vibration spectruni of
a disordered system, for example a mixed
solid, is a highly interesting problem. A similar
probleni was considered by one of the authors’

in connection with the optical properties of mixed
solids; at that time we investigated thoroughly
only those aspects of the problem which are direct-
ly relevant to infra-red spectroscopy, (in particular
the question of the existence of impurity fre-
quencies). Dyson® considered the same problem
for the special case of a disordered linear chain
with nearest-neighbor interactions. But Dyson’s
method is by its very nature not capable of ex-
tension to three-dimensional systems.

In the present paper we describe a method which
is free from these limitations. The method is an
extension of earlier work by one of us.3"¢ We
apply the method here to the case in which the
atoms in the system differ only in mass (a mixture

of isotopes). For the sake of clarity and simplicity
of exposition, we consider only an idealized lattice
in which all vibrations take place in one direction.
This shortens the analysis considerably, without
changing the essential nature of the problem.

There exists a deep-lying similarity in the
effects of the destruction of translational invari-
ance upon the energy spectra of phonons and of
electrons. Hence the results of this investigation
should be qualitatively valid also for electronic
spectra.

1. THE METHOD OF TRACES

The equation for the vibrations of a lattice com-
posed of a mixture of isotopes of a single element
has the form

r—r’

TX(T')““’?X(T):Q 1)

r
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Here x (7) is the displacement of an atom from its
equilibrium position, and 4 , is an interaction
coefficient; r=n, a, +n2a2r'+r ngay, where the
n, are integers and the a, are the periods of the
lattice. In what follows we take the periods to
be the unit of length. The masses m_ are random
variables taking two values (for a binary mixture)
with probabilities equal to the corresponding
isotopic abundances. The quantity to be deter-
mined is the expectation value of the spectral
density, or of the number of energy levels in a
given interval. For a sufficiently large crystal,
the actual value of the spectral density will
coincide with its expectation value.

Considering the difference between m and a
constant mass m as a perturbation, we nqay write
equation (1) in the form

(lA, + 51:) 7 —wy =0, ()
with

Leg=Le—p=Arp/m;  (3)

Erp = Edpr,  Er = (M — My)/Me. (4)

To make the operators Hermitian, we write
Equation (2) in the symmetrized form

] (2\4 + A) X' = (.02)(', (5)

R DV300, 5 — Ly,
In future we drop the primes and write yx for x .,
The eigenfurctions of the unperturbed operator L
are the plane waves X‘;c = e2™k  The corre-
sponding eigenvalues are the squares of the unper-
turbed frequencies

o (k) = D) Lee—enite,

In the representation defined by the states x° |
the perturbation A has matrix elements given'by

.Ak,k' = (l’\‘ll2 ;'[: Iiaxg» Xﬁl = (EZ\’I/’X{()a ﬁ‘/ﬂ X(l)(l) (6)

= & (k) o (k') D erermiti—ir,

We shall calculate the difference in vibrational

free energy between the unperturbed and perturbed
crystals, namely

F—Fo=Sp{e(lL +A)—o(l), @
9 (2) =OIn(l —e™ie) 41/, Y 2. (g)

Here O is the temperature and % is Planck’s con-
stant. In principle we could equally well carry
through the calculation with some other function
¢, but this choice has the advantage of yielding
directly the free energy which is a physically
interesting quantity.

The quantity (7) is related to the difference
between the spectral densities by the equation

F——FO:Ngcp(z)[v(z)~v0(z)]dz 9)

z
= — N {dzy' @) {1y () — vo ()] .
0
Here and henceforth, the letter z denotes the square
of a frequency, z=w? . N is the number of atoms
if the lattice and N v (z) is the spectral density.
For the unperturbed lattice,

~

v (2) = X dQ/|Ve?|, (10)

the integration being over the surface w? (k) =z
in k-space; d{) is an element of area on the surface,
and V w? means the gradient of w2 in k-space.

2., EXPANSION IN POWERS OF CONCENTRATION

We set the ‘  unperturbed mass’’ m equal to the

mass m ; of one isotope, and consider as a perturba-
tion the replacement of m, by the mass m, of the
other isotope at certain lattice-points. Asymptoti-
cally for large N, the expansion of the vibrational

free energy in powers of the concentration ¢ of
the second isotope has the form

F—Fo=Nef, + N fo+..., Q1)
Nfy = (OF/0) e =N (F, — Fo), (12)

Nfs = (6*F[0c?) |c—o = N*(F; — 2F; + F,).(13)

Here F is the free energy of a lattice con-
taining precisely n impurity atoms, averaged over
the possible positions of these atoms. Let

¢n(’ 1» + - «» T, (be the addition to the unper-
turbed free energy, in the case when the impurity
atoms are at the positionsr , . . . , o
Clearly l/ll (r)= ¢1 is independent of r, and

¥, (ry, re) =y, (ry —ry), while ¢, (r -

asr —©, Further, let W_ _ R
2¢1 ’ ™ .r2""’rn—1 "n
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be the correlation function defining the probability

P for finding n impurity atoms at the
ry .

r
1.°.°°
positions 'fl, e e T

Pl‘ — C, Pl", r, = C2er._r,...

In the absence of long-range order, ¥ —1 as
r — @, [f there is no correlation between the
positions of impurity atoms, then Wr =1 for all
r. In any case,

fi=1, f2=2 Wi [92(r) — 294, (14)
r+0
and therefore
F—F, (15)

=N {ech + &S Wilba(r) — 201+ } .

r+0

If there is no correlation (Wr= 1), then

F—F,
(16)

2

= Nt + 5 3t ) — 200+

r#0

Thus, to determine the free energy of the mixture
correctly to terms of the order ¢” | it is sufficient
to calculate the addition to the free energy pro-
duced by inserting not more than n impurity atoms
into the lattice. When n atoms are inserted, the
contribution to the free energy is

On(Tys ...y Tn)
A A A (1 7)
=Sp{p(L +An(ry, ..., ta) — 2 (L)}
with
(An)k.k' =¢'w (k) ® (k') 2 e‘zm'(k—k’)rp’ (18)
p=1
e = (my — mg)/m,. (19)

In our problem, the perturbation operator is
finite-dimensional, the number of dimensions being
equal to the number of impurity atoms. The anal-
ysis of such perturbation operators in the physics
of crystal lattices has been carried out earlier.?"¢
The problem of calculating the trace of a difference
of two operators of the form (7) has been solved 57
quite generally. Using the results of the earlier
papers, we have
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(20)

Y (tnm) =\G( ) o (2) dz

En (2, rl,...,rn)zé—argl) (21)

Eer, (W)

dp.) (p, k=1,...,n);

w—z—i0
0
(22)

& = (m; — my,)/my,,

aQ
Jr(p) = g Tvo?| ezmike, (23)

o?(k)=wn

Here D (o ) means the determinant whose ele-

ments are loci . For z > z° | the determinant D
is real, and & takes the vafue zero or one accord-
ing as D is positive or negative. The contribu-
tion to v, supplied by the function "tn in this
range is

2i(e(2) —2 (@),

(24)
where the z = are the roots of the equation
1
22‘] (w) (25)
r;—r
D (S;k + ez S __kz dpa) = 0.
0

In the region of the continuous spectrum
(0 < z< zg ) we have

Jr~—r (P‘) 'Jri——l' (U-) .
g T dp = S SR dp - inde r, (2),

w—2z—i w—2z

where [“means a principal value integral, and so
the argument of the determinant may take any
value from —7 to 7. In the special case of one
impurity atom, with z in the continuous spectrum
range,
(26)
1 ’ -1,
£ (2) = —arctg {'TCSZVO (2) [1 + ezg ——-—;°_<_‘Lz) dy-] } .
To make the meaning of the above equations
clear, we now carry through the calculations of
Ref. 6 for the simplest case, in which there is
only one impurity atom. Without loss of generality
we suppose this atom to be placed at the coordi-
nate origin. Then the perturbation operator be-
comes
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(Al)k,k’ = ¢'o (k) o (k').

We introduce a sequence of operators L , having

the same eigenfunctions X 0 = e27 k7

but with eigenvalues p = o [w2(k) /o], where
[ ¢] denotes the integer part of a real number g.
Each eigenvalue p = an of L is infinitely de-

generate, the crystal being squosed infinite. It
was proved previously ? that, for an operator with

a degenerate spectrum, the addition of a one-dimen-
sional operator A . produces a decrease by one
unit in the multiplicity of each eigenvalue, the
multiple eigenvalues maintaining their positions
unchanged. One eigenvalue is split off from each
multiplet and takes a displaced position between
#, and p ;. Thus the new eigenvalues of

(Lo. +A L) may be written in the form

Zn = P + oty (P-n)- 27)
with an error small compared with .. The equation
for the eigenfunctions corresponding to the new
eigenvalues is

f(r)=—(La— 2)1A,f () (28)
1 N
== | Al wndk
n anlw (k) <afn41)
=g’ i _dQ  orikr

Putting r = 0 on both sides of this equation and
dividing by f (0) , we obtain

1:5'2w.

z—y, (29)

n

We now write 2n = Pn + %51 (#n) | and go to the

limit o —0. After a few transforamtions,® | we
obtain

T () 4,

1 = w2y, (2) ctg =, (2) 4~ & S zZ—u (30)

Remembering that Sd k= lande =¢'/(1 4 <),

we find that (30) reduces to the desired result (26).
These displaced eigenvalues tend to a continuous
spectrum as o.—0. If there exist other eigenvalues
in the range z < z 0 of the discrete spectrum,
they are solutions o% the limiting equation
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0 (31)
2 S L) ({L)dP‘-
0

z—u

1

il

In our case, such discrete eigenvalues can exist
only if €”is positive and sufficiently large, i.e.,
if the impurity atom is much lighter than the
others. In what follows, except in Sec. 4, we
assume that such discrete eigenvalues are absent.
From the foregoing expressions for the eigen-

values of the perturbed operator, we deduce the
value of the difference of traces.

9 =Sp (o (L + &) — o (L)) (32)

== l}’no] Sp {(? (Ea + Al) —¢ (Za)}

= 1im (5 (irn =+ @) (1)) — 5 ()]

20 T,

=ty @,

in agreement with Eq. (20).
Turning now to the evaluation of the free energy

(15) and using Eq. (20), we find

F—Fy=N{dz (1) [02) + 5 (33)

X ) Welsa (e, 1) — 25 ()] + - . }

r+0

The sum over r in Eq. (33) is convergent. In fact,
Ehe )quantity (£,(N-2 rfl ) is according to Eq.
21

)= (34)
] y Jr'(u') . J——r(y")
= Lar /1_~€bz‘\u—z—io di*guf_szd“ .
= arg| e T Tl
( 14 ez SM_______ )

z—1i0
and decreases rapidly for large r by virtue of the
decrease of the integrands ]r () which contain

exponential factors. If there is no correlation, the
sum in Eq. (33) becomes

(3 (2, r) — 2%, (2 N S
2 @) = £arg]] -

J, J_(n
32228 r(E'L). dg ,_r(r’“). du
X(l— w—z—i0 w' —z—i0 )

( 1-4ez S () du”)z

w'—z—i0
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We used the fact that the argument of a product

is equal to the sum of the arguments of the factors.
Within the interval of unperturbed frequencies

(0 < z < 2z%), the vibrational spectrum density

v (2) of th€ mixed crystal is obtained by a com-

parison of Kq. (9) with (33),

v(2) —vo(2) = — -;;{051 (2) + _c; (36)

x QWe by (20)=20(2)) + ..

r+0

Near the end-frequency z? this formula is incorrect.
Indeed, the endpoints of §he continuous spectrum

of the perturbed and unperturbed crystals will not
be identical. In Sec. 4 we determine the per-
turbation of the end-points, and the spectral density
throughout the whole range of perturbed frequen-
cies, '

3. EXPANSION IN POWERS OF ¢

When the mass-differences are small (e << 1),

the foregoing results simplify greatly. Retaining
terms up to the order ¢ 2 , we find

(@) = ean (@) [1 —ez 2l gu],  ©D

% (2, 1) — 2, (2) (38)

r Je ()
¥4

= — 2:222Re J_(2) S -

dp.
Substituting Eqs. (37) and (38) into the expressions
(33) for the free energy and (36) for the vibration

spectrum density, we obtain to the same accuracy,
assuming no correlations exist,

F—Fy=N {sc%zg’ (2) v (2) dz (39)

22t (oo @)z + (ot (@202

c(1—e¢)
+ 2

2%’ (2) — uPe’ (1)
z—u

x|
2(2) =% (2)

_ _Edz_ {eczvo (2) — <2 [0(1 —¢) 2%, (2) SIJO_(HZ) dp

v (2) v (1) dz dp.] +..
4o

+ S @]+ ).

I. M. LIFSHITZ AND G.I. STEPANOVA

In the derivation we have used the identity

© 40 , ,
5 ——lvmzlgdkf(k,k)
o (k)=2

= Sdkdk’ 3 (e (k) — 2) f (k, K).

Equations (39) and (40), considered as expansions
in powers of ¢, are valid for any value of the
concentration ¢. This is because the higher terms
in the expansion in powers of ¢ all carry higher
powers of ¢.

Equation (39) could have been derived directly
from Equations (2)— (6) by making an expansion in
powers of ¢. If we apply the analogs of Equations
17, (20)Aand (21)) to the entire perturbation
operator A (Equation 6) and expand £(2) in
powers of ¢, we find*

F—F,= z&;gch’(z)vo(z)dz

r

—_— ("1 y24m7
+ Do T e (@) e ) dz

z

(41)

r,r’

Here e = (m — m,)/M: is treated as a random
variable, and the bar means a statistical average.
The € appear in Equation (41) in place of the

¢’ which appear in Eg ((3\. because we changedfrom
integrals of,tlbe fog'm e () dp  to integrals

of the forn| '™ ;) & —2 The same thing
happened in passing from Eq. (30) to (26). If the

original unperturbed mass was m_ , then

1 I
er = € (my — my)/my = ce,
Sf = 052’ ;Er'-}-r = CzW,.sz,
and Egs. (39) and (40) follow.
If ¢ is small, it is convenient to choose for
the unperturbed mass the mean mass m=m ,

(1=¢). Inthis case Equation (41) should be

used with
e =0, 512- =c(l — c) €2, speppr =0
if there are no correlations. The correction to

the free energy is then quadratic in ¢. The un-
perturbed spectrum density in this case will be

¥ (2) = vo[2/(1 — ec)l.

- *To justify the use of these equations, we should
imagine that we have an infinite crystal composed of
identical atoms of mass m, with a finite perturbed
region contaiging N lattice -sites at which the perturba-
tion operator A is different from zero. Afterwards the
value of N can be made as large as we please.
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Finally, we shall state without proof the for-
mula for the correction to the free energy for ¢ <<1
in a real crystal where the vibrations have several

modes of polarization. The unpertur bed mass is
again the mean mass m.

— 12207
F_Fogzsrsr'gzz—q)_%

’

(42)

rr’

X D) IeEe (2) JEE ¢ (n) dz d,
8.8’

JER(2) (43)

aQ . -
- Z S Iszlufi (k) upe (k%) ke
j

I 3=

Here the index j denotes a particular mode of
polarization of the unperturbed crystal vibration,
and o/ (uj1 , uj2 , u?{ ) is the corresponding
normalized polarization vector. The eigenfunctions
of the unperturbed system are now of the form

ui (k) e2™kr). . It is more convenient to write
Equation (42) as an integral over k-space, the
integration volume being one cell of the reciprocal
lattice.

- 1 —
F—Fo= Sz

r

(44)

X S dkdk’ exritk=)r—e) (k, k'),

O (k, k') = 2| w’'(k), w’ (k') |2 (45)

i’
% 0lR)e’ (02 () — bk @’ (@ (k)
o} (k) — o, (k')

If there is no correlation, then

F—Fy= ~Nc(l1—c) azgdk dk’ @ (k, k’).(46)

4. STRUCTURE OF THE SPECTRUM

Equations (36) and (40), obtained formally from
the difference of traces, are incorrect near the
end-points z° of the unperturbed spectrum. This
is connected with the fact that the range of
eigenvalues of the perturbed operator L +A does
not coincide with the range (0, z% ) of the con-
tinuous spectrum of the unperturbed operator L (i.e.,
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the range of frequencies of the monoisotopic crys-
tal). The difficulty arises mathematically from
the singularities of the derivatives A" (2) at the
point z%. In the neighborhood of z° the spectrum
usually has the shape v (z) ~ (z 0 _)V2 |
and the expansion (40) containing the () (z)is
meaningless. It is not difficult to express v (z) in
a form free from divergences, and to determine the
displacement of the end-point. For this purpose
we consider first the case € << 1. Then Eq. (39)
may be written in the form

F=N{n@ o) @)

+ [ecz 4 sz e (1—0) 2| 2 ] )

e2z2c2

+ 2

¢ (2)+ .. .}dz.

The point z° isnot a singularity ofthe function
¢ (z), and the coefficients of ¢’ (2),67 (2),. . .
in the curly bracket are finite at z® . Therefore
we may regard the whole expression in the curly
bracket as an expansion in powers of ¢ of the

quantity

® (2 4 ecz 42 (2) + ...), (48)
= _ "% g, (49)
7@ =tz 4 o (1 —0) 2| 2 gy,

Then a simple change of variable in the integral
gives

0
of's
F=(n®et+ect+em()dt (50)
0
Y d dt
= S Yo (£ (2)) 2 (2) dz,
1]
z =1+ ect + ¥ (f), 51)

= 20 0 2
g =2yt ec2h +e "1(22,)-

Hence

v(2) = v (t (2)) (dt/d2). (52)

A similar method applies to the case when we
make an expansion in powers of the concentration
of one isotope. The result, correct to terms of
order ¢, is then
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v(2) =, (.zz—cz'1 m)[l + C(E_l(z_))']—l , (53)

vo (2) vo(2)

2, =25+ ct, (;z?{)/w0 (2). (54)
Up to now we assumed that there were no
discrete eigenvalues of the perturbed operator.
If such eigenvalues exist, then terms of the form
(24) must be added to the expression (33) for the
free energy. Let z'"™ be the j’th discrete
eigenvalue for a crybtal with n impurity atoms. The
value of z (™ is determined by Equation (25).
Then the relevant difference between free energies
becomes

F—F,=N {Sw (2) [t (2) + st (55)

]z

Fele (@) —o (@ + 5

X 2 We (6 (2,1) — 26, (2)) + - -

r+0

v Z W, o (Z(i) (r))+o (z(?(r)) —20 (2(1”)] +.. } .
r+0

Since z (2 - z(ll) asr — © the terms in
square brackets decrease rapidly, and the sum
over r converges.

From equation (21), or from a consideration

of the physical meaning of theeigenvalues, the
value z (]) is the limit of a sequence of values

z ) which ap?ear in the terms of order ¢2

Each value z 2 is in turn the limit of a sequence
of values z ‘3) , belonging to the crystal with
three impurity atoms and appearing in terms of
order ¢® . And so on.
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The correction to the free energy arising
from the discrete eigenvalues van be expanded
in powers of the concentration c, and this ex-
pansion formally corresponds to a spectrum with
the peculiar structure which we have described.
However, an expression for the expectation
value of the spectral density cannot be immediate-
ly obtained. A formal expansion of the density
function gives a meaningless and divergent sum
of 5— functions. We are always interested physi-
cally, not in the spectral density itself, but only in
expectation values of the form (7) constructed from
the spectral density. For example, the vibrational
energy of the crystal is given by Eq. 7 with

o(2) = th‘[(eh"z_/" )1 —i—]} ,

Thus the expansion in powers of the concentration
provides in principle the solution of our problem.
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